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Superluminal correlations in ensembles of 
optical phase singularities

T. Bucher1,12, A. Gorlach1,12, A. Niedermayr1, Q. Yan1, H. Nahari1, K. Wang2, R. Ruimy1, Y. Adiv1, 
M. Yannai1, T. L. Abudi1, E. Janzen3, C. Spaegele4, C. Roques-Carmes5, J. H. Edgar3, 
F. H. L. Koppens6,7, G. M. Vanacore8, H. H. Sheinfux9, S. Tsesses1,10 & I. Kaminer1,11 ✉

Phase singularities—points carrying quantized topological charge—are universal 
features found across diverse wave systems from superfluids and superconductors  
to acoustic and optical fields1–4. Ensembles of these singularities exhibit distance 
correlations resembling particles in liquids5–8, extensively studied for their role  
in exotic material phases9–11. By contrast, the full correlations in phase space that  
govern the system evolution have remained unexplored and experimentally 
inaccessible. Here we directly measure the ultrafast dynamics of optical singularity 
ensembles, capturing their full phase-space correlations, presenting the joint 
distance–velocity distribution. Our observations show a breakdown of the particle-
singularity analogy12: phase singularities accelerate towards formally divergent 
velocities in the moment before annihilation7,13,14, indicated by measurements of 
velocities exceeding the speed of light. These apparent superluminal velocities are 
paradoxically amplified by the slow group velocity of hyperbolic phonon polaritons 
in our material platform, hexagonal boron nitride membranes15–19. We demonstrate 
these phenomena using combined hardware and algorithmic advances in ultrafast 
electron microscopy18,20–25, achieving spatial and temporal resolutions, each an 
order of magnitude below the polaritonic wavelength and cycle period. Our findings 
deepen our understanding of phase singularities and their universality, enabling to 
probe topological defect dynamics at previously unattainable timescales.

Singularities of many kinds arise in nearly every branch of physics,  
from dislocations in crystals9 and flux quanta in superconductors1 to 
vortex cores in fluid flows (for example, cyclones) and quantized vor-
tices in superfluids2. Other manifestations are ubiquitous in materials 
supporting optical, phononic and plasmonic wave fields3. The under-
standing of singularities has roots in the 1885 ‘hairy ball theorem’, and 
has vastly evolved ever since, particularly in the context of singular 
optics4,26,27. Optical singularities enable precise control of light–matter 
interactions with both bound and free electrons28,29, underpin super-
resolution imaging30,31 and encode classical and quantum informa-
tion32,33 that can be imprinted on the orbital angular momentum carried 
by the field surrounding the singularity. These opportunities motivate 
extensive research into generating and imaging singularities, con-
tinually showing their fundamental properties across a wide range of 
optical systems11,34,35.

Another reason for the interest in singularities in wave systems is the 
strong analogy between phase singularities and interacting particles. 
The particle-singularity analogy arises because of the stable nature 
of phase singularities carrying topological charge ±1, characterized 

by a ±2π phase winding. Rare singularity events could, in principle, 
carry higher integer topological charges, but they are typically unsta-
ble36,37. Similar to particle–antiparticle pairs, a singularity annihilates 
only when encountering another singularity of the opposite charge. 
This analogy is regarded as a manifestation of wave–particle duality 
in classical systems5,12,26.

When dealing with many such singularities, that is, singularity  
ensembles, their collective statistics and correlations become crucial 
for understanding the global system properties10. The distance cor-
relations resemble those of interacting particles that make up liquids, 
independently of the true underlying physics of the singularities. Pio-
neering experiments observed these distance correlations in micro-
wave38 and optical6 domains. These and other studies focused on the 
distance-correlation functions in singularity ensembles, following 
Berry’s foundational work on their statistical properties5 and later 
works on singularity-pair correlations7.

Extensive theoretical efforts have also been dedicated to analys-
ing the dynamics of singularity ensembles under temporal evolu-
tion7,13,14,27, including the prediction of their velocity distributions7. 
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However, experimental research has lagged behind theory. Observ-
ing the dynamics of singularities requires measuring the optical (or 
quantum) system with a sub-cycle, sub-wavelength resolution, which 
is a substantial technical challenge.

Remarkable phenomena in optical singularity dynamics remain 
hidden, both at the level of individual singularities and within their 
collective ensembles26. Most notably, theory has long predicted that 
optical singularities exhibit heavy-tailed statistics, containing extreme 
events of apparent superluminal motion (singularities exceed the speed 
of light without breaking causality). Particularly at moments close to 
singularity-pairs creation or annihilation, their velocities can become 
divergent7,13,14,27.

Here, we monitor the ultrafast dynamics of optical phase singularities 
with deep sub-wavelength spatial and deep sub-cycle temporal resolu-
tions, revealing their acceleration near annihilation events. Quantita-
tive analysis of the singularity velocities shows points in space and time 
in which the velocities of certain singularities surpass the velocity of 
light, c. We explore the ultrafast dynamics of the singularities by both 
direct observation of individual annihilation events and using large-
scale statistical analysis in the phase space of their position and veloc-
ity, captured by distance–velocity correlations among all singularity 
pairs. The measured distance correlations support the well-known 
particle-like nature of singularities, whereas their velocity distribution 
pinpoints the breakdown of the particle analogy by distinct heavy-tailed 
statistics, apparent superluminal speeds and sub-cycle creation and 
annihilation events.

Deep sub-wavelength and sub-cycle singularity mapping
The key findings emerge from reaching deep sub-wavelength phase 
imaging (20 nm ≈ λPhP/30), with deep sub-cycle temporal resolution 
(3 fs ≈ T/8), over a large field of view and long overall measurement 
duration. This experiment is performed on an optical platform of 
hyperbolic phonon-polariton (PhP) wavepackets in a thin hexagonal 
boron nitride (hBN) flake15,39, using an ultrafast transmission electron 
microscope (UTEM)20,21. We rely on the photon-induced near-field elec-
tron microscopy (PINEM) technique20,22 extended to resolve the field 
phase23–25 by free-electron Ramsey imaging (FERI)25, providing unam-
biguous identification of the singularity charge. We use mid-infrared 
femtosecond pulses (average wavelength λ0 = 7 μm, corresponding to 
a field cycle of T = 23.3 fs) to create PhP wavepackets. Because of the 
hyperbolic dispersion characteristic of PhPs15, they can be confined 
to sub-wavelength dimensions, in our experiments on the order of 
λPhP ≈ λ0/11 ≈ 630 nm. The hyperbolic dispersion also leads to a slow 
group velocity, reaching more than 100 times slower than the speed 
of light16–18. Furthermore, PhPs exhibit remarkably low optical losses, 
especially for isotopically pure hBN, for which the PhP lifetime can reach 
well over a picosecond19. The combination of all these factors, with the 
advance of phase-resolved polariton imaging in electron microscopy, 
makes hBN a favourable platform to observe universal properties of 
singularity dynamics.

Each iteration of the experiment begins by dividing the near-infrared 
pulse into three paths (Fig. 1a). The first path is upconverted to the 
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Fig. 1 | Deep sub-wavelength and deep sub-cycle imaging of optical  
phase singularities in hBN, recording both phase and group dynamics.  
a, A femtosecond laser pulse is split into three parts to excite the electron pulse, 
modulate it at the reference and create PhPs in the sample. By timing the pulses, 
we record the phase (Δϕ) and group dynamics (Δt). b, The spatiotemporal 
dynamics of singularities and their phase-space correlations are measured in 
hBN, extracting their phase and amplitude. c, Measured phase dynamics of 

singularities show sub-cycle creation and annihilation events. Scale bar, 3 μm. 
d, The entire measurement (see also Supplementary Information movie) 
captures both deep sub-cycle (3 fs) and group dynamics (>800 fs) of singularities, 
with deep sub-wavelength resolution (20 nm) over a macroscopic field of view 
(21 × 21 µm2). These constitute deep sub-wavelength phase imaging (×350 below 
the free-space wavelength and roughly ×30 below the PhP wavelength), with deep 
sub-cycle temporal resolution (×8 below the cycle time).
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ultraviolet regime (by fourth harmonic generation) and used to trigger 
the probe electrons in the UTEM. The rest of the pulse is downconverted 
(by difference frequency generation) to the mid-infrared range, cor-
responding to the upper Reststrahlen band of hBN supporting PhPs. 
The second path is used to pre-modulate the electrons at a reference 
sample. The third path generates the PhP wavepackets at the hBN sam-
ple. Details of the experimental scheme are provided in Extended Data 
Fig. 1 and Supplementary Information section I.

The reference and sample pulses can be tuned independently, allow-
ing control over their relative sub-cycle (phase) delay Δϕ, intensity 
and polarization. The amplitude and phase at each frame are acquired 
by measuring multiple sub-cycle delays Δϕ following the approach 
of FERI25. This way, we extract the phase and amplitude of the PhP 
near-field component pointing along the electron trajectory (Fig. 1b,c). 
See Supplementary Information section IV for more details. To image 
also the group dynamics of the PhP, we scan over the time delay Δt 
between the electron pulses and the light excitation of the sample. For 
each time delay, we reconstruct the amplitude and phase, enabling us 
to track the group dynamics of the field (Fig. 1d and Supplementary 
Information movie).

Each retrieved frame contains a complex interference pattern, involv-
ing phase singularities of right- and left-handed 2π winding, corre-
sponding to positive or negative topological charge7. After aligning all 
the frames through computational reconstruction, we automate the 
identification of singularities, separating them by positive and negative 
topological charges (Extended Data Fig. 2, Supplementary Information 
section V). Analysing this extensive dataset, we also automate the track-
ing of the trajectories of the singularities, denoting their creation and 
annihilation events. By quantifying singularity positions and velocities 
over time, we analyse their statistical properties, specifically deriving 
their velocity distribution and joint distance–velocity distributions, 
constituting the full phase-space correlations.

A common framework for studying numerous properties of phase 
singularities and their correlations is the interference of Gaussian ran-
dom 2D waves5–7,36. In our experiment, the rough boundaries of the 
hBN sample couple the incident laser into multiple PhP plane waves 
with arbitrary angles and phases. These waves then undergo multiple 
internal scattering at other boundaries, generating complex interfer-
ence patterns, producing Gaussian random wave statistics. Despite 
its simplicity, the random-waves model captures a wide range of uni-
versal wave phenomena and applies to diverse experimental settings. 
Within this framework, the dynamics of the singularities is universal 

across different wave systems; only the parameters of their statisti-
cal distributions (such as the average velocity) depend on specific 
material properties such as wave dispersion and excitation properties 
such as the central wavelength λ0 and standard deviation (bandwidth) 
Δλ. As we see below by comparing the theory with our experimental 
results, this model successfully describes many advanced features of 
PhP wavepackets in hBN. Moreover, the model holds even when we 
extend the theoretical analysis to predict the joint distance–veloc-
ity correlations, offering a complete characterization of singularity 
dynamics within their phase space.

Superluminal sub-cycle singularity-pair annihilation
The acceleration of opposite-charged singularities before annihilation 
or after creation is a universal feature in the interference of Gaussian 
random waves and can be understood through the space–time tra-
jectories of annihilating singularities (Fig. 2a). As opposite-charged 
singularities approach each other, their paths in space–time must form 
a continuous curve at the annihilation point, forcing their acceleration 
to unbounded velocities right before the annihilation. This fact is a 
mathematical consequence of the continuity of the phase rather than 
a violation of physical laws. Phase singularities do not carry energy 
or information and thus can ‘move’ superluminally without breaking 
causality12; their apparent superluminal motion is a pure kinematic 
property of the evolving phase landscape. To better understand how 
singularities can move with unbounded velocities, we show a simple 
example of this phenomenon in Supplementary Information section XI.

The speed with which singularities move must be distinguished 
from other ubiquitous superluminal phenomena in optics40, such as 
the well-known superluminal propagation of optical phase fronts41 
or the superluminal Rabi rotation of optical vortex cores42. Unlike 
the phase-front dynamics, for phase singularities, the unbounded 
velocities correspond to their universal space–time trajectories as 
they accelerate towards annihilation.

This acceleration of the singularities before annihilation is not  
unique to optical singularities and can, in principle, be observed in vari-
ous physical systems. In superfluids, vortex–antivortex pairs accelerate 
towards each other before annihilating, with their velocity increasing 
sharply just before the collision. In superconductors, magnetic vor-
tices and antivortices experience mutual attraction and accelerate 
rapidly before annihilation, producing a characteristic voltage peak. 
Similarly, in fluid dynamics, vortex rings can accelerate and deform as 
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Fig. 2 | Deep sub-cycle annihilation of singularities, showing an example of 
acceleration towards formally divergent velocities along a characteristic 
space–time trajectory. a, The trajectories of oppositely charged singularities 
approaching annihilation form a closed, continuous curve in space–time, shown 
in experimental results (top) and illustration (bottom). In the moment before 
annihilation, any such continuous trajectory must approximate a parabolic 

curve, which necessarily contains a region in which the velocity of the singularity 
pair is divergent and consequently exceeds the speed of light (denoted by a 
dashed tangent). b, Measurement of singularity dynamics within 9 fs, focusing 
on the final frames before annihilation (top), in which the singularity dynamics 
appear as superluminal. Simulation based on the Gaussian random wave model 
(bottom), showing a qualitatively similar annihilation event. Scale bars, 1 μm.
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they approach collision, exhibiting a burst of speed before merging 
or breaking apart. These examples stress that the characteristics of 
phase singularities are universal across different physical platforms, 
in optics and beyond. Although similar pre-annihilation acceleration 
has been observed in superfluids, superconductors and fluid vortices, 
in all these platforms, the velocities remained subluminal (Methods 
and Supplementary Information sections X and XI).

A large-scale statistical analysis of the measured singularities pro-
vided below helps identify what conditions made the optical PhP 
platform favourable for the observation of apparent superluminal 
dynamics. We monitor the entire sample area (21 × 21 µm2) over 800 ps, 
analysed in 285 phase-resolved frames (each created by 15 sub-cycle 
frames). An ensemble of about 50 singularities is tracked in each frame. 
This large dataset allows us to quantify the statistical properties and 
correlations among all singularity pairs: observing both their expected 
spatial correlations and previously inaccessible velocity correlations, 
which show universal properties in the collective dynamics of singular-
ity ensembles.

Distance–velocity correlations in singularity ensembles
We compare simulations of the Gaussian random wave model with our 
experimental results by deriving distance and velocity correlation func-
tions for singularities (Fig. 3a–c). Figure 3e presents the experimentally 
measured and theoretically predicted distance correlation functions 
for the same charge g+|+(R) = g−|−(R) and opposite charge g+|−(R) = g−|+(R). 
Each distance correlation function is defined as the probability density 
of finding a pair of singularities at separation distance R, normalized 
such that g(R) = 1 corresponds to the global average density, for the 
same or opposite charge6,7. The in-plane isotropy of hBN PhPs implies 
that the distance correlations depend only on the distance R with no 

dependence on the polar angle. The measured distance correlations 
g+|+ and g−|− match the theoretical prediction of the Gaussian random 
wave model, with larger error bars at smaller distances because of the 
scarcity of events with small distances.

Figure 3d presents the ubiquitous particle analogy for singulari-
ties. As shown before6, the distance correlation function resembles 
those of particles that make up a liquid (with average period of 
correlations about 0.3 nm)8, exhibiting similar spatial short-range 
order because of their interactions. Going beyond the distance cor-
relations, now we also measure the velocity distribution (Fig. 3f), as 
proposed in ref. 7. The velocity distribution has a distinct heavy tail. 
Specifically, comparing with the (Maxwell–Jüttner) velocity distribu-
tion of particles at the same relativistic temperatures (Fig. 3d, bot-
tom) shows the unique behaviour of singularities ensembles; their 
heavier tails, as discussed in ref. 7, break the particle-singularity  
analogy.

The velocity distribution of phase singularities P±(|v|) is defined as 
the probability density of singularities to have absolute velocity |v| 
(with P+(|v|) = P−(|v|) due to symmetry):

∫P v P v v θ v v θ v θ(| |) = ( = | |cos , = | |sin )| |d (1)x y±
0

2π

±

Furthermore, the velocity distribution can be calculated analyti-
cally7, showing good agreement with the experimental results in Fig. 3f:

P v
v v

v v
(| |) =

8π ⟨ ⟩ | |
(π | | + 4⟨ ⟩ )

(2)±

2 2

2 2 2 2

where ⟨v⟩ is the average velocity of the singularities. This value is cal-
culated by averaging all the measured velocities of singularities in the 
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Fig. 3 | Distance correlations and velocity distributions of singularities.  
a, Experimentally measured phase of the PhP field in an hBN flake, displaying  
‘+’ and ‘−’ singularities whose phase wraps by ±2π. b, Similar singularities appear 
in the phase of a simulated interfering Gaussian random waves. c, Definition of 
the distance correlation (top) for same-charge and different-charge pairs, and 
of velocity distribution and correlations (bottom). d, The distance correlation 
(top) of singularities resembles that of interacting particles that make up 
liquids8, whereas the singularity velocities distribution (bottom) breaks this 
analogy, showing a large fraction of singularities that appear to move with 
superluminal velocities. Hence, although singularities share some particle-like 
properties, they remain a unique system. e, Theoretically predicted (solid lines) 

and experimentally measured (circles) distance correlation functions g+|+(R) 
and g−|−(R). The experimental data have larger error bars for small R because 
there are fewer events when singularities are at close distances to each other 
(see Supplementary Information section VI). NA denotes regions that do not 
contain enough singularities to generate trustworthy statistics. f, Theoretical 
and experimental singularity velocity distributions P±(|v|). The average velocity 
of the singularities is ⟨v⟩ = 3.12 × 108 m s−1 ≈ 1.04c, where c is the speed of light  
in vacuum. Part of the singularities have velocities much higher than the speed 
of light. g, Theoretical and experimental relative velocity correlations show  
a good match. Unbounded negative velocities correspond to annihilation 
events, whereas unbounded positive velocities correspond to creation events.
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experiment (the distance that the singularity travelled between frames, 
divided by time step) and is measured directly in our experiment to be 
⟨v⟩ ≈ (1.04 ± 0.04)c.

The measured ⟨v⟩ is in close agreement with the theoretical pre
diction7. The average velocity is given by v c λ λ⟨ ⟩ = ⋅ π/ 2 (1 + ( /Δ )0

2 
v v( / ) )g ph

2 −1/2, with vph and vg being the average phase and group veloc-
ities of the PhPs (Supplementary Information section X). In hBN, the 
group velocity of PhPs is much smaller than the phase velocity over a 
broad-spectral range, with vph/vg ≈ 12 ± 1 in our case, leading to a theo-
retical prediction of ⟨v⟩ ≈ (1 ± 0.1c), matching our measurement. This 
coincidence of having an average velocity so close to c further motivates 
the comparison of singularity velocities to the speed of light in Fig. 2.

This result also highlights a unique property of hBN PhPs: their slow 
group velocity enhances the variance of the wavevector distribution, 
thereby increasing the weight of extreme velocity singularities in the 
heavy tails of the distribution. This extended variance yields an aver-
age velocity that slightly exceeds the speed of light. In comparison, the 
average velocity would be much lower if not for the hyperbolic nature of 
hBN PhP. For instance, in free space, where vph = vg, the average singular-
ity velocity is an order of magnitude smaller ⟨v⟩ ≈ 0.1c. Consequently, 
only 0.4% of the singularities would exceed the speed of light, for the 
same laser parameters (analysis shown in Supplementary Fig. 4). By 
contrast, 29% of the singularities in our system exceed the speed of 
light, as shown by both data and theory in Fig. 3f. This comparison 
stresses that the example we provided in Fig. 2 is not exceptional, but 
very common in our experiment. Thus, the PhP platform makes it far 
more likely to observe the apparent superluminal events.

Full phase-space correlations in ensembles of 
singularities
We next extend the theory of singularities in Gaussian random waves. 
We first predict the characteristic velocity correlations among singu-
larity pairs, for same-charge P+|+(v) and opposite-charge P+|−(v) singu-
larities. Analytical analysis is presented in Supplementary Information 

sections VII–IX. These correlations represent the probability of two 
singularities having a relative velocity v along their connecting line:

v v R∑P v
N

δ v( ) =
1

( − ( − ) ⋅ ) (3)σ σ
σσ a σ b σ

a b ab| ′
′ ∈ , ∈ ′

where σ,σ′ ∈ {+, −} specify charge types, Nσσ ′ is the total number of pairs 
with these charges, ˆ abR  is a unit vector along the line connecting charge 
a with b and δ is the Dirac delta function. The brackets ⟨…⟩ denote an 
average over all possible realizations. This definition leaves us with 
two distinct probabilities: same charge P+|+ = P−|− or opposite charges 
P+|− = P−|+.

Figure 3g presents P+|−(v), demonstrating good agreement with 
theory. The correlations become charge-independent (P+|+(v) = P+|−(v)) 
for large-enough sample sizes (shown in Supplementary Information 
section VII)—that is, analysis of the entire singularity ensemble remains 
unaffected by creation and annihilation events, which are rare. To cap-
ture the full dynamics of the singularities and especially pinpoint their 
behaviour close to annihilation and creation events, we next consider 
a more advanced correlation function.

Finally, we define the full phase-space correlations, described by 
the joint distance–velocity distribution that captures the evolution 
of the entire system:

∑P v R
N R

δ v δ R( , ) =
1

( )
( − ( − ) ⋅ ) ( − | − |) (4)σ σ

σσ a σ b σ
a b ab a b| ′

′ ∈ , ∈ ′
v v R r r

N R( )σσ ′  is the total number of pairs with charges σσ′ separated by 
distance R. Symmetry considerations imply that P+|+(v, R) = P−|−(v, R) 
and P+|−(v, R) = P−|+(v, R).

Figure 4 presents both theoretical predictions (analytical results 
in Supplementary Information section IX) and experimental results 
obtained by analysis of the entire dataset, showing good agreement. 
The joint probabilities P+|+(v, R) and P+|−(v, R) generalize the analysis in  
previous works7: The distance correlations are reproduced once 
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Fig. 4 | Full phase-space correlations of singularities. Plots of P+|+(v, R) and 
P+|−(v, R) as a function of both v and R show a good match between theory  
and experiment, revealing distinct behaviours. At proximity, same-charge 
singularities (P+|+(v, R)) are uncommon. By contrast, for the same R values, 
opposite-charge singularities (P+|−(v, R)) are more common and exhibit higher 
velocities, indicating acceleration before annihilation or after creation. 

Experimental results (right) align well with the theoretical model (left)  
of random wave interference. The bins of the experimental results hold a 
minimum of 50 singularity counts per bin. NA denotes regions in which not 
enough singularities were found to generate trustworthy statistics or in which 
the velocities were too high for detection.
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integrating over v, and the velocity distributions are reproduced once 
integrating over R.

The joint distance–velocity distribution, defined by equation (4), 
can capture the singularity-pair creation and annihilation events.  
Figure 4 shows that at small distances (R < λ0), the fraction of created 
and annihilated singularity pairs is large, leading to higher overall values 
of P+|−(v, R) and a wider variance, indicating higher possible veloci-
ties. The complementary P+|+(v, R) is smaller, because same-charge 
singularities are less likely at small distances, as expected by the known 
instability of singularities with charges higher than ±1 (refs. 36,37). At 
larger distances, singularities cannot be created or annihilated, result-
ing in narrower velocity distributions (see also Supplementary Fig. 3).

Finally, as the apparent velocities of phase singularities are for-
mally divergent, their maximum observable value is limited by the 
state-of-the-art spatial and temporal microscopy resolution. Going 
beyond the current temporal resolution of few femtoseconds and 
spatial resolution of few tens of nanometres will enable observing 
singularity velocities orders of magnitude above c.

Conclusion and outlook
We experimentally observed dynamical correlations among ensembles 
of optical singularities in hBN, using ultrafast electron microscopy. 
Our measurements captured deep sub-cycle (3 fs ≈ T/8) creation and 
annihilation events of singularities with deep sub-wavelength resolu-
tion (20 nm ≈ λPhP/30). This combined resolution in time and space, in 
conjunction with the long interrogation time and large field of view, 
enabled us to demonstrate long-standing predictions about singular-
ity velocity correlations and the possibility of unbounded velocities7, 
a universal phenomenon for Gaussian random waves. The imaging 
abilities presented in this work motivated more advanced statistical 
analysis of dynamical correlation functions. Specifically, measuring 
the joint distance–velocity distributions showed the acceleration of 
oppositely charged singularities before annihilation and after creation.

The past decade has shown renewed interest in the superoscilla-
tory31,43 nature of certain wavefields—in which local field–phase gra-
dients can exceed the maximum spatial frequency. Superoscillations 
arise near the centre of every phase singularity44 and hold promise for 
advanced optical microscopy techniques with deep sub-wavelength 
resolution30. Our experiment observes simultaneously, and distin-
guishes, the two phenomena: (1) superoscillations are inherently cre-
ated by phase singularities as seen at every frame and (2) the apparent 
superluminal velocities are observed in the dynamics between frames. 
There seems to be an indirect, yet intriguing, connection between these 
distinct features of topological defects, calling for further research. 
The extreme dynamics of singularities seem to be a direct manifesta-
tion of superoscillatory field gradients, once undergoing temporal 
evolution.

The experimental approach presented here could extend to the 
study of polaritons in other two-dimensional (2D) materials and their 
heterostructures, which would be particularly interesting in systems 
exhibiting highly tunable optical properties. Polaritonic properties 
of these materials include exotic topological phases and intricate 
coupling of the electric and magnetic fields, all suggesting intriguing 
changes in the singularity distributions and correlations. Materials with 
strong nonlinear optical responses could break the Gaussian random 
wave model and enable the generation of more complex interference 
patterns, potentially containing new types of singularity beyond the 
fundamental ±1 orders.

Future work that will probe higher-order and multi-dimensional 
singularities provide a larger and richer space for encoding informa-
tion45,46 corresponding to more intricate types of collective phenomena 
in the overall system. In that sense, our approach could be applied 
to study other topological phenomena, such as optical skyrmions34, 
tracking their ultrafast dynamics and resolving their sub-cycle features.  

By using electron energy post-selection, we can further achieve orbital 
angular momentum selectivity29. Then, using an additional point of 
interaction for mixing different states of angular momentum will enable 
performing quantum tomography47 of exotic topological states, such 
as quantum skyrmions48.

This experiment studied the behaviour of singularity in 2D ran-
dom Gaussian waves. In three dimensions, interference of random 
waves results in line singularities (for example, C lines12), continuous 
curves along which the phase is undefined. These singularity lines 
exhibit ultrafast motion and statistical correlations analogous to point 
singularities. Experimentally imaging these line singularities in the 
near field is extremely challenging because of the limitation of the 
present-day ultrafast transmission electron microscopes to measure 
only the field projection along one axis. Probing the richer space of 
three-dimensional (3D) singularities, and more generally 3D near-fields, 
requires developing tomographic reconstruction techniques in ultra-
fast electron microscopy49.

Free electrons can not only probe the dynamics of singularities, but 
their wavefunctions can also be modified through interactions with 
these singularities. These interactions can imprint phase singularities 
onto electron wavefunctions, generating new electronic states29,50, 
with potential applications in electron holography and other electron 
interference techniques.

Finally, the analytical approaches developed here could be lever-
aged to address long-standing challenges in electron microscopy, such 
as the fluctuating granularity or ‘bee-swarm’ effect51,52. By quantita-
tively mapping the dynamics of these fluctuations and analysing their 
ensemble-level correlations, we can devise mitigation strategies that 
push atomic-scale imaging beyond current limits.
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Methods

Ultrafast transmission electron microscope
Experiments were performed in a pump–probe ultrafast transmission 
electron microscope based on a JEOL JEM-2100 Plus with a LaB6 electron 
gun operated at 200 kV (Extended Data Fig. 1a,b). The microscope was 
run in low-magnification mode (objective lens off) to keep the electron 
beam paraxial (convergence angle <1 mrad). Post-column electron 
energy loss spectrometer (EELS) (0.1 eV dispersion) provided energy 
filtering—a slit selected electrons that gained energy in both interac-
tions. Images were recorded on a direct-detection camera (Gatan K2 
Summit). The zero-loss peak full-width half maximum in vacuum was 
about 1.4 eV.

Laser system, optical paths and timing
A 40 W, 1,030 nm, about 270 fs, 1 MHz laser (Carbide) drove the pump–
probe scheme. One branch was frequency-converted to 266 nm to 
photo-emit single-electron probe pulses at the LaB6 cathode. A sec-
ond branch was difference-frequency-converted to the mid-infrared 
(around 7 µm) and split into two: one illuminated the sample and 
the other the reference interaction. Two delay stages controlled  
(1) the pump–probe delay for group-dynamics mapping and (2) a fine 
sub-cycle phase delay between reference and sample interactions. 
Mid-infrared pulses were transverse-magnetic-polarized and focused to 
approximately 100 µm (sample; 4–12 mW average power) and around 
500 µm (reference; 4–20 mW). The sample path entered by a side port, 
and the sample was tilted by about 35° to avoid shadowing. The refer-
ence path impinged above the sample at about 20° with the reference 
membrane tilted by approximately 41° to satisfy phase matching with 
around 0.7c electrons.

Photonic electron–light modulator and energy-filtered imaging
The reference interaction used a modified Hard X-ray Aperture module 
carrying Si3N4 membranes (Extended Data Fig. 1c) coated with about 
25 nm Al to implement a pre-sample photonic electron–light modu-
lator (PELM)53. Electrons interacted first with the reference field and 
then with the sample field before energy selection and imaging. The 
average absorbed power at the sample was below the reported heating 
and damage thresholds for hBN54.

Free-electron Ramsey imaging and phase retrieval
We used free-electron Ramsey imaging (FERI)25 to reconstruct the 
complex near field at the sample. By scanning the relative optical phase 
between reference and sample interactions in sub-cycle steps, and by 
recording energy-filtered images, we retrieved amplitude and phase 
per pixel by an optimization-based forward model of the PINEM–FERI 
interaction (see Supplementary Information section IV for further 
details). In contrast to most phase-contrast imaging methods and 
phase retrieval methods in electron microscopy that rely on trans-
verse coherence, FERI does not require transverse coherence at all. 
Instead, it relies on the longitudinal (temporal) energy modulation 
of the electron encoded through the PINEM interaction. This longi-
tudinal modulation is a robust resource that is routinely achieved in 
UTEMs, as demonstrated by the widespread observation of PINEM 
sidebands20,23–25,55–58.

Data acquisition, reconstruction and drift correction
We recorded 285 raw frames over about 855 fs with 3 fs sub-cycle sam-
pling. Each amplitude/phase reconstruction used 15 sequential raw 
measurements; adjacent reconstructions overlapped by 14 frames to 
preserve temporal resolution. To correct mechanical and beam drift, 
we performed semi-automated feature extraction and applied affine 
transforms frame by frame before subsequent analysis (Extended Data 
Fig. 2). A linear interpolation produced a 0.2-fs-step movie for down-
stream singularity tracking.

Sample preparation
Isotopically pure h11BN crystals were grown as detailed in ref. 59, then 
mechanically exfoliated using low-retention PDMS (dry transfer). The 
flakes were transferred onto 20 nm SiN membranes (Norcada). Thick-
nesses of 40–50 nm were confirmed by EELS log-ratio analysis. The hBN 
flake covered most of the 21 × 21 μm2 field of view; sharp flake edges 
acted as near-field couplers for launching hyperbolic PhPs. For broader 
context on vortex dynamics in van der Waals platforms and 2D-material 
nanophotonics roadmaps relevant to hBN polaritons, see refs. 60–62.

Singularity identification, charge assignment and tracking
From the reconstructed phase maps, we located optical phase singu-
larities by evaluating the 2π phase winding around pixel loops and 
assigned topological charge ±1. Connected-component clustering 
yielded singularity centroids for positive and negative charges. We 
enforced periodic boundary conditions when computing pair distances. 
Inter-frame association used a linear-assignment (Hungarian) approach 
with distance thresholds to obtain trajectories, creation and annihi-
lation events; velocities were computed by finite differences along 
tracks. Our charge-assignment conventions and tracking of creation and 
annihilation events follow standard definitions for composite optical 
vortices and singular-skeleton evolution in time-dependent fields63,64.

Distance correlations, velocity distributions and phase-space 
analysis
We computed same-charge and opposite-charge distance-correlation 
functions g+|+(r) = g−|−(r) and g+|−(r) = g−|+(r) as probability densities of 
finding singularity pairs at separation r, normalized by the averaged 
global density of singularities7. Velocity statistics included the singu-
larity speed distribution P(v) and relative-velocity correlations along 
the inter-singularity axis. To capture full dynamics, we evaluated the 
joint distance–velocity distribution P(r, v), which marginalizes to g(r) 
and P(v). Experimental observables were compared with a theory of 
isotropic Gaussian random waves (non-monochromatic extension), for 
which we derived two-point correlators, including temporal derivatives 
and obtained P(r, v) by Gaussian sampling of the joint distribution. 
The statistical framing and interpretation of pair interactions and cor-
relations in singularity ensembles follows established treatments in 
random-wave and dispersive-wave settings40,65–67.

Further derivations and validations are provided in the Supplemen-
tary Information.

Statistics and reproducibility
Distance and velocity distributions were aggregated over all reconstruc-
tions; uncertainties reflect finite-sample statistics, with larger error 
bars at small separations due to the scarcity of near-collision events. 
Regions without sufficient counts are marked as NA in the figures.

Estimating characteristic velocities and role of group velocity
The average velocity equals

v c
λ λ v v

⟨ ⟩ =
π/ 2

1 + ( /Δ ) ( / )
,

0
2

g ph
2

where the average wavelength is λ0 = 7 μm and its standard deviation 
(bandwidth) is Δλ = 0.3 μm in the experiment. Owing to the unique 
property of PhPs in the sample to have a group velocity vg ≪ vph, we have 
vph/vg ≈ 12 ± 1. This leads to the following average velocity:

v c⟨ ⟩ ≈ (1 ± 0.1) ,

which is in very good agreement with the experimental result 
⟨v⟩ ≈ (1.04 ± 0.004)c. We want to emphasize that we achieved appar-
ent superluminal velocities in the experiment because of the unique 
property of PhPs to have very slow group velocities. If the group velocity 
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were equal to the phase velocity, then we would have ⟨v⟩ ≈ 0.1c. How-
ever, owing to vph/vg ≈ 12 ± 1, we get an average velocity higher than the 
speed of light c. Related discussions of topological-defect motion and 
apparent superluminality in other media can be found in refs. 68–70.

Image processing and software
All detector-level processing was disabled; raw camera data were 
exported and processed with in-house MATLAB code implementing 
the FERI forward model, phase retrieval, drift correction, singular-
ity detection and tracking, and correlation analyses. Pseudocode for 
algorithms 1–3 (singularity detection, clustering and tracking/velocity 
extraction) is provided in the Supplementary Information.

Additional background and application
The broader context for vortex–defect analogies across platforms, 
historical foundations and structured-wave applications is discussed 
in refs. 71–84.

Data availability
The data supporting the findings of this study are available from the 
corresponding authors upon reasonable request.
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Extended Data Fig. 1 | The UTEM setup and the PELM integration. UTEM 
illustration (a) and image (b) illustrating the microscope column, electron 
spectrometer and detectors, optical setup, and the integration of a modified 
Hard X-ray Aperture (HXA) at a post-condenser lens stage (PELM). The external 
knob of the HXA (a and b, left side) has two rigid positioning points with 5 mm 
lateral travel around them for positioning the reference interaction point with 
respect to the electron beam path. An electron-transparent thin film sits at the 
place of the x-ray aperture, and light enters from the optical access port on the 
opposite side of the column at a 20-degree angle above the horizon (dashed red 
line in b). Double illumination scheme (a and b, right side) implemented on the 
vertical board next to the UTEM. The IR laser beam is separated into two portions 
using a 50:50 beam splitter. One portion is guided towards the PELM (dashed red 
line in b), whereas the other portion is guided towards the sample (solid red line 
in b). (c) Image (left) and CAD model (right) of the modified HXA aperture 
connected to the platelet hosting the electron-transparent light-opaque metallic 
thin films for electron-light interaction. The platelet is made of Aluminum alloy, 

whereas the clamp is made of 0.15-mm-thick Beryllium Copper. One can observe 
two Si-window TEM grids (Norcada Inc.), which are coated with a 25-nm-thick 
Aluminum film deposited via thermal evaporation on a 10-nm-thick Si3N4 
membrane. In each grid, nine slots are present to maximize the available points 
of interaction in case of local damage to one of the membranes. The platelet has 
also been cut at a specific angle, allowing it to host a small metallic mirror able to 
reflect the light down the column towards the sample position (not used in the 
current work). The platelet, HXA, and their integration were designed and 
performed in close collaboration with IDES, part of JEOL Ltd. (d) By using the 
pump-probe delay stage in combination with the PELM delay stage, the setup 
allows a very long acquisition time in high spatiotemporal resolution with a large 
field of view. The result is 285 frames of 1050 × 1050 pix images, a total size of 
~1.5GB of data to analyze with our specialized algorithmic process. (e) The very 
long acquisition time also results in sample and beam instability, which needs to 
be taken into account.
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Extended Data Fig. 2 | Correcting sample and beam drift. Left: phase 
reconstructions for two different times (t t,1 2), each time has a different rotation 
and translation, which is fixed by calculating an affine transformation from at 
least 10 features selected manually on each frame. Right: corresponding fixed 
phase reconstruction. The red circle marks the same pixel indices, which points 
on different coordinates on the sample for different times before the correction 
(left). After correction, the rectangle marks the same coordinates on the sample.
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