
SUPPLEMENTAL MATERIAL

Here, we provide the derivation of Eqs. (10) and (11).
We start with the probability P (+) to post-select an elec-
tron in the |+⟩ state, given an initial thermal cavity state
ρn̄, and calculate it as the trace of the following subma-
trix:
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To find the matrix elements, we use results from [9]:
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which yields
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By rearranging the sums, we find the simplified form:
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The flowchart in Fig. S1 summarizes the cooling proto-
col, based on repeated applications of the electron–cavity
interaction. The cavity is initially in a thermal state
ρn̄(0) with mean photon number n̄(0). An electron is pre-
pared in the superposition state |+⟩ = (|0⟩ + |1⟩)/

√
2

using a beam splitter that creates the coherent super-
position of two trajectories. The electron subsequently
interacts with the cavity mode according to Eq. (5).
Post-selection is then performed by measuring the elec-
tron state in the |±⟩ basis. A successful outcome, corre-
sponding to the |+⟩ result, induces cooling on the cavity
state. If the target temperature is not yet reached, an-
other electron is created, with the interaction parameter
multiplied by a factor of i relative to the previous cy-
cle, which can be created by a quarter-cycle delay. This
process is iterated until the desired degree of cooling is
achieved. Below, we provide a more detailed analysis
of the Oscillator Cooling Block (OCB), defined as a se-
quence of four Conditional Displacement (CD) operators
with the interaction parameter cycling through the pat-
tern gQ → igQ → −gQ → −igQ.
To cool down the cavity state, we use the following

combination of CD operators:

CD (−igQ) CD (−gQ) CD (igQ) CD (gQ) ,

where the CD operator is defined according to Eq. (5).
To demonstrate the possibility of cooling down the cavity
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FIG. S1: Flowchart of the cavity-cooling protocol
based on electron–cavity interaction through the
Conditional Displacement operator CD(gQ). The
process begins with the cavity in an initial thermal state.
An electron is emitted and its trajectory is coherently
split into two paths. It then interacts with the cavity
via the CD operator. After the interaction, the electron
is measured in the |±⟩ basis. A measurement outcome
|−⟩ corresponds to a failed cooling attempt, whereas a
|+⟩ outcome contributes to cooling. The cavity state is
subsequently checked against the target photon number:
if the desired cooling level is reached, the protocol ter-
minates; otherwise, a new electron is emitted and the
interaction is repeated with the parameter updated as
gQ → igQ. This loop continues until the required degree
of cooling is achieved.

using the OCB, we consider below the case |gQ| ≪ 1.
Up to the first non-trivial order, the corresponding OCB
Kraus operator product (7) is expressed as
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Thus, for small |gQ|, the action of this operator on an
arbitrary initial state leads to a reduction in the photon
number. Specifically, if |ψ0⟩ is the initial state and

|ψ⟩ =
√
NDOCB(gQ) |ψ0⟩

is the resulting normalized state (with N > 0 denoting
the normalization constant), their photon numbers are
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The probability to post-select four electrons in the |+⟩
state can be calculated as
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The same results can be obtained if the initial state is a
mixed one.

Figure S2 illustrates the transformation of a coherent
state |α⟩ under the action of DOCB, where the shift of
the Wigner function toward the origin reflects a reduc-
tion in photon number. Interestingly, the DOCB cooling
approach is general (applying for arbitrary states) but
not optimal: for states with a well-defined phase, such
as coherent states, a straight-forward coherent displace-
ment provides a more efficient way of reducing the photon
number.

Below, we explicitly consider the case where the initial
state is thermal. Although the photon number variation
and the cooling probability can be obtained from Eqs.
(S6, S7) – with the averaging over the wave function re-
placed by averaging over the density matrix – the thermal
state has an additional important property with respect
to the OCB operation: it remains thermal up to correc-
tions of order |gQ|2. To demonstrate this, we derive the
corresponding expressions below.

Applying the operator (S5) to the thermal state (1)
ρn̄(0) with thermal photon number n̄(0), we get the den-
sity matrix after one OCB:
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where (ρn̄(0))nn is the n-th diagonal element of ρn̄(0) .
The normalization factor N is defined from the identity
Tr ρ(1) = 1 and is therefore given by
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The thermal photon number after one OCB and post-
selection is n̄(1) = Tr

(
a†aρ(1)

)
, which up to order |gQ|2

equals
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Within the same level of accuracy, Eq. (S8) coincides
with the expression for thermal state ρn̄(1) with the pho-
ton number n̄(1). Thus, up to order |gQ|2, the state re-
mains thermal, with its temperature decrease depending

both on the interaction parameter gQ and on the photon
number n̄(0).

Figure S3 illustrates how the Wigner function of a
thermal state is modified by the OCB operation. Panel
(a) shows the Wigner function of the initial thermal state
ρn̄(0) . The action of D+(gQ) with real positive gQ is in-
dicated by the green arrows. The resulting Wigner func-
tion, shown in panel (b), is displaced along the x direc-
tion and squeezed in p. The remaining components of
the OCB – D+(igQ), D+(−gQ), and D+(−igQ) – mutu-
ally compensate their respective displacements and col-
lectively squeeze the state along both quadratures, as
shown in panel (c). This combined action narrows the
Wigner distribution, corresponding to a decrease in the
effective temperature (see Eq. (2) in the main text).

The probability of post-selecting all four electrons in
the |+⟩ state is given by
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After k repetitions of the cooling procedure, the pho-
ton number and probability can be obtained by multiple
recursive application of Eqs. (S10, S11). To gain intu-

ition, we examine the limit of k ≪ |gQ|−2
, for which a

simplified analytical result arises as the temperature does
not decrease significantly during the cooling. In this case,
one can neglect variations in the temperature factor in-
side the brackets and obtain:
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Equations (S12, S13) hold in the absence of thermal
exchange with the environment. In the presence of a ther-
mal bath (κ ̸= 0), however, the cooling dynamics changes
significantly. After repeated applications of OCB, the
system enters a stable regime where the photon number
n̄(t) oscillates near the final value n̄f . It is therefore useful
to estimate the magnitude of these oscillations. Assum-
ing that the stable state closely approximates a thermal
state with photon number n̄f (a reasonable approxima-
tion, as our results show fidelity 99% or higher) the pho-
ton number oscillations magnitude δn̄ can be estimated
using the Lindblad equation:
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FIG. S2: Shift of a coherent state induced by the Oscillator Cooling Block (OCB). (a) Wigner function
of the initial coherent state |α⟩. (b) Wigner function of the state after application of DOCB(gQ). The OCB shifts
the Wigner function toward the origin in phase space (red arrow), thereby reducing the photon number. The dashed
contour line represents the contour at half of the maximum value. The vertical and horizontal dotted lines correspond
to the center of the initial state: x =

√
2ℜα, p =

√
2ℑα. Parameters are α = 1 + 2i and gQ = 0.25.

δn̄ ≈ ∂n̄(t)
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When substituting ρ with ρn̄f
, we rely on our numer-

ical results showing that the stable state reached after
a sufficiently large number of cooling rounds closely ap-
proximates the thermal state ρn̄f

, with a fidelity of 99%
or higher.
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FIG. S3: Variation of a thermal state under the action of the Oscillator Cooling Block (OCB). (a)
Wigner function of the initial thermal state ρn̄(0) with mean photon number n̄(0) = 1. (b) Action of the Kraus
operator DOCB(gQ) with gQ = 0.25 squeezes the state along the p-axis and shifts it along the x-axis. (c) Applying
the full OCB combination compensates the shifts and produces squeezing along both quadratures. Dashed contour
lines indicate the half-maximum level.
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