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1. Introduction

In this section, we briefly introduce the electron micro-bunching physical process and review
the notations used throughout this work. Figure S1 describes the micro-bunching process. It
includes three components: the electron beam, the counter-propagating laser beam, and the co-
propagating X-ray wave. We assume the counter-propagating laser beam is linearly polarized. The
axes notation used in this work are: 1) the z-axis is the electron beam velocity direction. 2) The x-
axis is the laser's beam electric field direction and the undulation motion of the electrons in the
self-frame. 3) the y-axis is the laser's beam magnetic field direction. Table S1 shows the notation
used throughout the paper. It includes the parameters of the electron beam, the counter-propagating
laser beam, the FEL parameters, and the X-ray beam.

The FEL facilities include two categories of gain mechanisms: the low-gain FEL and the high-
gain FEL [6]. In the low-gain FEL, the electron beam passes multiple times in a low-gain medium.
After many passes, the X-ray wave power exponentially increases until it reaches saturation.
Despite significant recent progress, this approach is limited by the X-ray optical components and
the required electron source repetition rate. In contrast, in the high-gain regime, the electron beam
passes only once in a long-gain medium. The transverse electric field of the X-ray radiation
interacts with the transverse electron current such that some electrons gain, and others lose energy
to the X-ray field through the ponderomotive force. When the X-ray radiation becomes sufficiently
strong, it modulates the electrons' longitudinal velocity and focuses electrons into bunches shorter
than the X-ray wavelength. These bunches act as single particles with high charge, creating
collective emission, enhancing the radiation intensity to be quadratic in the electron bunch charge
rather than linear as in the incoherent regime (see Figure S1 for illustration). This phenomenon is
unique to the high-gain FEL and does not occur in other X-ray sources, leading to the extremely
high-brightness X-ray pulses that are unique to FELS.

The micro-bunching process includes the following steps: 1) The counter-propagating laser
beam applies EM forces on the electron beam, generating undulation motion of the electrons in
the x-axis. 2) The electrons' oscillations produce a linear polarized X-ray beam, co-propagating
with the electron beam in the z-direction. 3) The generated X-ray beam applies an additional force
on the electron bunch pulse. Combining the co-propagating X-ray wave and the counter-
propagating laser beam creates a first order standing wave, in addition to the zero-order EM field
of the counter-propagating laser. 4) The electron undulation in the x-axis creates forces in the z-
direction (due to the magnetic field applied to the electron beam in the y-axis). Since the electrons'
undulation oscillation strength depends on z (in the first order standing wave approximation),
electrons will modulate toward the regions with lower electric fields (i.e., this is the ponderomotive
force).

The supplementary material includes the following sections: Section 2 describes the
incoherent inverse Compton scattering (ICS) scheme, including the incoherent ICS spatial
dispersion, cross-section, and spectral density profile. In Section 3, we review the general



requirements of the high-gain ICS, particularly the electron source requirements. In Section 4, we
derive the laser source requirements and bounds for the laser pulse duration, power, beam waist,
and energy. In Section 5 we derive the upper bounds of the high-gain ICS peak brightness and
saturation power, assuming an electron source that achieves the 6D quantum-mechanical
brightness bound. In section 6, we analyze state-of-the-art and near-future electron and laser
sources and discuss the experimental feasibility of implementing a high-gain scheme in the
Extreme UV (EUV) and water-window spectrum. In section 7, we analyze the performance of the
low-gain ICS (the ICS oscillator) and compare it with the high-gain scheme concerning allowed
linewidth broadening, quantum-recoil effects, and scaling of the emission energy.



Parameter Description Units
E. = yem.c? | Electron beam energy. MeV
AYe/Ye Electron beam energy spread. )
9g Electron beam effective energy spread, which accounts ]
E also spread due to divergence.
€n Electron beam normalized emittance. nm-rad
Electron > - - - -
beam O& = 050y The electron beam spot size at interaction point (RMS). nm?
Oy1 Oy, The electron beam divergence at interaction point (RMS). mrad?
Bav Average beta function of the electron beam. m
I, The electron beam peak current. A
Ne The electron charge density. 1/m3
B The Electron beam brightness. C
e s mm? mrad?
AL The laser wavelength. pm
A /2L The laser linewidth. -
N, Number of photons within a pulse. -
E, Electric field amplitude. GV/m
Counter- K,a, Undulator parameter, normalized vector potential. -
propagating o2, WéL) Laser spot size at interaction point, beam waist um
laser ) Rayleigh length. m
beam R
I, Laser pulse intensity. W/cm?
Py Laser pulse power. GW
TlgL) Laser pulse duration. ps
ErEL) Laser pulse energy J
PFEL The Pierce\FEL parameter. -
r FEL gain parameter. 1/m
Lgo FEL gain length. m
FEL Lsar, Lg Saturation length / interaction length m
k, Space charge length 1/m
N, Number of undulation periods. -
Ay Wavelength pm
X-ray beam B, Peak brightness — ri};;)(ti(:rz)s.l%BW
Pyt Saturation power w

Table S1: The high-gain ICS parameters which are used through the work.
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Figure S1: The micro-bunching process. (a) The scheme composes the electron beam, the counter-
propagating micrometer laser pulse, and the co-propagating X-ray laser pulse. When looking at the
electrons' self-frame, both the counter-propagating and the co-propagating X-ray beam have wavelengths

of :7L (arising due to the Doppler shift). Their sum can be thought of as a combination of a standing wave

(from the first order) and an additional plane wave (from the zero-order). As the sum of the waves creates
an inhomogeneous electric field (i.e., the standing wave is periodic in z = A, /2y, ), the electrons'
oscillations in the x-axis depend on the location of the electrons in the wavelength period. The electrons'
transverse motion (x-axis) creates longitude oscillations (z-axis) due to the magnetic field applied to the
electron beam. This phenomenon is the pondermotive force. This results in an electron modulation toward
the regions where the electric field is minimal, generating bunches with the periodicity of the emission

wavelength. (b) The micro-bunching process creates electron bunches separated by a distance of ;TL (in the
self-frame). The micro-bunching process leads to an exponential growth of the X-ray beam, which scales
as o exp (z/(ZLgo)), where L, is the FEL gain length.



2. Background
2.1  The inverse Compton scattering scheme

Inverse Compton Scattering is the up-conversion process of a low-energy laser photon to a
high-energy X-ray photon by scattering from a relativistic electron. Figure S2(a) shows the
interaction scheme with a near-head-on collision between the laser and electron beams. The
scattered X-rays emerge in the same direction as the electrons. The physical mechanism of ICS is
nearly identical to spontaneous synchrotron emission in a static magnetic undulator as used in
traditional synchrotron facilities. However, due to the much shorter micro-meter laser wavelength,
relative to the centimeter-period undulator wavelength, the required electron energies to produce
hard X-ray photons are orders of magnitude lower than in the large synchrotrons. The up-
conversion ratio for low laser intensity and on-axis emission from a head-on collision is given by

[11[2] [3]:

A = 2, (L+¥E0%) /4ve (S1)
where 6 is the X-ray photon emission angle relative to the electron beam direction, 4, is the laser
wavelength and A, is the emitted X-ray wavelength. The total ICS flux over all angles and
frequencies is determined by the cross-section between the electron beam and the laser photons
and is given by:

NeNyor
- 2n(of +02)’
where g is the Thomson cross section, N, is the total number of electrons, N;, is the total number
of photons in the laser beam, and o; and o, are the beam spot size at the interaction point of the
laser and electron beam, respectively. The up-conversion ratio (Eq. (S1)) implies that all photons
emitted within a narrow cone of ~0.1ys* have an energy linewidth of 1%. Figure S2(a) shows the
ICS parabolic spatial dispersion emission profile [2]. One should note that Eq. (S1) is similar to
the up-conversion ratio of synchrotron radiation where A,, = 1, /2. The difference between them
rises due to the Lorentz transform in the synchrotron case versus the Doppler shift in the ICS case.

X

(S2)
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Figure S2: Background on inverse Compton scattering. (a) Incoherent inverse Compton scattering X-ray
source scheme. A relativistic electron beam collides head-on with a laser pulse, upconverting the laser
photon energy to an X-ray photon. Within a narrow emission cone ~0.1yg * in the forward direction, the
X-ray beam energy linewidth is 1%. (b) The physical process of inverse Compton scattering. In the Lab
frame, the counterpropagating laser pulse has a wavelength of A;. In the electron's self-frame, the laser
wavelength is A; /2y, due to Doppler shift, assuming a head-on collision. The laser EM field undulates the
electrons, producing dipole-shaped radiation with a wavelength of 1; /2y,.. Back to the lab frame, the
dipole-shaped radiation is concentrated due to Doppler shift, producing directional emission into the
forward direction with an emission cone proportional to y; ! and a central wavelength of 1, /4y2.



2.2  Spatial dispersion and the X-ray linewidth

The X-ray beam brightness in FEL facilities reaches much higher levels than synchrotrons
due to the electron micro-bunching and the resulting coherent emission. The central requirement
for fulfilling electron micro-bunching is that the co-propagating X-ray beam energy linewidth
would be below the Pierce parameter (known also as the FEL parameter) [4]. As the co-
propagating X-ray beam linewidth depends on the electron source and laser beam quality
parameters, we review the spatial dispersion of the ICS scheme and derive the electron and laser
source requirements for fulfilling successful micro-bunching. To obtain some intuition, the spatial
dispersion emission of the ICS process is examined [2]:

AL 1 92 K?
2y,§(1—,8cosqb)< + (0) +7)'

where A4, = 24, is the ICS laser wavelength, y, is the Lorentz factor of the electron, S is the
electron velocity, 6 is the emission angle relative to the electron trajectory, ¢ is the angle between
the electron and the laser photon (¢ = = for heads-on collision). K is the undulator parameter,
given by:

Ay 6) =

(S3)

eEgA;

K= 2mrmec?’ (54)
where E, B, are the electric and magnetic fields of the laser, respectively, m, is the electron mass
and c is the speed of light. Typical parameters in ICS schemes are laser wavelengths of 1, ~1 —
10 um (near infrared (NIR) to long wave infrared (LWIR)), electron beam energy of 5-40 MeV
and an undulator parameter of K < 0.1 (in the linear regime of ICS). For the case of relativistic
electron beam y, > 1, head-on collision ¢ = wand K < 0.1, Eq. (S3) can be approximated by

Eq.(S1).

A crucial parameter for the electron micro-bunching is the X-ray emission energy spread, as
specified by Eq. (S3). In particular, the electron energy spread and emittance, as well as the laser
beam intensity fluctuations, determine the energy spread of the emitted X-ray. The broadening of
these parameters is derived directly from Eqg. (S3):

(M") _par (S5)
Ax energy spread Ve
AL €2
(=2) = 1207 = =3, (S6)
X “ emittance x
AK
Ay K* T
( = K% (57)

X “laser fluctuations 14—

2



(Alx AL (s8)

_—/1 ,
X /laser linewidth L

The first term (Eq. (S5)) describes the X-ray linewidth spread due to the electron source
energy spread. The electron energy spread in state-of-the-art undulator FEL electron sources is
10~* — 1073, while an order below for Ultrafast Electron Microscope (UEM) electron sources
(107> — 107%) [5]. The second term is the electron beam emittance (Eq. (S6)). This term arises
due to electron beam divergence, which increases the effective electron energy spread. Thus, low
electron emittance sources are necessary to fulfill this condition. The third term (Eqg. (S7))
describes the energy spread due to the laser beam fluctuations (Figure 3(b) + (c) in the main text).
The laser beam fluctuation originates from two phenomena: 1) the laser intensity fluctuates over
time (i.e., intensity noise). 2) The laser beam divergence. The typical requirements for the laser
intensity fluctuations are a few percentages, whereas the requirements for the laser beam
divergence are defined through its Rayleigh length. The Rayleigh length should be much longer
than the interaction length for a negligible effect on the X-ray energy broadening. The fourth term
(Eq. (S8)) describes the X-ray linewidth due to the laser beam linewidth. We assume during this
work that the laser systems are optimized to the Fourier-limit pulse duration; thus, the laser
linewidth (or, equivalently, the coherence length) is derived directly from the laser pulse duration.

Assuming the collisions are heads-on, such that ¢ =  and that the scheme is the linear ICS
regime, i.e., K «< 1, the X-ray wave energy spread can be represented by:

2 2 \2 2 2
_ (2%) +<_> +(Kﬂ> +(A_h) , (S9)
0=0 Ve Oyx K AL

To fulfill the conditions for micro-bunching, the X-ray linewidth described by Eq. (S9) should be
below the Pierce parameter, i.e., Aw, /w, < ppg. Figure 3 in the main text demonstrates these
artifacts. The first two terms (the electron beam terms) will be further discussed in section 3, while
the last two terms (the laser beam terms) will be further discussed in section 4.

Aw,

Wy



2.3 Incoherent inverse Compton scattering cross-section and spectral density

In this section, we describe the incoherent ICS cross-section and spectral density. We assume
head-on collisions and relativistic electron energies y, > 1. For this case, the emitted X-ray
photon spectral density flux produced by a single electron is given by [2]:

d’Nse (6, w) do 2 1 2(w — wylg(0)])? 510
—andw ~an® "”j; PO S o | RO

where Aw is the emission energy, 6 is the emission angle, Z—; is the cross-section between the

electron beam and the laser beam, F,, (t) is the laser photon flux temporal profile, g(8) is the
spatial dispersion relation between the emission angle and energy (Eq. (S12)), w, is the laser
angular frequency and Aw, is the effective linewidth, which considers all the four terms in Eq.
(S9), i.e.

Awy  Aw,

Wo Wy

6=0

The cross-section between the electron and lasers beams is given by:

do 4 2 4 292
2 )e )e .2
- (9 ¢ =7 1 - n ¢ Sll
d.Q.( ’ ) € (1 + VeZHZ)Z < (1 + ]/6292)2 St ’ ( )

where 1, is the electron radius, and ¢ is the angle between the electron beam to the laser beam.
The spatial dispersion g(8) is given by:

4yé

RERZZDE (512)

g(6) =

which is the dispersion relation as specified in Eqg. (S1). Therefore, Aw,|g(6)]| represents the
emitted X-ray energy spread as a function of the emission angle. The laser photon flux F, (t) is
given by:

Fap® = ¢(1 = - Be ko)1 (0),1] (519

where n,, is the photons pulse density.

The typical incoherent ICS spectral density is shown in Figure S2(a). The emission spectrum
has a parabolic shape specified by Eq.(S1), with spectral density emission angle dependence as
specified by Eq. (S10). The energy linewidth at & = 0 is described by Eq. (S9). The typical energy
linewidth for ICS sources is 1% [3]. Assuming the pulse density is constant over time, and the
pulse duration is 7pse, then:



ceglEyl? 1
2 pulse hw,

f F, (H)dt =
Therefore, the spectral density flux for a single electron is:

dZNse(9: w) - rez CEO|E0|2 - 1 ex _ 2(0) - wolg(9)|)2
dQdw (1+926)0w, 2  PUsehg, Aw?|g(0)|?

And the spectral density energy is:

A®lse(8, @) _ d*Nee(0,0) , 3 ceolEol? hw
dQdew = dQdw w= (1 +y262)Aw, 2 Tpulse hiog

Since :Tw = g(0), the spectral density energy is derived to be:
0

dz[se(g'w)= 4yeré CEo|E0|2T ox _2(w — wolg(®)D? (514)
d0dw (1 +y26%)20w, 2  ‘pulse®P IrOEE

The maximal value of the spectral density energy for 8 = 0 and w = wy|g(8)] is:

d?Ise(0, w) _4)/ezre2 ceolEol?
7 d0do | T Aw, 2 ‘pube

As we will see in the next sections, the main advantages of the high-gain ICS over the incoherent
ICS are the lower emission linewidth (the energy linewidth, Aw, /w,, is at least an order of
magnitude lower), smaller emission cone (./preLye ! instead of yg1), and larger number of

photons produced per electron. Overall, the coherent high-gain ICS brightness will be 5-8 orders
of magnitude higher than the incoherent ICS scheme.



3. The high-gain inverse Compton scattering

Before diving into the FEL parameters and requirements that determine the condition for high-
gain ICS, we summarize the main conditions of the electron and laser sources.

3.1  Electron beam requirements

The electron beam quality (i.e., beam energy, emittance, energy spread, and focusing) has a
crucial impact on the performance of the high-gain regime. Table S1 shows the parameters that
define the electron beam quality.

Electron beam spot size, divergence, and beta function

On the one hand, the electron beam should be focused into a small spot size to increase the
charge density, resulting in stronger ponderomotive forces and more effective micro-bunching. On
the other hand, focusing the beam too much will increase the beam divergence, which will enlarge
the effective energy spread (Figure 3(a) in the main text). Moreover, the beam spot size will spread
much faster, limiting the maximal interaction length. The electron's beam beta function captures
this tradeoff. The beta function g, (2) is analogous to the Rayleigh length of a laser beam, i.e.,

when the electron beam goes through distance g, , from the beam waist, the beam spot size

increases by a factor of 2. Thus, the beta function sets the effective interaction length for the
electron beam [2]. It is defined by:

02(z) = €,.0,(2), 05 (2) = €,B,(2), (S15)
where €,, €, are the beam emittance at the transverse plane, and oy, o, are the beam spot size
(RMS). We will assume the beam has a circular shape such that g, = B, €, = €, and the beta
function position dependence is negligible. We denote the average beta function by Bay = B, (2) =
B, (2). To preserve a focused electron beam along the interaction length, the average beta function

%Lsat. Due to the much shorter saturation
length of the high-gain ICS compared with the undulator FEL, the possible ICS high-gain beta
function is much lower than the one of the undulator FEL: in the undulator FEL, the typical beta
function is 5-30m, while for the high-gain ICS, it is below 10 cm. A noticeable difference between
the undulator FEL and the high-gain ICS is that in FEL facilities, the undulator is split into separate
sections, in which the electron beam is focused after each section [6]. In contrast, in the high-gain
ICS scheme, we analyze the scenario where no additional focusing elements exist along the short
interaction length. Moreover, the electron beam spot size of the high-gain ICS scheme is much
smaller than the undulator FEL.: for the undulator FEL, it is ~100um, while for the high-gain ICS,
it is a few micrometers. One should note that from the requirements on the electron beam
divergence (Eq. (S6)), the following holds:

should be larger than the interaction length, i.e., B,y =

1 yee _1 1 preLB
2 < — e_ < — < — av
(Yeox)” < > PFEL 7 B SPFEL 7 € =35 Ve




Figure 3(d) in the main text shows this requirement on the beta function of the electron beam.
Due to the dependence of the Pierce parameter on the electron pulse density (Eg. (S20)), the

electron pulse density should be at least ~10%1 — 1022 # for an effective generation of the X-ray

wave and for creating electron micro-bunching. The charge density requirement, combined with
the required electron beam emittance, sets a requirement on the electron source normalized
brightness and on the scaling laws for the allowed X-ray energies of the high-gain ICS scheme
(Figure 4(a) in the main text).

Electron beam emittance

The electron beam emittance is approximately the product between the electron beam spot
size and beam divergence, i.e. [6]:

€Ex = 040y, €y = 0,0y,

As mentioned previously, we assume €, = €,. We will use throughout this work the electron
normalized-emittance metric, defined by €,, = y.€,, as it is Lorentz-transform invariant [7]. A low
electron beam emittance is a crucial requirement for the high-gain ICS scheme. The electron beam
emittance is related to a few aspects of the micro-bunching process. First, it defines the beta
function and the electron beam spot size (Eg. (S15)). Second, the electron beam divergence affects
the X-ray energy spread (Eq. (S6)); thus, a low beam emittance allows lower energy spread. Third,
the electron beam emittance defines the emitted X-ray spatial (transverse) coherence. The
diffraction limit of a Gaussian beam with a wavelength A, is given by A, /4m. Therefore, to
achieve the diffraction limit requirement, the electron beam emittance should satisfy [4]:

_ €n Ax
BYe 4’
The condition set by Eq. (S16) captures all the three requirements above. For a high-gain ICS
scheme, the electron beam normalized emittance should be much lower than the one of an
undulator FEL due to the inverse dependence on the electron energy, i.e., € « yo 1. For example,
for an emission wavelength of A, = 5A, the undulator FEL requires normalized beam emittance
of €, = 500 nm rad, while the high-gain ICS with a laser wavelength of A, = 1um requires
normalized electron beam emittance of €,, 1 nm rad. Therefore, the electron pulse charge used
in undulator FEL is higher than in high-gain ICS scheme, yet due to the larger focusing in the high-
gain ICS, the electron charge density (n.) is approximately the same between the two schemes.
Overall, the required electron beam emittance restricts the number of electrons within a pulse, but
not the electron charge density. Therefore, the expected brightness gain of the coherent ICS relative
to the incoherent ICS will be lower than the gain between synchrotron (incoherent electrons
emission) and FEL facilities (coherent electrons emission) due to the quadratic X-ray intensity
scaling as a function of the number of electrons within a bunch (N2). Figure 2(c) in the main text
shows the required electron beam normalized emittance.

€ (S16)

= 0,0, <



It is important to emphasize that the condition set by Eq. (S16) is necessary for a fully coherent
beam but is stricter than the conditions for the electron micro-bunching process to occur. Figure
2(c) in the main text shows the dependence between the X-ray wavelength and the required
normalized emittance for a fully coherent ICS scheme. One should note electron energy
dependence in Eq. (S16): due to the A, « y; 2 dependence, the normalized emittance should be

lower for higher X-ray energies (€, < A,y < i—“). These requirements are very demanding and

can't be met with current electron source technology for hard X-rays. However, they can be met
for the soft X-ray spectrum (< 2 keV).

Electron beam energy spread

From Eq. (S5), the electron beam energy spread is an additional factor that significantly
impacts the high-gain ICS scheme. Since the Pierce parameter for the high-gain ICS is an order of
magnitude below the undulator FEL, the electron beam energy spread in the high-gain ICS scheme
should be an order of magnitude below the undulator FEL. The typical value for the required
electron energy spread is 107> — 107,

3.2  Counter-propagating laser beam requirements

The laser beam quality (i.e., beam intensity, power, duration, energy, Rayleigh length, spot
size, and linewidth) is crucial for satisfying the conditions for micro-bunching, as specified by Eqg.
(S7) and Eq. (S8). We will find the bounds of these parameters in section 4. Here, we present the
intuition about the requirements of these parameters.

Laser beam intensity and fluctuations

On the one hand, for a strong interaction between the electron and laser beams, the undulator
parameter (K) should be as high as possible. On the other hand, a high undulator parameter will
cause a linewidth broadening due to the laser fluctuations (Eq. (S7)), resulting in non-linear effects
[2]. Therefore, the electric field strength is limited by the X-ray linewidth broadening requirement.
Typically, the laser's electric field strength should be in the range of tens GV/m for long-wave
infrared (LWIR) laser and a few ~hundreds of GV/m for near infrared (NIR) laser.

In addition, the laser intensity fluctuations after stabilization should be low since the emission
linewidth depends on the laser intensity noise. If the laser intensity fluctuations cannot be met,
then a lower undulator parameter should be used. Figures 3(b) and (c) in the main text show this
artifact.



Laser beam spot size, divergence and Rayleigh length

The laser spot size should be much larger than the electron beam spot size for a uniform
electric field strength applied on the electrons in the transverse plane. Typically, the beam spot
size should be a few hundred micrometers. In addition, the laser Rayleigh length should be much
longer than the interaction length. This requirement is necessary since the laser intensity should be
uniform along the whole longitude axis of the interaction. i.e., the laser beam divergence should
be small enough in the interaction point. In section 4.5 we discuss these requirements, as well as
the M? paramter of the laser beam.

Laser beam linewidth and pulse duration

The laser linewidth should be smaller than the Pierce parameter (Eq. (S8)). Equivalently, the
coherence length should be longer than the interaction length. We will assume the laser system is
optimized for the transform-limited pulse duration; thus, the laser pulse length should be as long
as a few tens (~20) FEL gain length periods for the electron micro-bunching [4]. Typically, it
should be up to a few hundred picoseconds. The exact conditions for the electron source will be
discussed in the following sections.

3.3  Mathematical description

In this section, we review the high-gain regime requirements. Specifically, we review the FEL
parameters and the FEL requirements for electron micro-bunching. We will show further below
that the FEL equations are similar between a magnetic undulator and a coherent ICS scheme.
Therefore, we adopt the FEL parameters and use the FEL conditions for the coherent ICS scheme.
In addition to the FEL requirements, we derive additional requirements for the coherent ICS in the
following sections.

The main difference between the undulator FEL and the coherent ICS is due to the much
shorter undulation period (centimeter versus micrometer), the lower electron beam energy (a few
tens MeV versus > 10GeV), and the lower electron beam emittance, which together put strict
requirements for the micro-bunching process. In addition, the conditions on the laser beam are
challenging. In this section, however, we will not analyze them, as we will assume the laser beam
is "ideal", i.e., the laser beam is uniform along the interaction length, it has high enough power,
negligible divergence, and linewidth, and its spot size is much larger than the electron beam spot
size.

The electron micro-bunching process is based on the interaction between the electron beam,
the counter-propagating laser beam, and the co-propagating X-ray beam. The process involves first
the creation of the X-ray wave due to the undulation motion of the electrons. Then, the interaction
between the X-ray wave and the electron beam modulates the electron velocities due to the
ponderomotive force, resulting in an electron micro-bunching with the periodicity of the X-ray



wavelength (Figure S1). To describe the micro-bunching process, one needs to consider the motion
of each electron using the relativistic Newtonian equations of motion, together with the Maxwell
equations for the X-ray beam generation and amplification. The equations are similar between the
high-gain FEL and the high-gain ICS, with the main differences of counter-propagating laser
instead of the undulator and the different energy scales. We will use the derivation of the high-
gain FEL and specify the differences relative to the ICS. First, let us donate the problem variables
as specified in Table S2.

# Parameter Description
1 Ne The number of electrons in the pulse
2 T, Pi The position and momentum of the i-th electron (1 < i < N,)

The electric and magnetic fields of the counter-propagating beam
(the ICS laser beam).

The electric and magnetic fields of the co-propagating beam (the

3 EL BW

4 E(X), B

X-ray beam).
5 p(r) The total charge density of the electron beam.
6 jr,t) The total current density of the electron beam.

Table S2: Notations used to describe the micro-bunching process in the high-gain FEL regime.

For each electron 1 < i < N,, the equations of motion are governed by the Lorentz force applied
by the counter-propagating laser wave and the co-propagating X-ray wave:

dpi — d(yemvi)
dt dt
=e [(E(L) (p,z,t) +v; x BY(p, z, t)) (S17)

+(E®(p,2,t) +v; x B¥(p, 2,1) )|

where EX)(p, z,t), BX(p, z, t) represent the co-propagating laser's EM field, and EX)(p, z, t),
B™(p, z,t) represent the copropagating X-ray beam. One should note that the laser's EM field is
determined by the external laser beam, while the X-ray wave is generated during the process and
is dynamically changed with the propagation in the z axis. The equations of motions are
accompanied by the Maxwell equations that describe the generation and amplification of the X-
ray beam:

v-E® =P
€o
V-B® =0
dBX)
VxEX = — R (S18)
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where in the case at hand, the density charge and current density are set by the electron bunch
charge:

p) = ) =)
‘ (S19)
J[COEDWAAGLIGEES

We briefly describe the physical process: First, the external laser field (E®), BX)) generates
forces on the electron, resulting in an undulation motion in the x-axis (p,) and a weaker harmonic
motion in the z-axis (p,) (Eq. (S17)). The undulation motion creates changes in the current density
jx, generating a radiation field (the X-ray wave (EX), B®))) with a wavelength equal to the
undulation periodicity (Eq. (S18d)). The generated X-ray wave creates forces on the electrons (Eq.
(S17), the last term). These forces modulate the electron charge density (o (7)) in the z-axis, such
that they create an effective electric field in the z-axis E, (Eq. (S18a)). Therefore, the X-ray wave
interaction with the electron beam creates micro-bunching, while the repulsion between the
electrons opposes the process. If the X-ray wave force on the electrons is larger than the repulsion
between the electrons, then micro-bunching will occur.

Eq. (S17)-(S19) are a set of partial differential equations with 6N + 1 equations of motion for
each electron. In the general case, this set of equations is not analytically solvable, and numerical
tools are used to solve it [6]. However, under the assumption of the 1D theory and the slowly
varying amplitude approximation (SVA), these equations set coupled first-order differential
equations. These equations are further simplified by the assumption that the periodic density
modulation remains small, resulting in a third-order differential equation containing only the
electric field amplitude. The last simplification derives an analytically solvable set of equations.
The analytic solution to these equations shows that the electric field increases exponentially with
the FEL gain length.

In this section, we review the FEL parameters which impact the performance of the micro-
bunching process. We will include in the discussion the updates needed for the coherent ICS
process due to the electron energy spread and emittance. However, we will neglect the laser
fluctuation, i.e., we assume the laser is uniform over the interaction length. In the next section, we
will discuss the laser fluctuation term and its impact in detail.



3.4  The FEL parameters
The Pierce parameter

The Pierce parameter (or FEL parameter) is a central parameter in the FEL mechanism,
defining the X-ray beam emission linewidth, the maximal output beam power, and the condition
of the energy spread of the electron source. It is given by [4]:

1

1 (nK?*r,ne\3

PFEL = 5 % ) (S20)
2\ kive

where K is the undulator parameter, 1, is the electron radius, n, is the electron pulse density, k,, =
j—” and y, is the electron energy. The electron pulse density is given by:

Qe
Ne=—""7,
eTpC My
where Q. is the pulse charge, 7, is the pulse duration, c is the speed of light, e is the electric

charge, and ry, is the electron beam radius.

(S21)

The Pierce parameter is typically in the range of ~10=* — 1073 in FEL facilities (smaller
values correspond to hard X-rays while larger values correspond to soft X-rays). For the coherent
ICS case, the Pierce parameter is about an ~order smaller than an FEL undulator (Figure 2(b) in
the main text); therefore, the electron source should have an order lower energy spread (including
the energy spread due to the emittance term). Figure S3(a) shows the impact of the electron charge
density on the Pierce parameter. The Pierce parameter increases for denser electron charges and
shorter X-ray wavelengths. A higher Pierce parameter implies less strict requirements on the
electron energy spread and emittance, yet at the expanse of higher X-ray beam linewidth. Another
dependence of the Pierce parameter is on the electric field strength (ppg, < K?/3 « E§/3), ie.,
larger values of the laser electric fields will increase the Pierce parameter. However, increasing
the electric field (and consequently the laser power) will come at the expense of higher laser
fluctuations and non-linear effects. We will discuss this trade-off in the next section.

The FEL gain length

Additional parameters which are related to the Pierce parameter are the FEL gain parameter
I" and the power gain length Lg, [4]:
4
r= PFEL ' (S22)
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(S23)



These parameters define the typical length scale of the exponential increase in power of the emitted
X-ray beam. Figure S3 in the main text compares the power gain length between the FEL scheme
and the coherent ICS scheme as a function of the emitted X-ray wavelength. The power gain length
of the ICS scheme is more than three orders lower than the power gain length of the FEL scheme,
which shows the promising prospects of shrinking the ~100m undulator length to a few tens
centimeters length of the high-gain ICS scheme.
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Figure S3: The Pierce parameter and the space charge dependence on the electron charge density. All
results were produced for a laser wavelength of 10um and K = 0.1. (a) The Pierce parameter as a function
of the electron charge density for different X-ray wavelengths. For longer emission wavelength and denser
electron beam charge, the Pierce parameter is higher, easing the requirements on the electron beam and the
laser beam. (b) The space charge density (k,) and the gain length (I") as a function of the electron charge
density for 1, = 1 nm. To avoid the repulsive forces between the electrons, the space charge density should
be smaller than the gain length (i.e., k,, < I'). For denser electron charge pulse, the space charge density
parameter increases more rapidly than the gain length. Therefore, the space charge sets an upper limit on
the possible electron charge density that can be used in the electron micro-bunching process.

Space charge

The electron repulsive force opposes the bunching ponderomotive force. Therefore, a design
criterion is for the FEL gain parameter to be larger than the repulsive forces. The space charge
length accounts for the repulsion between the electrons in a bunch and is given by:

L = 2kyponee?c 1 nee?
P YeMe Wy Ye Veeornec2 (824)
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Thus, an important design criterion is that the FEL gain parameter will be larger than the space
charge length., i.e., k, < T'. Figure S3(b) compares the gain parameter and the space charge as a

function of the electron charge density. The space charge parameter (k,,) scales more rapidly than

the FEL gain parameter (I') as a function of the electron charge density due to the k,, « \/n_e and

I o« n'/® dependence. Therefore, for large electron charge densities (or shorter X-ray

wavelengths), the space charge parameter becomes more crucial for the micro-bunching process.
Higher electric fields (i.e., more intense laser pulses) can partially overcome this limitation due to
the I' o« K2/3 dependence. It is important to note that this parameter is less critical for electron
micro-bunching compared with the electron beam energy spread [6].

3.5  The FEL requirements

We analyze below the requirements for the electron micro-bunching and coherent X-ray
emission process. The requirements include the electron beam emittance, the electron beam energy
spread, the interaction length, the X-ray diffraction condition, the quantum recoil, and electron
pulse density and space charge [6]. The laser system requirements will be discussed in the next
section.

The electron beam emittance

The electron beam emittance is the most demanding parameter which influences the FEL
mechanism due to several reasons: 1) it is responsible for the effective energy spread of the electron
beam (Figure 3(a) in the main text). 2) it sets a lower limit to the X-ray wavelength in a fully
coherent scheme. In more detail, it affects the following parameters:

1. X-ray energy spread due to electron beam divergence — as described in Eq. (S5), the emitted
X-ray energy spread is determined by the electron source divergence. To maintain the
conditions of ICS in high-gain regime, it is required that [4]:

1
yeza,?, = 6292 < E,DFEL' (S25)

This requirement on the electron beam divergence also limits the minimal electron beam
spot size:
€2 262

— > (S26)
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2. Electron pulse density - to maintain a quasi-constant electron pulse density during the
interaction period, we demand the beam divergence multiplied by the interaction length
will be smaller than the beam spot size:

leLsat/z S O-X (827)



This requirement is analogous to the electron beam beta function definition:
O',?(Z) = €xPx(2) = 0y = 03,5 (2) = Px(2) = Ly
Therefore, the average electron beam beta function should satisfy:

Bav = Lsat/2 (S28)

An additional parameter it affects is the X-ray diffraction condition, as discussed in section 3.5.

The electron beam energy spread

The energy spread, including the effective term, should be smaller than the Pierce parameter:

2
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where oy is the energy spread which accounts all the terms in Eq. (S5) - (S6). Typically, the Pierce

parameter is 10~* — 1073 for the FEL case, but 107> — 10~* for the ICS case, therefore the
electron beam energy spread should be an order lower than in FEL facilities.

Laser pulse duration and interaction length
Undulator length should be larger than the gain length:

NyAy > Lg, (S30)
where N,, is the number of laser periods and L is the FEL gain length. This requirement suggests
that the laser pulse duration should be long enough (~tens of picosecond for soft X-ray to hundreds
of picoseconds for hard X-ray).

X-ray diffraction condition

The FEL gain length should be shorter than the radiation Rayleigh range (radiation of the X-
ray beam):
Lgo /20 <172, (S31)
2
where Z$ is the Rayleigh length of the X-ray beam, given by z" = —-2. This requirement

suggests that the X-ray beam will not broaden too much within a period of FEL gain length. Since
the X-ray beam Rayleigh length should be larger than the FEL gain length, a larger beam spot size



0
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is preferable, i.e., oy = RM x > Lot =, putting an additional requirement on the minimal electron

beam size.

As discussed in Section 2.5 of the main text, the X-ray diffraction condition is equivalent to the
requirement that the opening angle of the superradiant cone is smaller than the opening angle of
spontaneous ICS emission. We now show this equivalence.

For a fully transversely coherent beam, the opening angle of the superradiant cone satisfies the
condition:

A
0e0sg = é

where g, = o, is the electron beam spot size. This condition is equivalent to Eg. (S16). In
addition, the opening angle of the spontaneous ICS emission is given by ©; = y51./ppgL. Thus,
to ensure ©; < Ogg, We require:

A, 1
0, = Ve_lx/ preL < Ogp = ——, (S32)

41 0
where the Pierce parameter pggy, is related to the gain length Ly, as (Eq. (S23)):
1 Ay
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Substituting this relation into Eq. (S33) leads to,

Vo o =y 2/1,6)/e2 /1 1
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which is aligns with the condition outlined in Eq. (S31).

Rearranging terms leads to,

O'e = x\/_Lgo,

Quantum recoil

For short undulation length or very short X-ray emission, quantum recoil effects become
important. From energy conservation considerations, when emitting an X-ray photon, the electron
loses the same amount of energy as the photon energy. When the emitted photon energy is in the
same order (or larger) than the allowed electron energy spread (defined by Pierce parameter), then
the electron beam statistics changes and the effective energy spread may become larger than
allowed. Therefore, the quantum recoil parameters defined by:
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defines the allowed relative photon energy to the electron energy loss. The case where quantum
recoil become dominantis g > 1.

The requirement for the quantum recoil sets a limit on the upper emitted X-ray energy. The
quantum recoil effect is much more significant in the high-gain ICS compared with the undulator
FEL, since the electron energy is ~three orders higher in the undulator FEL compared with the
high-gain ICS. For the case of g~1, the quantum recoil effect requires slightly higher beam powers
[8]. We will mainly focus on this work in the regime where the quantum recoil is negligible, i.e.,
q <1

Electron pulse density and space charge

Higher electron pulse density is preferable due to the dependence of the FEL length on the
charge density (Lgo & ne 1/ 3). However, the electron pulse density is limited by several factors:

the conditions on the minimal electron beam size and due to the repulsive force of the bunched
electron pulse. In particular, the space charge density should be smaller than the FEL gain length:

k, <T, (S34)
This requirement suggests that the electron repulsion forces will be weaker than the bunching
ponderomotive force. In section 5.1, we find the limit on the electron pulse density due to this
requirement.

4. The counter-propagating laser beam
4.1  Overview

In the previous section, we considered the conditions for electron micro-bunching, assuming
an ideal laser system (i.e., strong electric field, large beam spot size, long Rayleigh length, and
negligible fluctuations). In this section, we analyze the requirements the laser beam should meet
to satisfy the micro-bunching process. The ideal laser beam should have a constant electric field
(both the amplitude and the phase terms), with no dependence on the transverse or longitudinal
dimension, all along the interaction length in order to avoid broadening of the X-ray linewidth. It
is an essential requirement since the electrons' undulation motion (and thus also the X-ray
linewidth) depends on the electric field applied to the electron beam (Eq. (S7)). Therefore, to
preserve the coherence of the X-ray emission during the interaction, a constant electric field is
necessary, resulting the following requirements on the laser system: 1) a large electric field E,, for

an effective interaction with the electron beam; 2) the laser beam spot size (wé”) should be much
larger than the electron beam spot size in order to maintain a quasi-constant electric field in the



transversal dimension; 3) the counter-propagating laser Rayleigh length (z,(f)) should be longer

than the interaction length in order to maintain a quasi-constant electric field in the longitudinal
dimension; 4) the laser pulse duration (r,(,”) should be long enough to satisfy the requirement for

the necessary interaction length and for the X-ray linewidth broadening due to the laser linewidth
to be lower than the Pierce parameter. Of course, under the power and energy constraints of the
laser pulse, the above requirements compete, and a trade-off between them exists, which we will
analyze in this section.

The assumptions about the laser beam are: 1) a single-mode structure of TEMOO. 2) The
coherence length of the laser system is optimized for the transform-limited pulse duration. 3) The
laser beam fluctuations within a pulse satisfy the condition given by Eq. (S7) (Figure 3(c) in the
main text). 4) The laser beam Rayleigh length is much longer than the interaction length (Figure
3(b) in the main text).

Table S3 summarizes the parameters that we will use throughout this section. For simplicity,
in this section we will remove the L symbol notation which describes the counter-propagating laser
beam. We will assume through the discussion that the laser is in a single-mode configuration; thus,
its electric field is given by [9]:

2 k 2
E(p,z) = Eoi% exp (— wf—(z)> exp| —i (kz + 2Rp(z) — w(z)) (S35)

where p is the radial distance from the center axis of the beam, z is the axial distance from the
beam's waist, w, is the beam waist, w(z) is the radius at which the amplitude falls to 1/e of the
axial value, R(z) is the radius of curvature of the beam's wavefront at z, and y(z) is the Gouy
phase. These parameters are given by [9]:

w(z)=wp |1+ (1)2

ZR
R@) = 2 [1 N (Zf)z] (S36)
Y(z) = arctan (i)

In the following sections we will analyze each one of the requirements in detail, i.e., the laser
phase, intensity, duration, beam spot size and Rayleigh length).



Parameter Description
1 Wo Beam waist. It should be much larger than the electron beam spot size.
Rayleigh length. It should be much longer than the FEL gain length
2 ZR P . . .
for constant electric field in the longitude dimension.
The laser pulse duration. It should be long enough for the interaction
3 Tp .
length and for low laser linewidth.
4 w(z) The radius at which the amplitude falls to 1/e of the axial value
5 R(2) Radius of curvature of the beam's wavefront at z
6 Y(2) Gouy phase

Table S3: Parameters of the counter-propagating laser beam.

4.2  Theelectric field phase

First, we will treat the electric field phase term. The phase term should maintain coherence
along the longitude interaction length for the validity of the slowly varying amplitude and phase
approximation to hold (i.e., the phase term should be as sinusoidal as possible with no dependence
on the transversal distance from the z axis). Under the approximation of long Rayleigh length
compared with the interaction length (Lg,: < zg) and large laser beam waist compared with the
electron beam size (1, < wy), we can approximate the above quantities as follows:

w(z) = w, ll + 1 (£>Zl

2 \zp
2

R(z) = Z?R (S37)
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Substituting Eq. (S37) into Eq. (S35), the following phase term is derived:

LS VN A PO (S38)
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If the two terms p—ZZ and — would satisfy p—zz,i < ppgL, then the phase term could be
2Zp kzp 2zZg " kzg
approximated to:
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The term 2"7 is typically much smaller than the Pierce parameter (i.e., Zrz_bz & prgL, Where 1, is the
R R

electron radius). For example, for an electron beam radius of r, = 5pum and laser Rayleigh length

2
of zz = 10cm, this term is 4-5 orders of magnitude lower than the Pierce parameter (2"? ~
R



107° < pggL)- The second term é is also smaller than the Pierce parameter. First, we derive the
R

value of kLg,:
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we get that % < prgL, as required. Therefore, under the assumption above,
R
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kLsat
the electrlc field is simplified to the form:

2
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E(p,z) = XEy—— e exp(

4.3  Laser beam intensity fluctuation

From (Eq. (S3)), the X-ray linewidth is determined (among other parameters) from the laser
fluctuation. For the case of the linear ICS regime (K « 1), the requirement can be simplified to:
AL, AK AE,
—= ~K?— =K?—
() xR (42

laser fluctuations

This term should be much smaller than the Pierce parameter. Eq. (S42) can be rearranged in terms
of the laser intensity as follows:
2 8B _ 1,80
E, 2 I
Therefore, the following requirement on the undulator parameters should be met:
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Or, equivalently, the following requirement on the laser intensity noise fluctuations:

(%) < PFEL (S44)
I, )= K2

where I, is the laser average intensity and Al is the rms of the laser beam intensity fluctuation.
One should note that while the LHS in Eq. (S43) scales as K? « I, the RHS scales as pggy, < 11/3
Therefore, this requirement limits the maximal allowed laser pulse intensity. For typical values of

Ay =1um, K = O 05 and pgg, = 5 X 107>, it implies that the electric field fluctuation should be

AE" « 0.02 or — << 0.04, i.e., the laser intensity fluctuation should be below 1%. The laser

fluctuatlons can rise due to instabilities in the production of the beam or due to the beam divergence
after the Rayleigh length (Figure 3(b) and Figure 3(c) in the main text). We will assume the laser



source intensity noise is below the threshold specified by Eqg. (S44), and we analyze the electric
field change due to the beam divergence. We simplify the electric field amplitude term in Eq.

(S41):
W P’ 1/2\? p?
Eo w(z) P <_ WZ(Z)> ~ Eowo [1 2 (5) l ll B wz(z)l

From Eq. (S42), the following two conditions should be satisfied:
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where we used p <1, and z < % (Figure 4(b) in the main text). The second term in Eq. (S45)

is a stricter requirement compared with the first term. For example, if we take an electron beam

2
radius of r;, = 5 um, and laser beam spot waist of w, = 200 pum, then KZ% « 1075, fulfilling
0

the first requirement in Eq. (S45). Thus, the overall laser electric field can be approximated by:

R 12 |
E(z) = XE, [1 —3 (g) l exp(—ikz) (S46)

If the electric field fluctuation in Eq. (S45) is small enough, such that the condition of Eq. (S43) is
satisfied, the assumption on the coherent high-gain ICS scheme will be similar to the external field
applied by an undulator magnet. Thus, the high-gain ICS scheme conditions will be identical to
those of an undulator FEL. We will discuss in the next section the requirements for the laser
Rayleigh length and the beam waist.

4.4  Electric field amplitude

Figure S4 shows the dependence of the electric field on the requirements of Eq. (S43). As the
electric field increases, this requirement is harder to satisfy due to the K2 o« EZ and pgpg, E§/3

dependence. Increasing the electron charge density or using longer X-ray wavelengths can relax
the requirement.
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Figure S4: Limitation on the laser beam fluctuations as a function of the electric field strength. The
parameters that were used to generate the graph: X-ray wavelength A, = 1nm, A, = 1um, (Al,/I,) = 1%.

The blue line is K2, the orange line is 2pggy, (Aly/I,) ™1, with electron charge density of n, = 7 x 1021 $
and the yellow line is 2pggL(Aly/Iy) " with n, = 1023$. The requirement K? « 2ppgp(Aly/Io) ™t
should be satisfied. As the electric field increases, this requirement is harder to satisfy due to K o< E and

PFEL & E(Z)/3 dependence. The requirement can be relaxed by increasing the Pierce parameter, either by
increasing the electron charge density or using longer X-ray wavelengths.

45  Laser beam waist and Rayleigh length

In this section, we find the requirements on the laser Rayleigh length and beam waist,
following the condition of Eq. (S45). The X-ray linewidth broadening due to the counter-
propagating laser beam is the RMS sum of the laser pulse intensity fluctuation over time, and the

. . . . . AE
laser divergence. If the laser beam fluctuations were in the regime for which K? E—° &< PrgL, We
0

could use a high undulator parameter (i.e., a high-intensity laser). However, since AYK > prgL, the
allowed maximal laser intensity is limited. From Eq. (S45), the Rayleigh length should satisfy:

Kleae _ K2,

Zg 2 = 3/2
2\ prEL  4ppgy
Due to the relation between the Rayleigh length and the beam waist z; = mwé/A,, we get the

following lower bound to the beam waist:

A A K
o = ZRAL > 7L —57 (S48)
n 2 TPgEy,

Substituting the direct values of the Pierce parameter gives the following bound:

(S47)




(S49)

Eq. (S49) shows the relation between the requirements of the laser beam and the electron
beam. For higher electron charge densities and lower electron beam energies, the beam waist
bound limit would be smaller, relaxing the requirement on the laser pulse power. Figure S5 shows
the minimal laser waist as a function of the electron charge density and for different X-ray
wavelengths. In addition, shorter counter-propagating laser wavelengths require smaller laser
beam waist. Therefore, for a fixed undulator parameter (K), longer laser wavelength will require
lower laser pulse power.

For a realistic counter-propagating laser beam that does not satisfy the diffraction limit, the
M? parameter determines how close the focus is to the diffraction limit. In this case, the Rayleigh

2
length is z; = % and the laser beam waist lower bound is:
L

wo = — 372 (S50)
TPgEy,
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Figure S5: Minimal laser beam waist as a function of the electron charge density for different X-ray

wavelengths. The graphs were produced for K = 0.1 and laser wavelength of A, = 1 um (a) and 4, =
10 um (b). The laser beam waist size should be larger for longer laser wavelengths.



4.6  Laser beam power

The laser beam power depends on the required beam intensity and the laser beam waist, by:

ceolEol?

—'2 ol w2 (s51)
Combing the lower bound of the beam waist (Eq. (S48)) into Eq. (S51) gives the following bound
on the laser pulse power:

Py = Iymwi =

KA?

3/2
4pppy.

Twé = zgld, =

ceolEol? KAF

CREPETE (S52)
4Ppg),
Explicit values of different configurations will be further shown in section 6.

PO - IoT[Wg 2

4.7 Laser pulse duration

The laser pulse duration should be long enough for two reasons: 1) the interaction length
should be longer than the interaction length, i.e., greater than Lg,c = 20Lg0. 2) Assuming the laser
system is optimized for the Fourier-transform limit of the pulse duration, the laser pulse linewidth
should be lower than the Pierce parameter. On the one hand, the Fourier-transform limit of the
pulse duration is:

TpAw, = 1/2
On the other hand, the following should hold:

Aw;, 1 1 12mnc

— < Aw, <— =——
oy —ZPFEL_) wL—ZfULPFEL 22, PFEL

Therefore, combining them gives the lower bound on the pulse duration:

1 1 114 1
= 200 = 2mc e
L 22 peeL PFEL
114 1

Ty = o——— S53
P21 ¢ preL (553)

In addition, the pulse duration should be at least as the required saturation length, i.e.:
L Ay 1 Ay 1

Tp > sat ~ u — 2_L :

4 C PrEL C PFEL

Therefore, combining the requirements of Eq. (S53) and Eq. (S54) gives the lower bound for the

laser pulse duration.

(S54)



4.8 Laser pulse energy

Combining the requirements of the laser pulse power and pulse duration, gives the
requirement for the total pulse energy of the laser:
ceolEol> KA A, 1 ceolEgl* KA}

2 4p1§]{:i 2¢ prgL a 2 8cpl§éi

1
E{*) = pyr, >

ceolEol? K23
= (S55)
8¢Ppgy,
Figure S6 shows the requirements for the laser pulse duration (t,) and pulse energy (E,) as a
function of the electron pulse density (n,.) and for different values of electric field amplitude (E,).
Denser electron charge eases the requirements on the laser beam duration and energy. Moreover,

while the pulse duration increases for weaker electric field strength, the total electron pulse energy

(laser)
By >

2
decreases due to the dependence of Eglase” x % o E2/3. In addition, the laser pulse energy
PFEL

scales as Eg‘aseﬂ x yeS/ ZAi/ 3: therefore, either shorter laser wavelength or lower electron energies

will ease the requirements on the laser pulse energy. For hard X-rays, these requirements are hard
to achieve with current laser technology; thus, we will discuss in section 7 the feasibility of low-
gain ICS sources in this spectrum range.
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Figure S6: The laser pulse duration (z,,) and energy (E,) limits as a function of the electron charge density
(n.) for different electric field amplitudes (E,). The graphs were produced for 4;, = 1 uym, 1, = 1 nm.



5. The high-gain inverse Compton scattering bounds

In this section, we analyze the theoretical performance bounds of the coherent high-gain ICS
scheme under the quantum mechanical constraints on the electron source brightness. We start from
the 6D quantum mechanical bound on the electron brightness and derive the laser beam conditions
for the electron micro-bunching. Then, we derive the bound on the power and brightness of the
sources under these conditions.

The assumptions made in this section include: 1) the electron source brightness is "ideal”, i.e.,
it achieves the quantum mechanical brightness bound for an electron beam. 2) The electron beam
emittance satisfies the condition for a transverse (spatial) coherence emission (Eq. (S16)). 3) The
undulator parameter is much smaller than unity (K <« 1, the linear ICS regime), in which 4, =

%. One should note that the second assumption suggests that the electron beam emittance can be

sufficiently small or, equivalently, the electron charge density is large enough. This assumption
will come at the expense of lower electron pulse charge and peak current.

51  Upper bound of the electron charge density

The fundamental limits in beam brightness set by quantum mechanics are at least 4-5 orders
of magnitude higher than the performance of state-of-the-art pulsed electron sources [5].
Therefore, it presents an optimistic view of the opportunities for significant improvements and
further breakthroughs in the spectrum of bright electron beam applications. By the quantum-
mechanical bound, the current density of an electron beam that satisfies y, > 1 and Ay, < 7, in
the absence of external electromagnetic fields is given by [10]:

Ne 2ecB? yé Ay
Je = eﬁ07 = efcn, < /13 :

where N, is the number of electrons confined into a volume V, n, = N, /V is the electron charge
density, Ay, is the energy spread, A, = — = 2.43pm is the Compton wavelength, and Q is the
electron velocity divergence. Thus, the normallzed brightness is limited by:

(S56)

pQM-limit _ Je _ Ie :2ec[>’2 Aye

Qy¢ mre} VEE

where I, is the beam current, and Q is the solid- angle divergence of the beam. The electron
] Rearranging Eq. (S57) gives:

(S57)

normalized brightness units used in this work are [ T

_timit  2ec (Ay,
BQM llmlt (_e) S58
FER2 (559)
Setting the electron beam emittance to fulfill the fully coherent condition (Eq. (S16)), i.e. €, =

j—;ye, yields the upper limit to the electron source current:
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The first question we address is about the upper bounds of a high-gain ICS scheme with an
"ideal™ electron source. As we will see, the main limitation is the electron charge density and the
repulsion forces. The repulsion force between electrons in a dense charge pulse is stronger than
the ponderomotive force, opposing the micro-bunching process. Therefore, we would find the
upper limit to the electron charge density such that the pondermotive force will be stronger than
the repulsion forces. We will use the following steps: 1) Find the electron charge density n, upper
bound by the requirement that the repulsion forces between the electron are weaker than the
ponderomotive force. 2) Derive the upper limit of the Pierce parameter by the electron charge
density bound. 3) The Pierce parameter will set the maximal electron energy spread, and
divergence allowed. 4) Derive the maximal electron source current (Eq. (S59)). 5) Derive the
coherent ICS X-ray brightness and power limits in the high-gain regime.

The quantum-mechanical brightness bound sets an upper bound to the electron charge density
(EQ. (S59). The electron charge density is given by:

L L S60
e = oc 210,00, (S60)
where gy, 0, are the RMS beam spot size. Substituting ooy, = €z = €4/y¢, while assuming

o, = 0y, the following bound is derived:

Nne = — <=

¢ ec2me?/c? ~ 23
From the requirements on the electron beam emittance, which should be lower than the Pierce
parameter (Eq. (S6)):

1 Ly A
_Lye _m ( Ve)yga,g,, (S61)

e

1
Yéos < > PFELs (S62)

Substituting Ay./ve < preL/4 and Eq. (S62) into Eq. (S61), gives the following requirement on
the electron charge density:

T 1 )
Nne < ﬁ)’e gpFEL' (S63)
C



A stricter bound on the electron charge density n, arises from the requirement that the space
charge repulsion forces will be weaker than the ponderomotive force (i.e., the gain length). In other
words, we demand k, < T

1

2k 2 4 2k 2 2 K? 3
<T > uloMNe€”C < _T[,DFEL N uMoNe€”C < 7T<7Tk2re3ne> N
uYe

p < < —
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2k, ponee?c\’ o (TK?Tene g
N\ Skul—%
Vemewx kuye
Rearranging the term, while substituting w, = k,c ~ 2y2k,c = 4yZk,c (for the case K « 1 in
Eqg. (S3)):

K2 2 3
TleSkS <7T re) (Vemewx> _
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The electron radius is 7, = 4:6 (me CZ) = 2 thus:
0 e e

* kK

6477,

2234-2Tne3 21,2,,3174,.2 1
nokiye K*rs e = k;ys K*rg H

Therefore:

kayeK*

fle = 64nr, ’

As expected, the electron pulse charge upper bound is higher for either higher electron beam

energies (< y3) or stronger laser fields (« K*). Overall, the upper bound of the electron charge
density is given by:

(S64)

“ure” s S65
6anr, ' 238" (565)

where the first term comes from the requirement on the repulsive force and the second on the
quantum mechanical limitation on the electron beam brightness. The typical bound in the RHS in
Eq. (S63) is several orders of magnitude larger than bound given by the requirement of the
repulsion force to be smaller than the ponderomotive force (Eq. (S64)). Therefore, the condition
in Eq. (S64) sets the bound for the electron charge density, i.e., the repulsion forces are the limiting
factor in the high-gain scheme for an "ideal" electron source.

kK2y3K* 1
ne < min< ule %EL>



Figure S7 shows the upper bound of the electron charge density as a function of electron
energy for 2, = 1um. The typical values are 102> — 1026 [1/m3], 3-4 orders higher than state-
of-the-art electron beam sources.
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Figure S7: Upper bound for the electron charge density as a function of the electron energy. The graph was
produced with 1;, = 1um and K = 0.07.

5.2  Upper bound of the electron beam current

Substituting Eq. (S64) into Eq. (S20) yields the following bound of the Pierce parameter:

1

1 2, (REVEKA\3
1/nk?r,n\3  1[ 7K re( b4, 1
PrEL =5\ 33 ) =3 2.3 =gk
2\ kive 2 kive 8
KZ
PFEL = 5 (S66)

This result is surprising since the Pierce parameter bound depends only on the counter-propagating
laser parameters (K o A, E,)! Since the allowed energy spread is limited by the Pierce parameter,
the following requirement holds:

Aye 1 K2

—_—<— = — S67
Ve —4_pFEL 30’ ( )

Substituting Eq. (S67) into Eq. (S59), gives the following bound on the electron beam current:

2mlec (Ax>2 PREL 5 _ 2mlec (Ax>2 K?
4
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The next question we address is what undulator parameter value to set for the Pierce
parameter. Since ppg, < K?2/8, we would fix ppg, = 1073 to preserve an X-ray beam linewidth
of 0.1%. If we take larger values of pgg;,, then the undulator parameter, K, would need to increase
and would not satisfy the assumption of linear ICS. On the other hand, a smaller Pierce parameter
than 10~3 would cause quantum recoil effects to become more dominant and would decrease the
peak power of the scheme; therefore, the Pierce parameter value of 10~3 seems the correct trade-
off value.

5.3  Upper bound of the electron source brightness

In this section we find the upper limit for the electron source brightness and current, bounded
by the requirement for ponderomotive force to be stronger than repulsion forces (Eq. (S64)). As
we show in section 6.2, the relation between the electron charge density and the electron source
normalized brightness, assuming the conditions of the high-gain ICS, is given by:

8ec
=—n
" prEL
Substituting Eq. (S64) into this relation, gives the upper bound for the electron source brightness
in the high-gain ICS regime:
_ 8ec 8ec k2y3K*

= < —
n e —
PFEL PreL 64T,

Substituting ppg, = K?/8 (Eq. (S66)):

ec 8ec 2ec
2,32 _ 2.,3 _ 2.,3
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Therefore, we derive the following upper bound for the electron source brightness:

2ec
— ki Ve preL (S69)

e

The electron source brightness upper bound as derived in Eq. (S69) is up to 4 orders of
magnitude lower than the 6D quantum-mechanical bound (Figure S8). Therefore, even if the
electron source approaches the upper bound of the 6D quantum-mechanical brightness, it would
be restricted much more severely due to the repulsion forces. The difference between the bounds
is smaller for higher X-ray energies since the repulsion forces are less severe for higher energy
electron beams.

B, <
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Figure S8: Electron source brightness upper bounds of the 6D quantum-mechanical bound and the high-
gain ICS bound (Eqg. (S69)) as a function of the X-ray energy. The graph was produced for A, = 1um. The
difference between the bounds is smaller for higher X-ray energies.

Next, we find the upper bound for the electron source current, given by the requirement of Eq.
(S63):
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ec
— — 2.2 2,2 2,312
B, = > l.=n%€;B, > [, <m en—rku oK

m2€2 T,

Rearranging the terms and using the assumption of K «< 1 and 1, =~ A, /4y2:
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Therefore, we get the upper bound for the electron current:
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5.4  Upper bound of the coherent ICS source power and brightness

We derive in this section the upper bounds for the X-ray beam power and brightness, assuming
an electron source that achieves the upper bound brightness defined by Eq. (S63). If the conditions
for electron micro-bunching are met, a bright X-ray beam is emitted. In undulator FEL facilities,

photons

> [4]. In the
s mm?2 mrad? 0.1%BW
coherent high-gain ICS scheme, however, the peak power and the peak brightness will be lower

since the total power and energy of the electron beam are much lower. We will derive the scaling
law of the peak power and the peak brightness as a function of the electron beam energy and the
undulator period. First, the number of photons produced per electron is given by [4]:

the peak power can reach tens GW and a brightness of ~1033

(ySingle—electron _ preLEe/Epn (S71)

ph,coherent
For the case of K « 1, the ratio between the electron energy and the emitted X-ray photon energy
can be approximated by:

Ee _ Vernec2 _ VeTneC2 VeMMeC _ ALmeC _ 1 AL
Epn Ao, h (2_7T) c h (87TV92) 8mhye  4Ye Ac
R 2,
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The Pierce parameter pggp, describes the efficiency (or the conversion ratio) between the electron
beam power and the X-ray beam saturation power. It is given by the multiplication between the
number of photons produced per electron and the electron beam current. Rearranging Eg. (S71)
with respect to the Lorentz factor gives:

2 2
single—electron __ PFELYeMeC PFELYeMeC -2
Nph coherent = ~ X Ve S73
ph,cohere A, (87TflC) 5 ( )
AL e

Therefore, Eg. (S73) implies that higher electron beam energies will produce less photons per
single electron. Substituting Eq. (S64) and Eq. (S67) into Eq. (S71) gives:
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And we get the saturation power bound of the high-gain ICS scheme:

3
pQM-limit _ mmeC

sat

2 pEELYE (S74)

The peak saturation power derived in Eq. (S74) is the upper bound set by the requirement of
pondermotive force larger than repulsion forces. The peak power is independent of the electron
energy but on the undulation period. Longer undulation period lengths will have greater saturation
power. For example, the theoretical peak power bound of the undulator FEL will be ~8-9 orders



of magnitude higher than a coherent ICS scheme with a laser wavelength of 1um. The quantum-
mechanical saturation power bound for a high-gain ICS scheme with pgg;, = 1073 and a laser
wavelength of 1 um is ~1GW, similar to state-of-the-art undulator FEL facilities. However, for
state-of-the-art electron sources, the coherent ICS saturation power will be much lower, as
discussed in the next section.

Next, we derive the bound on the X-ray beam brightness. The X-ray beam brightness is given by:

Npn
4nle €, 2m0L0, /W
where Ny, is the total photon emitted, €,, and €,, are the X-ray beam emittance, o; is the RMS of
the pulse duration and o,,/w is the X-ray beam linewidth. For the high-gain regime, the X-ray

linewidth is [4]:
L
Op/w = 3\/§pFEL /%0' (S76)

For typical interaction length of z = Lg,c = 20Ly,, the linewidth is approximately o,,/w = pggL..
Since the minimum transverse phase-space volume for a diffraction-limited photon beam is
defined, for photons of wavelength 4, by 4x46, = A,/4m and AyA6, = A, /4w, substituting
Eqg. (S16) and Eq. (S76) into Eq. (S75) gives:

Bph = (875)

_ preLEe I _ preLEe I
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Then, substituting Eq. (S72) gives:
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Substituting the upper bound for the electron source current leads to (Eq. (S70)):

(Grovepen) 12, (Zeem) 12, (5 Pre)

o L A\ TePrEL) 14, Zr PPEL) 12\ PFEL) 1Ay cppp 1hc pre

P oo (A e g g (A) A A7 Ak A 4Acre(aL )2
41 4 4yé

And finally, we derive the upper bound of the high-gain ICS peak brightness:

(peak) _ 4c preL )/4
coherentICS — e
Acle A

(S77)

Figure 4(a) in the main text shows the peak brightness for the high-gain ICS with laser wavelengths
of ,, =1 umand A, = 10 um. The peak brightness scaling laws prefer longer laser wavelengths,
i.e., higher electron beam energies and longer wavelengths are advantageous for the source



brightness. However, longer laser wavelengths require more laser pulse energy (Eqg. (S55)).
Therefore, there is a trade-off between the X-ray beam brightness and the requirements of the
counter-propagating laser beam. The brightness of state-of-the-art X-ray FEL facilities is

1033 photons
s mm?2 mrad? 0.1%BW'

scheme.

comparable to the quantum-mechanical bound of the high-gain ICS

5.5  Comparison with the incoherent ICS scheme

Next, we compare the coherent high-gain ICS and the incoherent ICS schemes. In the
incoherent ICS scheme, we assume the interaction length is L, (i.e., the low-gain regime), yet the
laser pulse power and intensity are the same between the two schemes. The incoherent scheme has
a broad emission cone (section 2.3) with an opening angle of ~ 0.1y.1 . Moreover, the shorter
interaction length leads to an energy linewidth broadening by an order of magnitude higher than
the coherent high-gain regime. From Eq. (S2), assuming ¢ > 62, the total number of emitted X-
ray photons in the incoherent ICS scheme is:

_ NeNpor N or
= =

2 e 29
2mof of 2m

Assuming the laser pulse duration is in the low-gain regime. i.e., 7, = Lgo/c, the counter-
propagating laser beam flux is derived:
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We set the Pierce parameter bound for an "ideal" electron source, pgg;, = K?2/8, and get:
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Therefore, for the incoherent ICS scheme, when assuming the laser pulse duration is Lgo/c (the

low-gain ICS regime), with the same laser power and intensity as the coherent ICS, and an ideal
electron source, the number of X-ray photons produced per a single electron is:

single—electron __ 1 1 or 2 Te

i = — = — ~5x107% 7
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Comparing the number of emitted photons per electron between the incoherent ICS and the
coherent high-gain ICS schemes gives the following ratio:

single—electron

ph,coherent _ pFELEe/Eph _ PFEL VeTneC2 _ PFEL )/ernec2 /1L _ 1 PFEL /1_L
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(S79)

Therefore, the number of photons produced per electron in the incoherent scheme is 3-5 orders of
magnitude lower than the coherent high-gain ICS scheme. The saturation power of the incoherent
scheme:

Nsingle—electron -
p(peak) — p(peak) ph,coherent __(peak) 8 Te Ye
incoherent ICS ~— “coherent ICS single—electron — “coherentICS 1
ph, incoherent 3v3 AL PrEL

One should note that the total number of photons emitted in the incoherent ICS scheme (as found
in Eq. (578)) has an emission cone of 0.1ys 1, and emission energy of ~1%, which is much broader
than the coherent ICS scheme. In particular, the incoherent ICS brightness is given by [3]:

Ne NL

1
P ~15%x 1073 —
8 Tp€x€y Of

incoherent ICS

single—electron -

(peak) . p(peak) ph,coherent _3
BincoherentICS ~ BcoherentICS single—electron X (1'5 x 10 ),

ph, incoherent

where the second term comes from the number of photons produced per single electron and the
third term comes from the lower linewidth and spatial dispersion. Figure 4 in the main text shows
the peak brightness and saturation power for the two schemes as a function of the emission energy.
The high-gain ICS peak brightness is up to 6-8 orders of magnitude higher than the incoherent
scheme: ~3-5 orders of magnitude arise from the higher number of photons emitted per a single
electron, and additional 3 orders of magnitude are due to the lower linewidth and spatial dispersion.



5.6  The laser beam requirements for an electron source fulfilling the upper bound

Assuming an electron source achieving the upper bounds, the requirement on the laser beam
can be significantly relaxed. For example, the laser pulse energy becomes (Eq. (S55)):

ceolEol? K27 > €olEol? 16‘/§K/1i _ 8‘/750|E0|2/1i _ 8\/760|E0|2/1?L)
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Specifically, if we choose pgg, = 1073, a LWIR laser with a 4, = 10pm wavelength and K =
0.09, we get a required laser pulse energy of ~1J, a few orders of magnitude lower requirement on
the laser pulse energy relative to state-of-the-art electron sources (section 6). In addition, the laser
pulse parameters (energy, power, and duration) are independent of the electron source parameters
and the emitted X-ray energy, in contrast to the non-ideal electron source.



6. State-of-the-art sources
6.1 EUV and water-window sources

In this section, we discuss the experimental implementation feasibility of a high-gain ICS
scheme with either state-of-the-art or near-future electron and laser beam sources. We will
examine two high-gain ICS schemes. The first is for producing an EUV beam with a lasing
wavelength of 13.5nm, which is required for applications such as lithography and wafer inspection
[11][12]. This scheme uses a CO, laser in the LWIR spectrum (4, = 10um). The second scheme
is for producing a soft X-ray beam in the water-window spectrum, which has applications in
biological sample imaging [13]. This scheme uses a NIR laser (4, = 1um).

The electron source parameters used for the analysis are based on a recent report of the
parameters required for future electron sources [14]. The target parameters are shown in Table S4.
Due to the strict requirements on the electron beam emittance and the energy spread, we will focus
on the UEM and the XFEL sources. The UEM source has low normalized emittance and energy
spread, which makes it suitable for soft X-ray applications, yet its relatively low peak current limits
the emitted beam power. The XFEL source has a much larger electron charge and peak current,
yet with higher emittance, which limits the maximal emission energy of the high-gain ICS scheme.

The normalized brightness of the sources is defined by [10]:

B le
= e (S80)
The normalized brightness values are shown in Table S4. Comparing these values to the quantum-
mechanical limit gives at least five orders below the quantum-mechanical theoretical limit (Eq.

(S57)).

UED UEM XFEL (cold) | XFEL (warm)
Charge 20fC-0.5pC 0.5-1pC 200 pC 200 pC
Bunch length 10 fs 10 ps 1 ps <lps
Energy spread 1072 107° 10~* 10~*
Normalized Emittance <5nm <2 nm 100 nm 50 nm
Repetition Rate Process 100 Hz 1 MHz 120 Hz
dependent
Peak current [A] 50 0.1 200 200
Normalized Brightness
C 2 x 10Y7 2.5 x 1015 2x10%° 8 x 10%°
[s m?2 radz]

Table S4: Target parameters for future electron sources. Taken from [5]



The electron beam emittance sets an upper limit on the X-ray wavelength due to the condition
for transverse coherence (Eg. (S16)). On the one hand, the normalized beam emittance scales as
ve' 1, while on the other hand, the X-ray wavelength scales as y; 2. In other words, the following
holds:

€n Ax AL
LI . : S81
Bye 4m  lémyé (581)
Rearranging the terms, we derive the upper limit for the electron energy:
<N (S82)
Ye 16me,,

Let us consider as an example the UEM and XFEL electron sources, as specified by Table S4. The
UEM-based electron source has a beam emittance of €,, =2 nm-rad and energy spread of 1075.
For the laser source, we will use a laser wavelength of 4, = 1um. The maximal electron energy
that will satisfy the condition specified in Eq. (S82) is ~5.5MeV, i.e., the lowest X-ray emission
wavelength would be ~2.5nm and X-ray energy of ~500eV. Therefore, a state-of-the-art UEM
electron source can be appropriate for generating coherent ICS X-ray beam in the water-window
spectrum. The XFEL electron source does not meet the requirement for a transverse coherent
emission for an emission energy of 13.5nm. However, the electron micro-bunching requirements
hold, and the high charge density results in high beam power.

Table S5 shows the typical requirements of the laser beam for EUV source. It assumes the
parameters of the XFEL electron source with an electron energy beam of 6.96 MeV, as specified
in Table 3. The laser system is LWIR (4, = 10um), based on a CO, laser. The X-ray beam
parameters (the Pierce parameter, the FEL gain length, the interaction length, saturation power,
and peak brightness) are compared as a function of the undulator parameter strength. For higher
undulator parameter values, the Pierce parameter, the peak power, and the peak brightness
increase. Therefore, larger laser intensities are preferable to achieve higher emission saturation
power as far as K <« 1 (the linear ICS regime). However, for higher undulator parameters, the
intensity fluctuations during the pulses become a limiting factor on the X-ray emission linewidth
(Eq. (S43)). If the intensity fluctuation can't be met, lower laser intensities should be used. The
CO,, laser requirements are a ~TW pulse power, with tens to a few hundredths' picosecond pulse
duration, a beam waist of hundredths micrometer, and pulse energy of tens to 100 Joule. These
parameters can be met with existing CO,, laser technology [15][16]. This scheme can produce an
EUV beam with a peak power of hundredths of kW up to 1MW, comparable to plasma-based

photons
s mm? mrad? 0.1%BW
than state-of-the-art incoherent ICS schemes [3]. However, this value is 6 orders of magnitude

below the undulator-based FEL. The difference arises from the lower electron energy beam
(Epeam) Of ~3 orders of magnitude, a lower electron source current (2 orders of magnitude), and
an order lower in the Pierce parameter pgg;..

sources. Its peak brightness is ~1027 [ ] up to 8 orders of magnitude higher



Parameter EUV-1 EUV-2 EUV-3 EUV-4
1 1 1
Electron ﬁ.)av all all all 3 cm
Spot size at IP 6 um 6 um 6 um 10 um
source .
Beam divergence 0.6 mrad 0.6 mrad 0.6 mrad 0.35 mrad
10 um 10 ym 10 um 10 um
L length
aserwaveleng (LWIR) (LWIR) (LWIR) (LWIR)
Undulator 0.2 0.1 0.07 0.04
parameter
L aser Electric field 65 GV/m 32 GV/m 22 GV/m 13 GV/m
Maximal allowed
beam 1 e e 1.5% 4% 6% 4%
intensity noise (1—)
0
Pulse power 25TW 650 GW 200 GW 120 GW
Pulse duration 30 ps 50 ps 60 ps 180 ps
Pulse energy 801J 3017 12 20
Wavelength 13.5nm 13.5nm 13.5nm 13.5nm
Energy 92 eV 92 eV 92 eV 92 eV
Pi t
IETCE PaTamEtEr 6x 107 ~4x107* | ~3x107* ~107*
X-ra PFEL
bearri/ FEL gain length L 0.5 mm 0.7 mm 0.8 mm 2 mm
Interaction length 1Lem 15 cm 2 om 6 cm
Lsat
Saturation power ~1 MW ~ 500 kW ~ 400 kW ~100 kW
Peak brightness ~2 %X 10?7 ~10%7 ~9 x 10%6 | ~5x 10%°

Table S5: Different setups for an EUV source based on a high-gain ICS scheme. When using lower
laser pulse power, the Pierce parameter drops, and the electron energy spread requirement becomes stricter.

Table S6 shows the typical requirements for a soft X-ray source in the water-window spectrum
(A, = 2.6 nm, hw, = 470eV) based on a UEM electron source. The proposed source uses an NIR
laser with a A, = 1um wavelength and an electron beam energy of 5MeV. Different
configurations are compared as a function of the undulator parameter. Like the previous source,
using higher values of the undulator parameter increases the Pierce parameter and the saturation
power and peak brightness at the expense of stricter requirements on the allowed laser beam
fluctuations. However, in this scheme, the maximal allowed intensity noise is an order of
magnitude lower than the EUV source due to the lower Pierce parameter. In addition, the required
pulse power and pulse energy are two orders of magnitude higher than the previous scheme due to
the shorter emission wavelength and the lower electron charge density of the electron source. The
source saturation power and peak brightness are significantly lower than the EUV source proposed



previously (~5 orders of magnitude lower saturation power and ~3 orders of magnitude lower peak
brightness), mainly due to the much lower electron beam peak current (~3 orders of magnitude).
However, relative to state-of-the-art incoherent ICS schemes, the peak brightness of this source is
~5 orders of magnitude higher, even when using the relatively low electron pulse charge of the
UEM source. In this scheme, quantum-recoil effects become prominent since the quantum recoil
parameter (Eq. (S33)) is ¢ = 2 — 5. This scheme can be an interesting experimental realization for

quantum effects in a high-gain regime.

Parameter Soft X-ray - 1 | Soft X-ray - 2 | Soft X-ray - 3
lcm lcm lcm
Electron ﬁav
Spot size at IP 1.5 um 1.5 um 15 um
source -
Beam divergence 0.14 mrad 0.14 mrad 0.14 mrad
Laser wavelength 1 um (NIR) 1 um (NIR) 1 um (NIR)
Undulator 0.2 01 0.07
parameter
Electric field 650 GV/m 320 GV/m 220 GV/m
Laser Maximal allowed
beam . : . (Al 0.1% 0.23% 0.4%
intensity noise (1—)
0
Pulse power 110TW 25TW 16TW
Pulse duration 40ps 70ps 85ps
Pulse energy 4.5kJ 1.8kJ 1.3kJ
Wavelength 2.6 nm 2.6 nm 2.6 nm
Energy 465 eV 472 eV 473 eV
Pierce parameter ppg, | 4 x 1075 2.5x107° 1.8 x 1073
E{;ZX FEL gain length L, 0.6 mm 1mm 1.25mm
Interaction length L, 1.2cm 2cm 2.5cm
Saturation power ~20W ~10W ~~5W
Peak brightness ~1.6 x10%* | ~1.1x 10%* ~8 x 1023

Table S6: Different setups for a water-window soft X-ray source based on a high-gain ICS scheme.
When using lower laser pulse power, the Pierce parameter drops, and the electron energy spread
requirement becomes stricter.



6.2 Maximal high-gain ICS emission energy

Here we find the connection between the maximal allowed emission energy as a function of
the electron source brightness and the laser beam energy (Figure 4(a) in the main paper). First, we
start with the connection between the electron charge density and the electron normalized
brightness:

10, 1 I, 1m
 ec2moy0, ec 2mel  ec?
yezaj,

2.2
nVe 0}’

Ne

We use the relation between the electron beam divergence and the beam emittance and beta
function 6% = — = —°
O-x Bav YeBav

1m 1m_ Ye€n
ne = —=By20% = —=B, —=
T O Bav
We assume the electron source emittance is set to fulfill the condition of spatially coherent

lx )LL .
ar Ve = Teny.
Ye

emission, i.e., €, = €y, =

Im vy, 11 AL

Ng = —— —_— J—
© ec2 " By 32ec " Pay
Since the beta function should satisfy S,, = lLSalt LT , We get:
2 2pFEL  4PFEL
11 4 11
Ne = o — BnpreL

~32ec "B, 8ec

Therefore, we get the following relation between the electron normalized emittance to the electron
charge density:

8ec
B, = —n,, (S83)
PFEL

If we compare the result to the quantum-mechanical bound of the electron-normalized beam
emittance (Eq. (S57)), we get that the bound is fulfilled for n, = %f preLAYe. Therefore, figure

4(a) in the main text was produced by setting the variables n, and y, and deriving p.., and B, by

Eqg. (S83). One should note that Eq. (S83) derivation is under the assumption of transverse
coherence emission.



7. Low-gain inverse Compton scattering
7.1  The inverse Compton scattering oscillator scheme

In this section, we analyze the performance of the low-gain ICS (ICS oscillator) scheme. We
analyze the following: 1) the energy spread impact on the gain in each pass (section 7.2). 2) the
quantum-recoil effect (section 7.3). 3) the requirements on the laser beam pulse (section 7.4). 4)
5) the emission energy upper bound supported by the scheme (section 7.5).

In the ICS oscillator scheme, the X-ray wave gains a small amount of power in each pass.
After many passes, the X-ray wave intensity increases exponentially and saturates. The power
increase can be described by:

P =F

P,=R(1+G)P,_,+P, n>1,
where P; is the spontaneous emission, R represent the total loss due to mirrors and focusing
devices, and G is the FEL gain. By Madey theory, the gain in each pass is given by [17][6]:

6@ me?K2N3A%n, d (sin?¢& , K*NGXine d (sin®¢
= — —_— = —T1T —_— ,
degmec?yd  d§\ &2 A AN &
where K is the undulator parameter, A,, is the undulator period, n, is the electron density, 1 is the
relative energy deviation between the electron beam and the resonance energy of the cavity and

& = 2mNyn is the detuning parameter:

(S84)

(S85)

£ = 2nNu(ye;—yr) = 27Ny, (S86)

T

where E, = y,mc? is the electron energy, and y, represents the resonator wavelength as specified
by Eqg. (S3). Electrons with positive n (i.e., higher energy than the resonator energy) enhance the
intensity of the light wave, while those with negative n reduce it.

Figure S9 shows the typical energy transfer as a function of the detuning parameter for the

following parameters: electron beam density of n, = 102! [ﬁ] number of undulation periods of

N, = 3000, undulation parameter of K = 0.1, Lorentz factor of y, = 19.56, and NIR laser
wavelength of A, = 1um. In this configuration, the emitted X-ray wavelength is 1, ~ 6.54
(~1900eV), and the interaction length is N,A,~1.5mm. For this configuration, the maximal
energy transfer in a single pass is ~13%. The peak gain is achieved for a relative energy spread of

n= 2;—; defining the allowed energy spread of the electron beam to be below this value (RMS).

The relative energy deviation specifies the allowed X-ray wave linewidth and is analogous to the
Pierce parameter in the high-gain regime, i.e., the requirements that depend on the Pierce parameter

can be replaced by n = % Therefore, longer interaction length will increase the gain in each

pass at the expense of stricter requirements of the electron beam energy spread.
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Figure S9: The coherent ICS low gain function as a function of the detuning parameter. This graph was
produced with the following parameters: y, = 19.56,1, = 1 um, N,, = 3000,n, = 102! [mi]K =0.1.

3
The interaction length is ~1.5 mm for this configuration.

The exponential growth of the intracavity radiation power does not continue indefinitely.
Rather, the power of the X-ray beam eventually becomes large enough to trap electrons in the
ponderomotive potential and then rotate them to an absorptive phase where they extract energy
from the field. The saturation power is given by:

Fe
2N, (1 — R)
where P, is the electron beam power. Eq. (S87) is analogous to Eq. (S74), where the Pierce
parameter pggL is replace by N;1. Compared to SASE from a high-gain FEL, the pulse intensity
of an X-FELO is lower due to the lower electron power in each pulse, but its spectrum is narrower
by more than three orders of magnitude due to the narrow energy bandwidth transfer of the crystals
and can be low as a few meV [44]. Therefore, the peak brightness is rather similar between the
ICS oscillator and the coherent ICS in the high-gain regime.

(S87)

Pgar =



7.2 Electron energy spread

The gain function (as described by Eq. (S85)) depends on the detuning parameter & and
1.3

27Ny
be smaller. This value can be seen as analogous to the Pierce parameter in the high-gain regime,
yet with a different physical meaning. In the high-gain ICS regime, the energy spread ruins the
micro-bunching process, preventing the exponential growth in the emitted intensity. On the other
hand, in the low-gain scheme, the greater energy spread decreases the effective gain per pass,
resulting in a lower saturation power of the X-ray beam (or more strict requirements on the
reflectivity of the oscillator cavity).

achieves its maximal value for &~ Due to the electron energy spread, the effective gain will

To consider the electron energy spread, we perform averaging of the gain as a function of the
electron energy spread random variable. Let us denote the term in the gain function that depends
on the detuning parameter:

d (sin?&\ 2&cosésiné —2sin?¢&

h(f) =7 2 = 3 )
s\ ¢ §

We write the electron energy spread probability function as a Gaussian random variable with a

standard deviation of o; = 2nN, (05 /E,) , where oz /E, is the effective electron energy spread,

which considers also the electron beam divergence, as specified by Eq. (529):

(S88)

(§—1)? >
= exp| — , S89
Poe(4) J2n(2nN,)2 (05 /E,)? P < 2(2nNy)* (o5 /Er)? (589)
Therefore, the gain function as a function of the electron energy spread is given by:
K?N32%n
Go = E[G(§)] = —m*1r,——5—E[h(§)], (S90)

e
where:

EM@H=deM@p%®)

Figure S10(a) shows the function k() and p,,.(¢) for different energy spread values as a function
of the detuning parameter &. Figure S10(b) shows the mean value of the gain E[h(&)] for various
electron energy spreads. The number of undulation periods used to produce the graph is N,, =
1000. As can be seen, the effective electron energy spread limits the number of undulation periods.
In X-ray FEL oscillator designs, the number of undulation periods used is such that the effective
electron energy spread is larger than the allowed linewidth, i.e., ;—f > ﬁ [18][19]. However, in

1

the low-gain ICS oscillator scheme, we choose the design parameters such that % < . In this

T TNy

case, the gain function can be approximated by:
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Figure S10: The electron energy spread impact on a low-gain ICS scheme. The graphs were produced for

N, = 1000, 4, = 10 um, n, = 2 x 10?*[1/m?], and K = 1. (a) h(£) (Eq. (S88)) and p,, (&) (Eq. (S89))

as a function of the detuning parameter &. (b) The normalized gain in a single pass as a function of the
electron energy spread.



7.3  Quantum recoil

As discussed in section 3.50, quantum recoil becomes considerable when the mean energy
loss of an electron is higher than the allowed emission linewidth. This phenomenon is significant
in the coherent high-gain regime since a single electron can lose energy that is larger than
PrELYeMec? (EQ. (533)). Similar phenomenon would occur in the low-gain ICS regime when the
incoming X-ray beam power is large enough to trap the electron in the pondermotive potential.

At the start of the ICS oscillator process, the X-ray emission is mostly spontaneous and is
similar to the regular incoherent ICS scheme. In this case, the number of electrons that emit
photons is much smaller than unity (section 5.5); thus, quantum recoil effects are negligible.
However, as the X-ray wave gains power, its interaction with the fresh electron beam pulses is
stronger, resulting in higher photon production per single electron. We consider the number of
additional X-ray photons produced in the last rounds. We assume a moderate increase in each pass,
i.e., Gy < 1. Following Eq. (S87):

P. NeYemec?

Pt = > hw, = —F—=
sat ™ 2N,(1 = R) satt™x T 2N, (1 —=R)

Therefore, in the last rounds, assuming a gain of G,, the number of photons produced per single
electron (for a fresh electron beam) are:

Nsingle electron ~ G 1 Ee
ph ®2N,(1—R) Epp’
We define the quantum recoil parameter in the low-gain regime analogously to the high-gain
regime, to be:

(S92)

(low—gain) __ hawy
Qrecoil - 2n-Nu VemeCZ’ (393)

where pgg, Was replaced by (2mN,,)~?! due to the accepted linewidth broadening. Combining Eq.
(S92) and Eq. (S93):

Nsingle electron __ GO T

ph B 1-R Grecoil

The quantum recoil effect becomes dominant in the last rounds of the ICS oscillator scheme for
Grecoil = 1. Therefore, with a similar argument as in the high-gain ICS, the Pierce parameter (the
allowed linewidth in the high-gain ICS scheme) is replaced by (2mN,,)~?! (the allowed linewidth
in the low-gain ICS scheme). When comparing the allowed energy broadening of the low-gain and
the high-gain schemes, the low-gain ICS scheme has a relative advantage over the high-gain ICS
scheme due to the shorter interaction length. Figure S11(a) shows the Pierce parameter and the
energy linewidth of the low-gain ICS regime as a function of the emitted X-ray energy. While in
the high-gain scheme, the linewidth decreases for higher X-ray energies (Eq. (520)), the linewidth
in the low-gain regime remains constant and depends only on the number of undulation periods.



Figure S11(b) compares the quantum recoil of the high-gain and the low-gain schemes for a LWIR
laser. While in the high-gain ICS regime, the quantum recoil becomes dominant at ~2keV, in the
low-gain ICS regime it affects only at 12keV.
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Figure S11: Quantum recoil effects comparison between high-gain ICS and low-gain ICS. (a) The Pierce
parameter of the high-gain ICS and the analogous (27N, )~ parameter for the low-gain oscillator scheme
as a function of the X-ray energy. (b) The quantum recoil-value for the high-gain and low-gain ICS as a
function of the X-ray energy.

7.4 Laser pulse requirements

The laser pulse requirements are different between the high-gain and the low-gain schemes.
In the high-gain ICS scheme, the requirements are necessary for fulfilling the conditions for
electron micro-bunching, whereas, in the low-gain ICS scheme, the laser pulse is necessary to
increase the effective gain in each pass. Since the interaction length is much shorter in the low-
gain scheme, the pulse duration requirement is lower by an order of magnitude. Moreover, the
laser beam waist and the pulse power can be lower due to more relaxed conditions on the beam
divergence. Following the discussion of section 7.2, the allowed linewidth broadening of the beam,

1.3 . .
. The derivation
2TTNy,

for the laser parameters bounds is similar in the low-gain ICS regime compared with section 4,
where the Pierce parameter is replaced by pFEL~2111;:] and the interaction length is replaced by
u

due to the electron spread and the laser fluctuations, should be restricted by ~

Lsar = NyA,. Thus, the laser fluctuations should satisfy:

JAK 13
—<
K ~ 4nN,




Since ATK = ? , we obtain the following requirement (similarly to the derivation of Eq. (S45)):

0

K? (Nu/lu>2 _ 13
8 \ zp ~ 4nN,

Therefore, we get the following bound on the laser Rayleigh length:

KNydy Ny, KA, 3

Zp = m 2 2 u (894)

And the beam waist size is:

_ |z (TNu )’1L_/1 KNy (S95)
Wo= T = yis L 2m

The beam power bound is:

ceoEd ceoEd ceoEd K22
Po = ——mw§ = ——zpd, 2 ——— N, (S96)

As in the high-gain derivation, we assume the laser beam system is optimized to the transform-

limited bound; thus, the pulse duration requirement comes from the linewidth requirement, i.e., for
Awy, 1
—L<

o, S o e get:
2nN, N4,
TpAw =1/2 > 1, = o, 2_”6 =—
(4'7TNu) AL
Ny,
= (S97)

Finally, the laser beam energy bound is given by:

EZ K2? N E?
CE; ‘ ;L N/ ”CAL =2 KNG, (S98)
One should note that in contrast to the high-gain regime, the laser requirements are independent of
the electron source energy nor the emission wavelength but only on the number of undulation
periods N,,. For a scheme of an LWIR laser source with a wavelength of A, = 10um, number of
undulation periods of N, = 1000 and undulator parameter of K = 0.1, the requirements are laser
pulse power of P, = 200GW, laser pulse duration of 7,, = 35ps and total laser pulse energy of

1
E* = Py, >

Ef,laser) = 7]. These requirements are much less strict than the high-gain scheme requirements and

are not scaling up with higher X-ray energies.



7.5  Maximal low-gain ICS emission energy

Here, we show the derivation and assumptions used to produce Figure 4(b) in the main text.
We assume the following: 1) the electron beam emittance achieves the condition for a transverse
coherent emission, i.e., €, = j—;ye. 2) the average beta function equals half the interaction length,

Nu/lL
2

I.e., 2B,y = . 3) the low-gain approximation is valid (Eq. (S85)), i.e., G < 2. 4) the electron

source energy spread is lower than 2£ < L For these assumptions, the approximation of Eq.

Er  2mNy
(S91) is valid since:

A
, & 26 27; 1 1 1

= "= = = )2 =
! Pav  NyAy  NyAy, 21N, 2y¢ = (reox) 41N,

Thus, the energy spread due to the beam divergence is negligible. For the assumptions above, we
represent the electron-normalized brightness in the same manner as we have derived in Eq. (S83):

B, = 8ecNyn,, (S99)
The electron source normalized brightness representation is analogous to the representation in the

high-gain ICS case, where pgpg, = Ni

To achieve a net gain in each pass of the ICS oscillator, we require R(1 + G,) > 1. Therefore
substituting Eq. (S91) for this requirement:

1

2 p2ZN3)2
1+n7re—K Nufune

2 K2N3A3n
R(1+Gy) > 1—>R<1+7re#>>1—>R>

e

e

1
R > )
14 n_zr K2N322A2n,
T
Figure 6(b) was produced for the case where the reflectivity in Eqg. (S100) achieves the lower

bound. The low-gain approximation is valid for G < 2, i.e., R>67%. One should note that if the
electron source repetition rate does not match the requirements of % = fi and the X-ray beam
R

(S100)

will need to pass several times the cavity until the arrival of the successive fresh electron pulse,
then the effective reflectivity of the scheme will be:

N = c 1
" Lo fr
Regr = R"r

where N, represents the number of passes the X-ray beam makes between two adjacent electron
pulses, and R is the reflectivity in a single pass.
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