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ABSTRACT

It has long been thought that the reversed Cherenkov radiation is impossible in homogeneous media with a positive refractive index n. Here,
we break this long-held belief by revealing the possibility of creating reversed Cherenkov radiation from homogeneous positive-index moving
media. The underlying mechanism is essentially related to the Fizeau-Fresnel drag effect, which provides a unique route to drag the emitted
light in the direction of the moving medium and thus enables the possibility of dragging the emitted light in the opposite direction of the
moving charged particle. Moreover, we discover the existence of a threshold for the velocity Viedium 0f moving media, only above which,
namely, Vinedium > ¢/1?, the reversed Cherenkov radiation may emerge, where ¢ is the velocity of light in vacuum. Particularly, we find that
the reversed Cherenkov radiation inside superluminal moving media (i.e., Vmedium > ¢/1) can become thresholdless for the velocity of moving
charged particles.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0296513

Soon after the experimental discovery of Cherenkov radiation by
Cherenkov under the guidance of Vavilov in 1934," their finding was
successfully interpreted by Frank and Tamm in 1937 based on the clas-
sic electrodynamic theory."" According to the well-known Frank-
Tamm formula cos0 = ¢/nv, for stationary media,” the Cherenkov

Relativistic motion is widely known to have peculiar effects across
all domains of physics," ” especially on the electromagnetic interactions
of charged particles. One paradigmatic phenomenon is the Cherenkov
radiation,''® which is essentially induced by the relative motion
between charged particles and the surrounding medium with a refrac-

L¥:20'8) G20 Joquwieoad /|

tive index n. Specifically, Cherenkov radiation emerges when a charged
particle moves with a velocity v, exceeding the so-called Cherenkov
threshold, namely, the phase velocity ¢/n of light in the surrounding
stationary medium, where ¢ is the velocity of light in vacuum. One
powerful implication of Cherenkov radiation is its directionality across
a broad spectral regime, ranging from microwave to terahertz, infrared,
visible, ultraviolet, and X-ray."” '’ Accordingly, Cherenkov radiation is
of paramount importance to enormous practical applications,” >
including particle detectors for the identification of high-energy par-
ticles,” *” light sources at previously hard-to-reach frequencies,”” ™
bio-medical imaging,”* *® and photodynamic therapy.”” *’

radiation angle 6 is uniquely related to the particle velocity ve.
Moreover, the conventional Cherenkov radiation generally has
0 < 90° in stationary positive-index media with # > 0. Under this sce-
nario, the emitted light would propagate in the same direction as the
emitting particle.

In contrast, the reversed Cherenkov radiation***° has 0 > 90°,
so that the emitted light would propagate in the reversed or opposite
direction of particle motion. According to the pioneering prediction of
Veselago in 1968," the realization of reversed Cherenkov radiation
requires novel materials, namely, materials with a negative refractive
index. As a result, both theoretical prediction and experimental
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observation of reversed Cherenkov radiation are so far limited to the
framework of unconventional homogeneous materials (e.g., negative-
index materials’ ' and anisotropic materials’ *°) or judiciously
designed inhomogeneous structures (e.g., gain slabs”” and photonic
crystals™ ). In fact, it is widely believed that the reversed Cherenkov
radiation is impossible in homogeneous positive-index media. Here,
we reveal a universal route to create the reversed Cherenkov radiation
from homogeneous positive-index moving media. Our finding thus
breaks this long-held tenet.

In general, the surrounding medium is not necessarily stationary
but can be in motion. The moving media, such as the flowing water,
are ubiquitous around us. This way, it is natural to ask whether the
motion of positive-index media can provide an extra degree of free-
dom to enable the emergence of reversed Cherenkov radiation.
Somehow, this open scientific question remains underexplored; partic-
ularly, whether the creation of reversed Cherenkov radiation has any
fundamental restriction on the motion velocity of positive-index media
remains elusive.

To address this issue, we find the possibility to create the reversed
Cherenkov radiation from homogeneous positive-index moving media
by exploiting the Fizeau-Fresnel drag effect. The underlying mecha-
nism is that since the Fizeau-Fresnel drag effect is capable of dragging
the emitted light toward the direction of moving media, the Fizeau-
Fresnel drag effect provides the enticing possibility to drag the emitted
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light toward the reversed direction of moving charged particles. As
background, the Fizeau-Fresnel drag effect®’ ** was first postulated by
Fresnel in 1818,°" experimentally verified by Fizeau in 1851 and later
helped shape the theory of relativity””°” and facilitated the analysis of
quantum friction.””" Despite the long research history of free-
electron radiation’”*' and the Fizeau-Fresnel drag effect,”” ™ we
highlight that the intrinsic connection between the reversed
Cherenkov radiation and the Fizeau-Fresnel drag effect has never been
explored before. Moreover, we discover that the reversed Cherenkov
radiation may occur, only when the medium velocity vimedium €xceeds a
critical threshold ¢/n?, namely, Viedium > ¢/n%. That is, the reversed
Cherenkov radiation from positive-index moving media may emerge
when the medium velocity is either subluminal (ie., ¢/#* < Viedium
< ¢/n) or superluminal (i.e., Viedium > ¢/7n). Remarkably, under the
superluminal scenario with Vpedqium > ¢/n, we find the reversed
Cherenkov radiation becomes intrinsically thresholdless for the velocity
of moving charged particles.

Figure 1 shows the conceptual illustration of reversed Cherenkov
radiation via Fizeau-Fresnel drag. The Fizeau-Fresnel drag effect can
be vividly understood from the analysis of boat’s motion on the flow-
ing water in Figs. 1(a) and 1(b). Briefly speaking, while the boat moves
toward the —z' direction under the water co-moving frame S in
Fig. 1(a), the boat may become to move toward the +2Z direction under
the static river frame S in Fig. 1(b), due to the Fizeau-Fresnel drag

81
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FIG. 1. Conceptual schematic of reversed Cherenkov radiation via Fizeau-Fresnel drag. (a) and (b) Fizeau-Fresnel drag of boat via flowing water. A boat moves with a velocity
Vhoy toward the —2" direction under the frame S in (a), which is co-moving with water, namely, v}, , = 2’ - Vjo, < 0. Under the static riverbank frame S in (b), the water
moves with a velocity Vyater = ZVivater toward the +2 direction, and the boat can move with a velocity Vs toward the 42z direction if Vboatz = Z - Vioat = Vivater + vboatz >0
(i-6., Viater > |Vpoat2|)- (€) @nd (d) Fizeau-Fresnel drag of light via the moving medium. Under the frame S’ co- movmg with the medium in (c), an electron moves with a velocity
v, = fz'v and the medium at rest has a positive refractive index n. Accordingly, the induced light emission has v v - V4 > 0 and corresponds to the conventional Cherenkov
radiation, where ' is the group velocity of light under the frame S’. Under the static laboratory frame S in (d), the medlum moves with a velocity Vmegium = ZVinedium toward the
+2 dlrecyon gpd the electron has a veI00|ty Ve = —2Ve. The I|ght emission under the frame S can have V4 - Ve < 0 and corresponds to the reversed Cherenkov radiation if

Vgz = 02 > 0 (i, Vinedium > [Vg ,|), where v, =7 v gandvg, =2 - Vg

A-+Vinedium Vg, /
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applied by the flowing water on the boat. Similarly, the moving
medium can act like the flowing water and apply the Fizeau-Fresnel
drag on the propagating light emitted by charged particles (e.g., free
electrons used below), as schematically shown in Figs. 1(c) and 1(d).
Without loss of generality, below we assume that under the static labo-
ratory frame S in Fig. 1(d), the medium moves toward the +Zz direc-
tion with a velocity Vmedium = ZVmedium (€5 Vmedium > 0), and the
swift electron moves antiparallelly to the medium toward the —z
direction with a velocity of ve = —2zv, (i.e,, ve > 0).

We begin with the analysis under the medium co-moving frame &'
in Fig. 1(c). For conceptual illustration, we set that the static isotropic
medium is nondispersive, lossless and has a constant positive refractive
index n (n > 1). According to the Lorentz transformation, the electron
moves with a velocity of v, = —z'v., where v, = lffv"im
Vmedium > 0 and ve > 0, we have v, > 0. This way, under the frame §,
the swift electron also moves toward the —z’ direction. According to
the Frank-Tamm formula, when v > ¢/n, the emitted light generally
has v, - v, >0 and costl' = ¢/nv.,, where [Vg| = ¢/n is the group
velocity of emitted light under the frame §' and ¢’ is the angle between
vy and v, (or —2"). Accordingly, we have 0' = arccos(c/nv.) < 90°

Since

and v, = 2" - vy = —|vg|cos 0 = —c/n-c/nv, = = /n’v, < 0, as
schematically shown in Fig. 1(c). Since Véz < 0, the emitted light should
also propagate toward the —2" direction. This scenario essentially corre-
sponds to the emergence of conventional Cherenkov radiation under
the medium co-moving frame §' in Fig. 1(c).

We now proceed to the analysis under the static laboratory frame
S in Fig. 1(d). According to the Lorentz transformation, the group
velocity vq of emitted light under the frame S in Fig. 1(d) has

/
Vmedium + vg,z

1+ Vmediumvé‘z/c2

Voo =2 - Vg (1)
Upon close inspection of vy, in Eq. (1), its denominator is always posi-
tive, namely, 1 + vmedmmvfg‘z /¢t > 0, since |V£g,z‘ < ¢ and Vmedium < €
according to the relativity theory.

To enable the emergence of reversed Cherenkov radiation with
0 > 90° under the frame S, the emitted light should propagate to the

ARTICLE pubs.aip.org/aip/are

reversed direction of electron’s motion, namely, the +Zz direction,
where 0 is the angle between V4 and v, (or —Z) under the frame S. In
other words, v ; > 0 should be satisfied. Since the denominator of v, ,
in Eq. (1) is positive, this actually requires the numerator of v, in Eq.
(1) to be positive, namely,

Vmedium + VéJ = Vmedium — |vé>l| > 0. (2)
Since |v, .| = ¢ /n*v., Eq. (2) can be re-organized to
27,2 27,2
Viedium > € /n°V.  or V. > & /n*Vinedium- 3)

Moreover, since v; <, the necessary and sufficient condition
to enable the emergence of reversed Cherenkov radiation can be
obtained as

¢ > v, > /1 Vinedium. 4@
From Eq. (4), we must always have
Vmedium —> C/n2~ (5)

According to Eq. (5), the reversed Cherenkov radiation inside moving
positive-index media may emerge only when the medium velocity

Vmedium €xceeds the critical threshold Vi (R medium» Namely,
Vmedium ~> Vth,rCR,medium> where
— 2
Vih 1CR medium = /11" (6)

The scaling factor 1/n? could also be obtained via the geometric rela-
tion between the particle velocity and the group velocity of light, as
shown in Fig. S5.

On the other hand, Eq. (5) indicates that the reversed Cherenkov
radiation under the static laboratory frame S may emerge if the
medium velocity is either superluminal (Viedium > ¢/n) or subluminal
(¢/n* < Vmedium < ¢/n). For conceptual illustration, below n =2 is
used. To facilitate the understanding, the isofrequency contours of
light inside the moving medium under the frame S, which are widely
used in the analysis of quantum friction,” are plotted in Figs. 2 and 3.
Specifically, these isofrequency contours of light inside the moving

a kelko b € 2Vgequn/c=0.75 +max
8 160 Vinedium/C = 0.85
4 Vinedium/C = 0.75 LUN;L
— Sn
Vmedium/C = 0 \ g g g @
k /Ky 5,140 5 100 o E
kz=—k0—>——'8——'6—3§-— 8- o) < =T
1 K ' s | /c=0.55 8T
//Q k [as) Vmedmm c i~ © 3
~\© -4 region for Ww g
NP reversed 120k 0 >
’ Cherenkov v,
radiation . * * :
0 0.2 0.4 0.6 0.8 1 -100 0 100 -max
Vinedium > €/N (n = 2 for illustration) normalized electron velocity v,/c X (um)

FIG. 2. Reversed Cherenkov radiation inside superluminal moving media. Here and below, we set the refractive index n = 2 for illustration. (a) Isofrequency contours of
eigenmodes inside the moving medium. The dashed line corresponds to k, = —kp, where ko = w/c is the wavevector of light in vacuum and e is the angular frequency of
emitted light. (b) Dependence of the radiation angle 0 on the electron velocity ve for various Vmedium, Where 0 is the angle between the group velocity v of emitted light and v
(or —2). (c) Distribution of the electric field E, induced by the swift electron, where Viegium/¢ = 0.75 and ve /¢ = 0.3.
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FIG. 3. Reversed Cherenkov radiation inside subluminal moving media. Under the laboratory frame S, vi, cre(Vincr e) COrresponds to the threshold of electron velocity v, for
the conventional (reversed) Cherenkov radiation, and Vi cr medium = c/n? corresponds to the threshold of medium velocity Vimequm to enable the emergence of reversed
Cherenkov radiation. (a) Isofrequency contour of e|genmodes of light inside the moving medium with Vineigam /c = 0.45. (b) Dependence of the radiation angle 6 on the electron
velocity ve under various Vmegium- (C) Phase diagram of Cherenkov radiation in the Ve — Vinegium parameter space.

medium under the laboratory frame S are governed by

2 fz ” vmechum k N+ Vimedium © k NE—Vmedium © 0.+
ki + — @l — 2 = where
% MVmediam+C € % NVmedum—C € )

mc(hum
and k = Xk, + zk, are the angular frequency and the wavevector of
light, respectively. From this equation, both the symmetry center and
shape of the isofrequency contour essentially vary with the medium
velocity Vmedium- For example, distinct hyperbolic or elliptical isofre-
quency contours emerge in Figs. 2(a) and 3(a), which owes to the fact
that the response tensors of isotropic media in motion are the same as
that of stationary bianisotropic media."”

Figure 2 shows the superluminal scenario with Vimedium > ¢/n.
Since the swift electron and the medium move toward two reversed
directions, the electron velocity v = 1;’::/‘;7':1‘”’“/ under the medium
co-moving frame §' would increase monotonically with v.. This way,
we have the following inequality:

V. > min ( Ve + Vmedium ) _ _ Vet Vmedium S
1 + VeVimedium/ ¢ 1 + VeVinedium /€ [Ve = 0
(7)
Since Viedium > ¢/, Eq. (7) can be transformed into
v.>c/n for Vv €[0,c, if Vimedium > ¢/n. (8)

Moreover, since ¢/n = c¢/n - ZZ >c/n- VC/: = 2 /1n*Vimedium» Eq. (8)
can be re-written as

V> /0 Vimediam for  Wve € [0,¢],  if  Viedium > ¢/n. (9)

Equation (9) exactly corresponds to the necessary and sufficient condi-
tion to enable the emergence of reversed Cherenkov radiation in Eq.
(3). Essentially, Eq. (9) indicates that under the static laboratory frame
S, when the medium moves superluminally with Viegium > ¢/7, the
reversed Cherenkov radiation can occur for arbitrary electron velocity
ve and is thus thresholdless for the electron velocity.

This thresholdless feature can be further verified through the iso-
frequency contour analysis of eigenmodes of light in moving media in
Fig. 2(a). By enforcing the momentum-matching condition between
the swift electron and the emitted light along the 2 direction, the wave-
vector of emitted light under the frame S has k, = 2 - k = —/v..
Since 0 < v, <, these emitted light always has k, < —w/c. For
eigenmodes with k, < —w/c in Fig. 2(a), their group velocity always
has vz, > 0. Under this scenario, the emitted light always has v -
Ve = (2vgz) - (—2v.) < 0 and thus 6 > 90° in Figs. 2(b) and 2(c) for
arbitrary electron velocity v, indicating the occurrence of thresholdless
reversed Cherenkov radiation under the frame S.
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Figures 3 and 4 show the subluminal scenario with
¢/1n? < Viedium < ¢/n. Under this scenario, we find the existence of
electron velocity threshold v, rcre for the reversed Cherenkov radia-
tion in Figs. 3(a)-3(c), which is dependent on the medium velocity
Vmedium- Recall the two facts that the necessary and sufficient condition
to induce the reversed Cherenkov radiation is v, > ¢*/7*Viedium» a$
governed by Eq. (3), and meanwhile, that the electron velocity ve =
ﬁ under the frame S increases monotonically with v.. This
way, the reversed Cherenkov radiation under the frame S would
emerge only if Ve > Vi rcr e (See case 1in Fig. 4), where

/
Ve — Vmedium
/ 2 / — 2 2
1— 1/evmedium/ C Ve =c / N Vmedium

l/nz - vrzneclium/c2 (10)
C.
(1 - l/nz)vmedium/c

VthrCR.e =

a light emission under the static laboratory frame S

case 1: Vi, cre < Vet < C

Vg reversed CR:
VgVe <0
Ve = =2V, 6 6>90°
Vmedium
electron

Case 2: Ve, = Vinrcre

VQ
VgV, =0
Vo=-2v,, O S
Vmedium

electron

case 3: Vipcre < Ve < Vinrcrie

conventional CR:

Vg Ve >0

Vg
Ve = —ZVg3 x _
Vmedium

6 <90°
electron

conventional CR
VgVe >0

Vmedium
electron with v,

Vel = Vincre>€ - - - =2v,

medium
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According to Eq. (10), v rcre Would decrease from ¢ to 0 when the
medium velocity Viedium increases from c/n? to c¢/n, as shown in Figs.
3(b) and 3(c). This is consistent with the isofrequency contour analysis
in Fig. 3(a), where the emitted light would have v, >0 if
_w/Vth,rCR,e < kz = _w/Ve < —Q)/C (i.e., Vth,rCR,e < < C)-

Similarly, we also find the existence of electron velocity threshold
Vih,cre for conventional Cherenkov radiation, since the necessary and
sufficient condition for its emergence requires v, > c¢/n. This way, the
conventional Cherenkov radiation under the frame S would emerge
only if ve > v, cre (see cases 2 and 3 in Fig. 4), where

/

Ve Vmedium 1/ 1 — Vmedium / c

=—————~¢ (11)

VihCRe = T =
' 1- vévmedium/c2 Vé = C/n 1— 1/?1 . Vmedium/c

According to Eq. (11), vin cr.e Would decrease from ¢/n to 0 when the
medium velocity Vimedium increases from 0 to ¢/n in Figs. 3(b) and 3(c).

b light emission under the medium co-moving frame S’

case 1: 2/(N?Vyegium) < Vo4 < C

Vg
3
IR
<
TN e | ]
Ve=-2'Vy o
c/n? < |2"-Vg| < Vpequm  €lectron

case 2: V,, = c(N%Vmedium)

/

V,
Il /&
9/\\0/
—r — I
L=—2'V,, o 2
Ny = —
12V | = Viedgium — electron
. ! 2 2
case 3: ¢/n <V, 5 < /(NVieqium)
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Ve Ieie
—r - sl C//7
Ve=—2ZVe3 24
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Vinedium < 12"-Vg | < ¢/n electron
RI

electron with v;

Vimedium C/n2

FIG. 4. Underlying mechanism of reversed Cherenkov radiation inside subluminal moving media with ¢/n? < Vimegium < ¢/n under the laboratory frame S. (a) Light emission
under the static laboratory frame S. For case 1 with vy cre < Ve = Vo1 < ¢, the light emission under the frame S has V4 - Ve < 0 and 6 > 90°, which corresponds to the

reversed Cherenkov radiation. For case 2 with Ve = Ve = Vinicre, the light

emission under the frame S has Vg -Ve =0 and 0 =90°. For case 3 with

VinCRe < Ve = Ve3 < VincRe, the light emission under the frame S has v - Ve > 0 and 6 < 90°, which corresponds to the conventional Cherenkov radiation. (b) Light emis-
sion under the medium co-moving frame S'. For comparison, each case under the frame S in (a) is correspondingly re-plotted under the frame S’ in (b).
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Under this scenario, the emitted light always has vy, <0 if
7w/Vth,CR,e < kz = 7(1)/1/6 < 7w/Vth,rCR7e (i-e->
VihcRe < Ve < VihrCRe)» as shown in Fig. 3(a).

In conclusion, we have revealed the possibility to create the
reversed Cherenkov radiation from positive-index moving media by
exploiting the Fizeau-Fresnel drag effect. Remarkably, we have discov-
ered the existence of medium velocity threshold for the creation of
reversed Cherenkov radiation, namely, Vin :CR medium = ¢/n%, which is
solely determined by the medium’s refractive index. Specifically, we
have further found that the reversed Cherenkov radiation becomes
thresholdless for the charged particle velocity when the medium moves
superluminally. We highlight that the moving media, in principle,
could be effectively constructed, for example, by using spatiotemporal
materials,”” """ nonreciprocal graphene or metal biased with a drift
current,'”” ' and nonlinear materials under the illumination of laser
pulses.''”""* Due to the rich un-explored physics in the realm of
light-particle-matter interactions, our finding may spark the continu-
ous exploration of free-electron radiation (including reversed
Cherenkov radiation) in more complex yet exotic photonic systems,
such as spatiotemporal materials, nonreciprocal metasurfaces, and
nonlinear materials.

See the supplementary material for five sections, including deriva-
tion of Cherenkov radiation under the medium co-moving frame
derivation of Cherenkov radiation under the static laboratory frame S,
derivation of dispersion relation for moving isotropic media, deriva-
tion of the radiation angle 0 under the static laboratory frame S, and
more discussion on the reversed Cherenkov radiation via Fizeau-
Fresnel drag.
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