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I. Light inside a cavity

1.1 Density matrices and Wigner functions of the emitters and cavity light
The master equation for emitters and cavity light reads [1]-[4]:

pin(t) = i[pin(t); Hin] + D[pin(t)]; (Sl)
where the Hamiltonian is Hy, = Hg + Hgc + Hc and the dissipator is D[pi, (t)] = kcpin (t)ct —

%K{CTC, pin(t)} and it accounts for leakage from the cavity at rate k. In Eq. (S1), Hg =

Qo XN, 67 = Q57 is the Hamiltonian of the emitters, which are considered as two-level systems
with transition frequency Q,. The term Hgc = (gcTS™ + g*cS*) describes the interaction
between the emitters and the cavity mode, assuming that the emitters couple to the field with the
same coupling coefficients. The annihilation and creation operators are ¢, cf, and S* =Y | aii
are the collective raising and lowering operators, with al-i =0}t iaiy . The term He = Q,cfc is
the Hamiltonian of the cavity field. We consider ; = (), below.

We solve Eq. (S1) numerically. For N indistinguishable emitters, the density matrix p;, is
a tensor product of two (N + 1) X (N + 1) matrices at the initial time, one for the single-mode

cavity field and one for the emitters. The density matrix of the emitters is found by tracing out the

cavity field:
Pemitters (t) = Trlight in(pin(t))- (SZ)

The Wigner function Wepitters (6, @) of the emitters on the Bloch sphere yields [5]:

[ N k

Wemitters(t: 9' ¢) = Z Z pkq (t)qu (91 ¢)
k=0 q=-k
3 N/2 N/2 , (83)
N/2 k N/2
Pkq ) = Z Z (_1)N/2—m V2k +1 <_£n q rr{’ )(mllpemitters(t)|m>
\ m=-N/2m'=-N/2
N/2 k NJ/2

where <—:n q n{’ ) are 3j symbols and |m) are the permutationally symmetric state of the

emitters corresponding to m + N /2 excited emitters.

On the other hand, the density matrix of the cavity light is found by tracing out the emitters:

Pright in(t) = Tremitters (pin(t))- (54)
The Wigner function of the light inside the cavity Wiign in (¢, X, P) yields [6], [7]:

1% .
Wignin(®,X,P) == | (X = Ylpigna(O1X + y)e " dy. (55)



1.2 The dynamics of the light inside the cavity
In the main text, we focus on the light emitted outside the cavity. Here, we also analyze the

dynamics of the cavity field itself. For a reabsorption efficiency & of order unity, the light inside
the cavity will have no quantum features, in the sense of a positive Wigner function at all times,
as shown in Figure 2 in the main text. The loss of light to the modes outside the cavity causes
decoherence of the fragile quantum state inside the cavity, which becomes an incoherent mixture.
More interesting is the case of a strong reabsorption efficiency ¢ > 1 instead, when the Rabi
frequency in the cavity is much larger than the decay rate from it. In such a case, coherent
oscillations occur between the cavity field and the emitters. We consider a fully inverted initial
condition (all emitters excited), as can be obtained from a m-pulse excitation. The resulting Wigner
functions of the cavity light and emitters are shown in Fig. S1b. We also obtain the intensity of

light inside the cavity

d
Iinside(t) = hy a(c-u‘)' (S6)

plotted in Fig. Slc, and the negativity [8] of the combined cavity-emitters density matrix p;, (t),
shown in Fig. S1d. The negativity is a measure of the degree of entanglement between the emitters
and the light, according to the PPT criterion for separability [9], which is defined by:
lpfal; — 1

Y

with pT4 the partial transpose with respect to the emitters and |-|; the L; norm.

(57)

negativity =

In Fig. S1 we show the coherent transfer of energy back and forth between the emitters and
the cavity. The zeros of the intensity in Fig. Slc, e.g., at times £, t,, t, correspond to the times at
which the energy is absorbed by emitters, or the energy is completely transferred to the light.
Indeed, at these times, the negativity is at its minimal value as shown in Fig. S1d. The cavity’s
Wigner function has negative parts at some times, see e.g., Fig. Sla at time t,. Furthermore, we
observe a state transfer between the emitters and the cavity field and the fidelity of the state transfer
increases as the reabsorption efficiency ¢ increases. When the emitters and the cavity field are
strongly entangled (large negativity), e.g., at time t;, the cavity Wigner function is completely

positive, because tracing out the emitters leads to an incoherent mixture
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Fig S1. Cavity field and emitters’ dynamics. (a) Wigner function of the cavity field at selected
times t, = 0,¢t, = 19.7,t, = 38.3 (zero intensity), t; = 13.2 (first intensity maximum), and t; =
26.1 (first intensity minimum). (b) Emitters’ Wigner function, at the same selected times. (c¢)
Intensity of the cavity field as function of time. (d) The negativity of p;, which shows the
entanglement between light and the emitters. The parameters used in the simulation are: & =
2Ng?/k? = 2.25-103, and N = 10 emitters.

The dynamics shown in Fig. S1 is characteristic for large reabsorption efficiencies ¢ =
292N /k?, that is, for a regime when the cavity losses are small compared to the Rabi frequency.
Away from this limit, in Fig. S2 we compute the maximum (over time) of the negative area of

Wigner function, namely V = max f(x.p):anhtin<0(_1)Wlight in(t, x,p)dxdp. We find that the

Wigner function of the light in cavity is everywhere positive if £ < &, while it has negative parts
for & > £, for some critical reabsorption efficiency .. We note that ¢, depends on the number of

emitters and on the initial conditions.
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Fig. S2. Regimes of superradiant emission in a cavity. Wigner function maximum negative

area for different interaction strengths (gv/N) and photon losses (k). The Wigner function can
have negative parts if £ > ., thus the losses outside the cavity are small. The emitters are initially
excited, as plotted on the Bloch sphere on the left. Two cavity Wigner functions are plotted as
insets representing the & > &, and & < &, regimes. The number of emitters is N = 10.

I1. Pulses of quantum light

I1.1 Modes
The electromagnetic field can be quantized in different bases [10]. By far the most common

is the plane wave mode basis, which in one dimension takes the form a,,, aZ, with [aw, ai),] =
6(w — w"). Another example is the basis of time given by the Fourier transform a(t) =

\/% fjooo a,e'“*dw. In many cases, these bases are not optimal, and it is more efficient to quantize
the field in a wavepacket basis. Furthermore, sometimes it is not possible to describe the emission
as a single mode. For example, if a single emitter is excited twice, emitting two single-photon
wave packets at different times, the quantum state of light is fundamentally a two mode state.

If a state can be described as a single mode, then it is possible to define ay, =

ffooo ne(t")a(t)dt’, and then describe the state as a superposition:



NG
|lpsingle—mode> = Z A, (fl/(;l—)' |0> (58)

More generally, one can define a set of complex basis functions 1, (t), orthonormal functions, and
then define a general state with the set of operators a, = fjooo Ny (t)a(t")dt'. In the following

analysis, we find the conditions for which the light emitted will be close to a single mode state,
meaning that exists a single mode state to which it has high fidelity. In this case we find
po = Trace,.o{p}, (S9)
where p, is the quantum state of light in the highest occupied principal mode. We can find p, in
two steps:
1. Finding the principal modes, and specifically the most occupied ones.

2. Finding the quantum state in these modes.

I1.2 Emission modes
We define the principal modes as a minimal set of modes that contain all the quantum state

information. Specifically, a set of orthonormal complex functions 7,(t) defined via the

annihilation operators a,, = ffooo Ny, (tDa(t")dt'. The principal modes satisfy foralln > p, a,p =

0, and so also (a;;lan) = 0, for all m. One can notice that the integer p is nothing but the rank of
the I (¢,,t,) matrix:

r® (ty,tp) = <a+(t1)a(t2)>; (510)
which is Hermitian and thus diagonalizable. A possible set of principal modes can be found as the

eigenvectors. Numerical diagonalization of TV (¢, t,) yields:

FO(,6) = ) nai (), (s11)

l

where n; are the numbers of photons in each mode.

I1.3 Quantum state of the most occupied mode
To derive a master equation to describe the most occupied traveling mode of light, we

follow Kiilerich and Molmer [11], [12]. The key insight in their derivation is that a single mode
state (as defined in I1.1) can be absorbed perfectly into a fictitious one-sided cavity with a time-

dependent coupling g,(t), the calculation of this coupling is repeated in Section I1.4 for the



readers' convenience. A one-sided cavity with such coupling will at t — oo acquire the state of the
mode 71, (t).
The problem can now be reduced to the coupling of a system operator O~ with:

Aout(t) = ain(t) + 07 (1) (512)
to the fictitious cavity in a single master equation. To do this one must couple the output from the
system into the fictitious cavity, but not couple the output from the fictitious cavity back into the
system. The cascaded master equation reads for a single decay channel O~ and a single output

mode [11]:
1
p=ilp,Hs + H + Y (LipL] =5 {L{Li, o). (513)

The part of the Hamiltonian describing the coupling between the mode and the fictitious cavity,
H, = %(gSO“LaO — gOO_a;r), transfers photons from the virtual cavity to the system and vice

versa. To enforce unidirectionality, one must add a corresponding damping term Ly = O~ +
ge(t)ag, so that, for 0~ = v/xc and Hg = Hg + Hgc + Hc as in Section 1.1, Eq. (S13) matches Eq.
(4) of the main text. We solve Eq. (4) numerically using the n,(t) corresponding to the most
occupied mode, obtained as explained in the previous section, and obtain the density matrix p (of
the combined system of emitters, cavity, and dominant leaking mode). The density matrix of the
outgoing light in the dominant mode 7 is obtained as

po = Trin(p), (S14)

where Tr;, (...) denotes trace over cavity field and emitters.

I1.4 Coupling of the virtual cavity
As mentioned above, the dominant mode can be absorbed in a cavity through a suitable time-

dependent coupling. To find this, consider the Heisenberg-Langevin equation for a, [13]:
lg0(O)1?
Ay = —————
2
where g, (t) is the time-dependent coupling to the cavity. We can rewrite (S15) as:
% <aoe%f0tdt’|g0(t’)|2) = —go()biy (t)e%fotdt” |90(f”)|2, (S16)

integration on both sides yields:

ag — go(t)bin (), (515)



t

1.t .., "2 1.t 1|2
ao()ez)o 190N _ g (0) = — f dt’ go(t by (t)ez o 47190 (517)
0

1,.t,,., "2 t 1.t .. 1|2
ao(t) = ap(0)e 2k 290" _ f dt’ go(t)bin(¢e)e 2k @ 190 (518)
0
For the output mode a,(t) to aquire the mode of the shape n,(t), at the infinite time we should
have:
a = [ ' m@bne). (519)
0
Comparing (S18) and (S19) yields:
1,00 4y 112
—go(t)e_ijt at”|go(t")|” _ HO) (S20)
from which:
t 0 .y 12 t
| der1goenrze 74 o — [ aer ool (s21)
0 0
0 . N2 t
e~ e at'lao(t)” = f dt’ [no()|2. (522)
0

Substituting (S22) in (S20), we get:
10 (6)

JHaenger

Notice that the denominator is exactly the square root of the fraction of the wave packet already

(S23)

go(t) = —

absorbed in the cavity at time ¢t.

I1. Cavity QED Coupled to a Continuum of Modes

We first give more details on how to implement the calculation of 'Y (t,,t,), which is
explained in the main text. The calculation of this matrix consists of two steps. The first involves
relating the operators of light to the operators of the emitting system, as can be done with an input-
output relation [14]. For example, in the case coupling the cavity mode to the continuum of
frequency modes outside the cavity, the input-output relation will read: agy,(t) = a;,(t) +
Vic(t), where the operators are given here in the Heisenberg picture. Assuming that the light

outside the cavity is initially in the vacuum state, from the input-output relation we get:

F(l)(tp ty) = <a+(t1)a(t2)> = K<C+(t1)c(t2)>- (524)



The right-hand side of Eq. (S24) can be calculated following standard procedures in
quantum optics (quantum regression theorem) [15], [16]. Particularly, given V (¢, 0) the nonunitary

time evolution super operator combined cavity-emitters system, such that the density matrix is
pin(t) =V (t, 0)pin(0), then:

(ct(t)e(t)) = Tr (cTV (£, £)eV (£, 0)pn (0) (525)
In other words, one must use the master equation Eq. (2) from the main text to evolve the initial
density matrix p;, (0) to a time t,, multiply the result by the lowering operator c, evolve for a time

t, — t,, multiply times cT, and take the trace.

I11.1 Modes of Dicke superradince in a cavity
Fig. S3 shows I'(t4, t,), the modes 7;(t), and their occupations n;. We consider both fully-

inverted (al,bl,cl) and cat state (a2,b2,c2) as initial conditions. The correlation function I'(t;, t,),
in (al,a2), features oscillations due to the coherent back-and-forth exchange of energy between
emitters and cavity field. In the linear regime, when the number of excitations is much lower than
the number of emitters, the emitting system can be approximated as a harmonic oscillator, and the
dynamics are the same as light leaking out from a cavity. By this logic, the emitted light is mostly
contained in a single mode. A fully inverted initial condition (al) corresponds instead to a highly
nonlinear regime. In this case, we still find almost 90% are within a single mode (c1), but a second
and a third are non-negligible and contain more than 10% of the emission, leading to a lower purity
of the emitted light, when tracing out these modes. For the atomic cat state (a2), the initial condition
is lower on the Bloch sphere, thus further into the linear regime, leading to more predominant

single-mode occupation (c2).
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Fig. S3. Analysis of temporal modes outside the cavity. (al,2) Normalized first-order coherence
function for fully-inverted (1) and cat (2) state initial conditions. (b1,2) Real part of the first,
second and third most occupied modes 1;(t). (¢1,2) Average number of photons of the 10 most
occupied modes.

I11.2 Intensity, spectrum, and entanglement entropy of the emitted light
The Wigner function of the light outside of the cavity is calculated similarly to the cavity

field using Eq. (S5). The intensity plotted in Figure 2 in the main text is defined as:
1(t) = (ata)(®) = k{ctc)(D), (526)
Where the entanglement entropy plotted in Figure 2 is defined as:
entanglement entropy = —Tr(p;, log, (pin)), (827)
where pi, = Trout(p) with Trgy(...) the trace over the light outside the cavity. We remark that
the entire state of light all the temporal modes outside the cavity, light inside the cavity and emitters
is pure such that the use of entanglement entropy is justified.

The spectrum is given by the Fourier transform of the coherence function I'(t, t,), namely
1 (° (™ .
S(w) = (a'(w)a(w)) = Zf f T (e, t,)el@ 2"t de. dt, (528)

and is plotted in Fig. S4. We observe a transition between single to doubly peaked spectrums at a

N |

reabsorption efficiency ¢ =~
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Fig. S4. Spectrum of the light emitted outside of the cavity. For low reabsorption efficiency,
the spectrum of the emission is a single peak at zero frequency (in the rotating frame). For large
reabsorption efficiencies, the back-and-forth energy transfer between the emitters and the cavity
results instead in a finite-frequency double peak in the emission spectrum. The transition between

these two scenarios happens at & = % Here, we consider N = 10 emitters initially in the fully

excited state (a) or cat state (b) as in Eq. (S77). The insets show the initial condition on the Bloch
sphere.

IV. 1D Atomic Array Coupled to a Waveguide

This section summarizes how the theory can be applied to a one-dimensional atomic array
coupled to a chiral waveguide. We consider emitters coupled to a waveguide at locations {z, }_;.

The Hamiltonian of the light-matter interaction reads:

H= HE + HEF + HF, (529)
Hy = 0, z o2, (S30)
1<n=N
Hgp = Z f dkgota(k)e®? + h.c., (S31)
1sn=N "0
Hy = f dkw(k)at (K)a(k). (S32)
0

where z, is the location of the n-th emitter, a(k) the annihilation operator of a mode with
wavevector k along the waveguide axis, and g the coupling (assumed independent of the
wavenumber and real for simplicity). We denote w(k) = c|k| the frequency associated with the

wavevector k, ¢ being the speed of light in the medium.



IV.1 Input-output relation for waveguide QED

We repeat the derivation of the input-output relation for waveguide QED [17]. Heisenberg

dynamics yields:

a(k) = i[H, a(k)] = —iw()alk) - ig Z o eikn,

1<nsN
from which:
%(a(k)eiw(k)t) = —ig Z o, etk elo(t
1snsN

which is solved by:

a(k t) — a(k 0)9 iw(k)t _ lgf dt’ Z o, (t )e ikzn euo(k)(t —t).

1<=ns<N

Fourier transforming a(z,t) = 1/V2n f_oooo dk'a(k’,t)et*'%, from Eq. (S35) we get:

a(z, t) = Lfoodka(k 0)etk(z=ct) _
NoT
f dkf dt' O_T?(tr)e—ik(c(t—t')+zn—z).
1<n<N
and so:
a(zt)—a(z—ctO)—— dt z t—t’+Zn_Z)an_(t’).
1<snsN

The integral can be nonzero only if z — z,, > 0, and so:

w0 =a(oe-9 i[5 oesier (c-32)

1<=nsN

(S33)

(S34)

(S35)

(S36)

(S37)

(S38)

2
with [ p = znTg. Assuming that the typical timescale for the evolution of the system is much

longer than the light crossing time, a Markov approximation yields a,; (t — Z_CZ") ~

Lﬂozn
On (t - E) . We can define a,,(t) = Vca(zy, t), just to the right of the last emitter, and

ai, (t) = Vca (0, t— z)
Aout(t) = ajn(t) — iy T1pS~ (t - g)

Qoz

with S7(t) = Y1<nen on (e~ . Eq. (S39) is the input-output relation we wanted.

(S39)



IV.2 Principal modes and cascaded master equation for waveguide QED
Next, we follow a protocol like the one in the main text to find the IV (t,, t,) function and

diagonalize it. This can be done with the input-output relation from Section (IV.1):

F®(ty, t,) = (al(t)alty)) = Tip(S* (£)S™(£))- (540)
Let us now consider procedure from Section III.1 in more details. The input-output relation for 1D
waveguide is described by Eq. (S39). The considered mode 7, according to Eq. (S39) is described
by:

t t
z
ay = f dt' ni(tDa(t) = ag — ly/rlDf dt' ni(t)S™ (t' - E)’ (S41)
0 0
we take the derivative with respect to time of this equation, and get:
L civoe (s Z
do = ~iyTipme (S~ (£ 7). (542)
According to the proof in Section I1.4 for a,(t — o), the solution of Eq. (S42) is the same as:
190 (©)1? . _ z
QG =""5 A~ [1pgo(©)S (t - E) ) (543)

where g, = —ng(t)/ \/ ) Ot|770(t’) |2dt’. The equation for S~ is described by the master equation

§7(0) = lHg, S~ (O] + S*O)S~(OS™(0) ~ 3 (S*OS" O, (©),  (544)

The Eqgs. (S43) and (S44) correspond to the master equation in Schrodinger picture:
p = —ilHs + Hy, p] + LopL} — %{LELO, o}, (545)
with Hg = Q,S, — leDZm,n (a,*,;a,{ e%né_znl —h. C.) describing the emitter energy levels and

coherent interactions mediated by the waveguide, H; = éw/rm (95STag — goS ‘a(*,), Lo(t) =

JIipS™ + go(t)ay, and go = —n{,(t)/\/fotlno(t’)lzdt’. We can add terms LipL;-r - %{LJ{Li,p} to

describe additional losses, with L; for i > 0 being the jump operators for additional decay

channels, such as spatial modes lost outside the waveguide.



To ensure a single decay channel, we considered in the main text a mirror at location Zyjpror =

i2m|zm—2znl

—Ao/4. The system Hamiltonian then becomes Hg = (1,S, —leDZm‘n <0Jla,{ <e o+

i2n(zm+zn)

e H ) —h.c. ), and the operators S* = ¥, .,y 05 (£)cos (—2"Q°Z”),

Cc

IV.3 Modes in waveguide QED
This section is devoted to studying the temporal modes of emission in waveguide QED,

we consider emitters coupled to a non-chiral waveguide, with a single decay channel to only one
side. This can be achieved by placing a mirror at zZ,j.ror = —mA, Where m is a positive integer.
In the case of z, = n4,, the equations now take the form of a Dicke model allowing for a much
simpler numerical solution. In Fig. S5 we solve for z,, = nl,, and an initial fully excited emitters
state, and show the quantum state in the first two most occupied modes. The dynamics of the
number of excited emitters (Fig. S5a) display the characteristic features of superradiance. The
quantum state in the first mode is close to a Fock state with nine photons (Fig S5c¢), the number of

initially excited emitters, while the second mode is almost unoccupied (Fig S5d).
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Fig. SS. Superradiance in waveguide QED. We consider the fully excited state of the emitters
in the waveguide with spacing z,, = nA. (a) The number of excited emitters versus time. (b) The
two most occupied temporal modes. (¢) The Wigner function of mode 1. (d) The Wigner function
of mode 2. Here, we considered N = 9 emitters and no losses to other spatial modes.



Next, we study the modes of waveguide QED at different spacings, going beyond Dicke

superradiance. Specifically, we consider z,, = %, and emitters initially in a coherent state obtained

via a Z—Z excitation pulse from the axis perpendicular to the waveguide with a plane wave.

The emitters decay into a dark state, resulting in a nonzero number of excited emitters at
the final time in Fig S6a. Light is emitted mostly into a single temporal mode, see Fig S6c, whose

Wigner function features negative parts and is reminiscent of that of a cat state.
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Fig. S6. Emission in waveguide QED far from the Dicke limit. We consider the emitters excited
by a 7 /12 pulse in a waveguide with spacing z,, = nd/2. (a) Number of excited emitters versus
time. The inversion population fails to decay to zero within the considered times, pointing to a
dark state. (b) The two most occupied modes as a function of time. (¢) The Wigner function in
mode 1. Nonclassical features (negative parts) are observed. Here, we considered N = 6 emitters
and no losses to other spatial modes. (d) Wigner function in mode 2.

IV.4 Dependance of fidelity on number of emitters

In this section, we investigate how the fidelity of state creation depends on the number of
emitters involved. For simplicity, we consider emitters symmetrically coupled to a 1D waveguide.
We investigate specifically the creation of a cat state |) < |a) + | — @), with @ = 2. We initialize
the emitters in a state for which elements in the Dicke basis match [1) in the Fock basis, truncating
the state at the number of available emitters (while properly normalizing). In other words, given

the density matrix p"'8" = [Y) (Y| = Vo< j<oo p;}ght|i)(]’|, we initialize the emitters in a density



. . light
matrix pemltters e ZOSi,jsNP'lg

;i 1D{]. We then simulate the evolution and plot the fidelity of the
emitted state in the dominant mode as a function of the number of emitters.

The results in Fig S7 show that the fidelity increases with the number of emitters. This
occurs for two reasons: (I) For small numbers of emitters, truncation of the density matrix due to
the finite number of emitters causes the state of light to differ from the cat state substantially. (II)
For a smaller number of emitters, the initial state is more deeply in the nonlinear regime, causing

the emission to populate multiple temporal modes and the first populated mode to decohere.
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Fig. S7. Fidelity of Schrodinger cat state vs number of emitters. Showing the increase of

fidelity with the number of emitters.
V Emitters in free space

In this section, we summarize how the theory can be applied to emitters in the three-
dimensional free space. The emitters are at locations {x,}, with n = 1,2, ..., N. The Hamiltonian

of the system reads

H = Hg + Hg + Hgg, (S46)
with
B d*k |[Vw(k)(d-g,)
Hgg = 2.[(27'[)3\[ 2, af(k)a(k), (547)
He =) of +H, (548)

n

Hp = f Bkok)at (k)ak), (S49)



where Hj is a general interaction Hamiltonian between the emitters, for example for a dipole-dipole

interaction it takes the form Hpp = YmnJmn0m0n With [, defined by: G (x,,, X, Qo) = Jonn —

— where G (x,,, X, @) is the Greens function.

V.1 Input-output relation in three dimensions
The operator of vector field A~ (x, t) is given by:

o 14 [ 1
- _ 3 ikx S50
A (xt) = f d k(2n)3 P a,(k t)e (S50)

We can define its Fourier transform by A~ (x, w) = \/%_” [ A~ (x,t)e*®tdt, and it obeys the

equation [18]:

_ emMw? _ 1
VXVXA,(xw)— 2 A, (x,w) = ec? (S51)
Its solution is given by:
A (x,w)=A G(x,x',w)] (x,w)d3x". (S52)

Now J~(x,w) = wd Y., 0;, (w)d(x — x,) and d the dipole matrix element of the two-level

transition. In free space, in the far field limit, Green’s function is given by:

e Clx xnl

G(x,xn, (A)) = W (553)

We can approximate |x — x,| = x — X - x, leading to:

JLETe
~— S54
G(x, Xy, W) yp— (S54)
We get
~ B w(d-g,) ~ iw R
A5, w) = Az (x, ) + Wz o (w) exp <7 (x—%- xn)> . (S55)
n
We can now Fourier transform (5§55) to get:
_ _ Q(d - €,) (x—%-x,)

M50 0) = Ay (e 0) + Z < — ). (S56)

x _iQoXxn

and finally make a Markov approximation assuming o,, (t — (x_i—xn)) ~ Oy (t — Z) e ¢ to

get the desired result:



d- g, LQOxxn
Az (x, 1) = Ago(x, t) + % )Z t—— .

4mxeyc?

Now we need to find a, (x,t) = [ a,(k,t)e**d3k

A (x,t) = f+ood3k v ! (k, t)etkx ! v (x,t)
X, ) =~ s A ] .
Z 2n)? | 20wV VT T 2n) 26,0, WY

Thus, we get:

a,(x,t) = a,o(x,t) +

(d- s“) 8m*Q} Z 9oy

t—— c
Veyct

_ _ _ X\ _QoXxy /877498
S (9,¢,t—X/C):ZO'n (t—z)e c , K = W
n

We get input-output relation:

We define

(d- u)

a,(x,t) = a,(x,t) + ——=kS5(0,¢,t — x/c).

V.2 Spatiotemporal modes
The modes can be found from 'Y matrix, similar to the 1D case:

F;El) (01, b1, t1; 602, o, t2) = (a; (x1,t)a, (xy, tz)) =

2
= |dlx—§M||K|2 <5+ (91'¢1»t1 - xc_l)s_ (92;¢2»t2 - x?z»

The matrix T'™) can be diagonalize to find the principal modes:

F;El)(gp $1.t1; 02,92, t5) = Z MM i (01, 1, N4 (02, P2, t3)
i

Then the mode is defined as:
= f dtf dQn,;(0,¢,t)a,;(0,¢,t)

where a,;(6,¢,t) = a,;(x,t) = a,;(0,p,t —x/c).

(857)

(S58)

(S59)

(S60)

(S61)

(S62)

(S63)

(S64)

The modes a; should obey standard commutation relations [ai, a;r] = §; ;. From this requirement

we get additional condition on 17,;(6, ¢, t) to be normalized and orthogonal:

[ dt [ d0nu6.6,0m,,0.6,0 = 5,18,

(S65)



V.3 Master equation for the evolution of the emitter system and the considered
mode

Similar to the 1D case, we can get the master equation that will describe the evolution of
a,. For this we first start from the equation for the emitters. The evolution of the emitters in free
space including dissipative and coherent interactions is given by the following Master equation

[19]:
. , o — + + -
pg = —i[Hg, pe] + Z T(ZUmPEUn — {07 0m pe}), (S66)
mmn
with pg = Trjjghe(p(£)). We diagonalize the second part of Eq (S49) and get:

I
P = —i[Hg, pgl + ) =" (205 ps0; — {0505, pg}). (567)
2
v

where 0, =), U;rn o, with U being the unitary matrix that diagonalizes I'. Using the input-output

relation, we can write the differential equation for a:
(d-g,) Xy iRy
s x u - —==n
Gy = fdﬂnuo(e,d),t)T}cZ o (t—z)e c (S68)
n

Since 6, = Y., Upy, O, , we get:

(d . sﬂ) iQ0Rxp
o= ) 07 =x/0) [ a0, 4, 0° =0k Y Ve L (569
v X n
We define coefficient ¢, (t) such that
d-e _iQoXxy
&0 =1/, f d07;,(6,,t) %"2 Une™ e . (570)
n
According to this definition, we get:
do = ) EG(005 (= x/). (s71)
v

Similar to the 1D case, we arrive to the following master equation for mode a,,:

1
p = —ilHs + H,pl + ) = (QLypLy - {LiLy. p)), (572)
v

where Hy =%, T, ({5 (00} a — {,(£)0; a}) and L,(t) = yT,0; + ¢;(t)a,. The final term
in (S72) is meant to cancel the terms that create an excitation in the system and remove a photon

from the virtual cavity.



1 1
—ilHs p) +5 ) VT [5 (0008 = 4,©af05, ] + ) (Lol =5 {LhL,,0}) =
1
~ilHs,p) +5 ) VT 6,005 = (0,07 o]
+ Y (VB0; +5(0a)p (0 +4,0)a})

1
—> (L0} +6,0a)(YT,05 + & ()ag), p}) (S73)

Opening the brackets gives:
1
p=—ills,pl +3 ) T (55(00as0f p = 8, (D)a07p +,(Dpaf 05 — 5i()pag0y)
4

+(0,05 pO; + T, 83 (D) aep0; + T8, ()05 pal + 13, () 2agpal)
1
—Emﬁﬂxp+Jﬁ@@ﬂw%p+KﬂﬂF%%p+Jﬁaﬁﬂw%p+RQﬂUp

+ /T, (0)p0; ay + 18,() 12palay + T,4,(£)p0y al)
(S74)

Now notice the cancelation of the first and third terms in the interaction Hamiltonian, with the

damping terms:

p=—ilHs,pl + ) T, (=4,(0a}05 p - &;(©)pas0y)

+(JT, G (Op05 ag + T, () ap0; +T,4, )05 pal + 1,4, ()05 alp)
1 1
+1, (07008 —510707,p3) +18, (O (aopaf - 5{afao p} ) (S75)

Which exactly gives the dissipators for the cavity and the system, along with the single direction

couplings from the system to the virtual cavity.

VI. Initial Atomic state

In this section, we will provide the explicit forms of the density matrices for the initial
conditions considered in the main text and discuss ideas to obtain them experimentally. In Figure
2, 3a, and 4a, we consider a fully excited initial condition |N). This is a standard initial condition
and can be obtained via a coherent excitation -pulse. In Figures 3c, and 4 and 5b, the initial state

is an atomic cat state, given by

|¢2cat> & (exp(inH) + exp(—iSXH))IO), (576)



with 8 = 1.3 in Figure 3¢ and 8 = /2 in Figure 4b and 5. Experimentally, such a state can be
realized following a protocol recently proposed with a nonlinear Stark shift [20], with an ensemble
of three-level emitters in detuned cavity, using a light source with a detuned frequency. Another
way to create such states is by intense squeezing, for example with bicolor excitations that allow
for specific double-Raman transitions. Examples of such state preparation are presented in ref
[21]-[23]. In the intense squeezing case, we take advantage of the relation:
exp(iS2m/2)exp(iS,0,) 10} o (exp(iS,0,) — i exp(iS,(m — 6,)))[0), (S77)
with 6, = 1.3. The operators exp(iS,6,) can be implemented by coherent laser excitations,
whereas exp(iS2m/2) can arise in the case of multicolor excitations [21]. Next, in Figure 3b we

consider atomic GKP states, namely:

N
[Yaxe) « (D(@) + D(=a)) S(1)]0), (S78)
where D () is the photonic displacement operator and S(r) the photonic squeezing operator. We

then truncate the coefficients of the density matrix at the number of emitters and normalize the

state. We use @ = y/mr/2 and r = 0.5In (2) for 10dB squeezing and N = 40 emitters. The last

state we consider as an initial condition for the emitters is a squeezed state:

|7~/)squeezed> = exp(iS,§94)|O), (579)
with 6, = 0.3.
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