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S1. QUANTUM INTERACTION STRENGTH BETWEEN FREE ELECTRONS AND PHOTONS

The quantum interaction strength gq is a dimensionless complex parameter accounting for electron-
photon coupling strength and phase. |gg| 2 for an electromagnetic single mode can be calculated by in-
tegrating the energy loss probability across the spectrum based on the derivation of quantum electro-
dynamic [S1; S2; S3; S4]. In this section, we outline the derivation by following key steps in Ref. [S1].
Considering the free electrons do not traverse the material (i.e., a gauge with zero scalar potential), the
formal solution of the vector potential operator A in the quantized three-dimensional Maxwell equation
is given as [S1; S5; S6]

N 1 .
A(r,w) = - f ErG(r, v, w) - 51, w), (S1)

where G(r, ', w) is the classic electromagnetic Green tensor, which satisfies the relation:
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j"°¢ is a noise current operator which represents the dissipation when the electromagnetic field interacts
with the material

JOe(r, w) = w \4reohlm {e(r, w) (T, w), (S3)

where f(r, w) is bosonic operator, €(r, w) is the relative permittivity, and the evolution is governed by the
radiation Hamiltonian [S5]:

H.,q = f &r f dwhof’ (r, w) - f(r, w). (S4)
0



Assuming an electron beam with narrow momentum distribution around its wave vector ko, and the
entangled photon energy is smaller than the electron relativistic energy &y, the free electron Hamiltonian
H, is [S7]

Ha =" 180+ v - (k — ko)l & i, (S3)
k

where v = %ic?kg/E, is the central electron velocity, 6:{ (ck) is anticommuting creation (annihilation)
operator of an electron with momentum 7k. The interaction between the electromagnetic field and the
electron can be described by the interaction Hamiltonian Hj,, in the interaction picture [S1; S6]:

Hin(t) = - f Eraw.n - § e, (S6)

where Je(r, 1) = (—ev/V) Ykaq eiq'(r*”)éiémq is the electron current operator, A(r, ) = fooo L A(r, w)e ' +
h.c., q is the exchanged wave vector, and V is the volume of the quantization box. The scattering operator
governing the system’s evolution from # = —co to = co can be described as [S1]:

Sint(_m, OO) — ei,\?(—oo,oo)e—% f:: dt’[:[im([’) — ei/?(—oo,oo) U(—OO, OO) (57)

Here

U(=c0,00) = exp

—ie * iq. R —iwz/v { At A
WZ f dw f dPreid:Reivs/ Az(r,w)cicmqi_(w/m]—h.c. . (S8
kaq. VO

and y is the phase operator that only affects the electron degrees of freedom. For an electron at R = Ry, the
wave function can be separated into longitudinal and transverse components, by replacing the exponent
operator in U with its average over a transverse electron state, Eq. (S8) can be further simplified as:

U(—00, ) = exp [f dw (gQ,wl;L&w - gawl;wflj;)} , (59
with
N ie * —iwz/v A
dy=—— dze A;(Ro, z, w), (510)
27h8Q.w J-oo
bo =] Crup (S11)
kz

where gq, is the quantum interaction strength at a given frequency w, which is the square root of the
EELS probability [S8]:

801> = T(Ro, w)

e [ o w(iz -7 <
=—— | dz f dz’ COS[Q]Im{—ng(RO,z, Ry, 7, w)},
weoh J_oo o v

(S12)

where G = 2 - G™ - 2 represents the induced Green tensor projected along z axis. Therefore, the
quantum interaction strength of a single mode is calculated by |gg| z= f 180wl 2dw = f I'Ry, w) dw.

S2. THE SCATTERING T MATRIX

The scattering T matrix (T operator) is a mathematical representation used in scattering theory to elu-
cidate the interaction of electromagnetic waves with an object. The recently developed frameworks show
that the T matrix provides a powerful tool for understanding the scattering process and has been ef-
fectively applied to the analysis of plane-wave scattering and radiative heat transfer [S9; S10; S11]. In
this section, we briefly summarize the fundamental properties of the T matrix, covering its definition,
Kramers—Kronig (KK) relations, sum rules, and constraints.



A. Definition of the T matrix

For a scattering problem where the total field Ey(r) is the sum of a known incident field E;,.(r) and
scattered field Eqeqt(r), Eior(r) = Eine(r) + Egeqt(r). The scattered field Eq4(r) is determined by the con-
volution of the free-space Green Function GGy with the polarization field representing the response of the
scattering object to the incident field, E.,(r) = fv Go(r,r)P(r")dr’. Consider the scatter with material
electric susceptibility y(r), the total field Ey(r) is equal to the induced polarization field P(r) divided by
the susceptibility within the scatter. Consequently, the incident field E;,.(r) can be rewritten in terms of
the polarization field

P

Einc(r) = E(r) — Egeue(r) =
x(r)

- f Go(r, r)P(x")dr’. (S13)
14

Here, the vacuum permittivity ¢ is implicitly defined as unity, and € will be restored in the limits of gq.

Assuming any arbitrarily spatial high-accuracy discretization, wherein P(r) is represented as a vector p,
the incident fields Ei,.(r) becomes a vector e;,., we can rewrite Eq. (S13) in vector notation then invert
the matrices in square brackets

p =l - Co| " e = Teie. (S14)
and T is defined as
T=[" - Go| . (S15)

Here, the T matrix is a causal linear electromagnetic scattering function that relates the incident field to
the polarization field [S11; S12].

B. T-matrix Kramers—Kronig relation

In the time domain, the T matrix is defined to connect the incident field to the polarization field, analog-
ous to the convolutional time-domain relationship of material susceptibility [S13],

p() = f Tt —1)einc(r)dr’. (S16)

The above definition of T encodes the causality similar to material susceptibilities, stipulating that the
polarization field cannot arise before the incident electric field reaches. Thus, T is identically zero at all
preceding times before the original time ¢, that is, T'(f < ¢') = 0. By taking the Fourier transform of the
time-domain T matrix, one can obtain the frequency-domain T matrix

T(w) = f ) T(r)e dt = f ) T(r)e™" dt. (S17)
—00 0

Here, the causality condition sets the interval of integral from 0 to co. T matrix is complex analytic in
the upper half of the complex-frequency plane [S11]. Thus, we can use Cauchy’s integral theorem to the
following closed-contour integral

f TW) 4 = 0. (S18)
C

w —-w

The closed contour C can be decomposed into three components: (1) the integral along the real axis from
negative infinity to infinity but skipping a simple pole at w; (2) the integral of a large semicircular arc in
the upper half-plane, which goes to zero for infinite frequency; (3) the integral of a small semicircular



arc rotating clockwise around w, which is equal to half of the Cauchy residue term with a negative sign,
-inT'(w). By removing (2) and setting (1) equal to the negation of (3), we have

irT(w) = f h j)r,(i"z) do’. (S19)

Next, we substitute T'(w) = ReT(w) + ilmT(w) into Eq. (S19) and equate the real parts and imaginary
parts of both sides, respectively

1 [ ImT ('

ReT(w) = ~ f L) o, (S20)
M) W—w

Im’]I‘(w):—lf wdw’. (S21)
M) W—w

The realness of the time-domain electric field ensure that T'(-w*) = T*(w) where the complex conjug-
ate applies to each matrix element. For reciprocal systems, the condition can be further formulated as
T(-w*) = T7(w), whose real and imaginary parts satisfy

ReT(-w) = ReT(w), (S22)
ImT(-w) = -ImT(w), (S23)

along the real frequency axis. Hence, Egs. (S20) and (S21) can be rewritten as

I (W +0)nT(w) . ,
- — " dw
) w2 — w?

1 f"" o' ImT(w’)

ReT(w)

do’ (S24)

T (1)/2 _ w2
2 f‘x’ o'ImT(w’)
0

Pis wlZ _ U.)2

ImT(w) = _1 f (W + w)Rell(w) (:;) ReTZI‘(a) ) do’
TJoe w?—w

3 _l f‘” wReT(w)

7)o a)/2 _wZ

2w f‘x’ ReT(v') |, ,
=—-—— —— do/,
0 w2 — w?

dw’,

do’ (S25)

T

which are the Kramers—Kronig (KK) relations for the T matrix.

C. Sum rules

KK relations of the T matrix derived above are the foundations of the sum rules in this section. To
obtain the sum rules, we consider two special frequency poles at the right-hand side of Eq. (S24): infinite
frequency and zero frequency.

At infinite frequency, materials become transparent with susceptibilities scale as y(w) — —wf, Jw?* (w, is
a constant proportional to the total electron density of the material and is known as the plasma frequency
for metals) [S14]. Thus, the polarization field can be approximated as P = yEo = yEj,c = (—wg / w2) Einc
based on the first Born approximation, indicating that the T matrix asymptotically approaches —wg Jw?Ty
(Iy is the identity matrix of the scatterer with volume V). By inserting the infinite-frequency limit into
Eq. (524), we have the infinite-frequency sum rule as follows

2 f"" W' ITmT (') w3

0

ReT(w — ) = - 2 do’ = —w—gﬂv, (S26)



0 72'0.)[2)
f o' InT(@) do’ = —1v. (S27)
0

«'ImT(w’) can be written in a basis as the sum of the product of the delta function and frequency-
independent matrix T;. Thus, the discrete representation is given by

2

W
o'ImT (o) = —2 Z Ti6 (o - w;), (S28)
i=1

where all matrices T'; are positive semidefinite due to passivity and );°, T; = Iy because of the sum rule.

For another pole at zero frequency, we can write ReT'(w = 0) = 7, where 7 is the generalized electrostatic
matrix. Inserting the expression into the KK relation Eq. (S24) yields a zero-frequency sum rule for
arbitrary scatterers

ReT(w =0) = 7%1 f % do' =T. (S29)
0

Considering a designable region D encloses an arbitrary scatterer V, the electrostatic matrix 7 of the
designable region becomes a scalar function of the electrostatic coefficient 7 multiplied by the identity
matrix Ip. Thus, all possible canonical geometries satisfy:

2 [~ ImT(w'
d f m—f‘”)dw’sﬂb, (S30)
T Jo w

or, in discrete representation
o'ImT(w') < — Z W?Ti6 (0 - wi), (S31)

where w6 (0 — w;) = wf& (0" — w;). Similarly, we have the conditions that T; > 0 and a sum-rule
constraint 3,2, T; = Iy < Ip.

We apply the zero-frequency sum rule instead of the infinite-frequency one Eq. (S28) in deriving the
upper limit to go because the former can generally provide a tighter bound for most of the frequency
regime covered in this work; nevertheless, there may exist materials with low w,, for which a tighter
bound can be obtained with Eq. (S28).

T matrix can be faithfully represented by a sum of lossless Drude—Lorentz oscillators, we insert Eq. (S31)
into the KK-relations Eq. (S24), and then isolate the real and imaginary parts of T'(w):

T(w) = ReT(w) + ilmT (w)

O WY
< 1— ;T;0
T;wz—wz Z(u (w—w))
& Ty (S32)
=7 + inw; >T;6 w; -’
ey (h=7)
= 10’ T,
= lim !

710 £ w? — W — iy
where we use the domain monotonicity of polarizability [S15] to enclose arbitrary-shaped scatterers with
canonical structures in the inequality second line We also use the fact that 6 (w; — w) = 2w (wz - wz)

from the second to the third line, and lim,;. 0 —— +1y + — imd(x) from the third to last line. This oscillator
representation indicates that T matrix can be decomposed into a set of lossless Drude—Lorentz oscillators
with degrees of freedom T;. The damping term yT can be finite or approach zero, indicating that the
framework can handle both resonances (finite loss; in the complex upper half-plane) and guided modes
(zero loss; on the real axis of the complex frequency plane).



D. Electrostatic coefficient

The zero frequency sum rule of T matrix indicates the electrostatic Ty is proportional to a dimension-
less electrostatic coefficient 7 that permits analytical treatment for canonical geometries. Here we first
show the derivation of this coefficient for a half-space and a concentric cylinder, which are related to the
validation cases discussed in the main text.

The electrostatic coefficient T for canonical structures can be derived using the image charge method.
Consider a planar interface that separates one semi-infinite dielectric with electrostatic relative permit-
tivity €; for z > 0 from another semi-infinite dielectric €, for z < 0, a charged wire g charge per unit
length is positioned at a distance d above the interface. In electrostatics, the image charge ¢’ = —ﬁq

is introduced for z < 0, and ¢’ = q represents another image charge at the position of the charged

"

wire [S16]. The incident field and total field at z < O can be written as E;,. = ﬁ %r and Ei = ﬁ qTr,
respectively. Thus, the induced polarization field for z < 0 is given by

2 -1
P(z<0) = 2B = (6 — 1) L =2 Ey = 262 Ep, (S33)
€ 6+ € € + €

62*1
e+e€

, Where e, is the dielectric constant of the material

where the electrostatic coeflicient is defined as 7 = 2¢;

. When the charged wire is in a vacuum (i.e.
52—1
Ez+1

€1 = 1), the electrostatic coefficient T simplifies to 2
atz < 0.

We next apply Gauss’s law to find the electrostatic coefficient 7 of a concentric cylinder. A charged wire ¢
is located at the center of an infinitely long concentric cylinder made of a core of radius d and an infinitely
thick shell. The electrostatic relative permittivity of the core and the shell are €, and ¢,, respectively. The
incident field and total field in the shell can be written as Eip = 2= 2r and Ey,; = == Ir by considering

2re r 2ney r
a cylindrical surface at r > d. We obtain the induced polarization field for r > d as

~1
P(r>d) = 6 2 FEy. (S34)
&

Thus, the electrostatic coefficient is 7 = ¢ %, which can be simplified to 7 = % when the charged

wire is in a vacuum.

The two examples above both deal with extended structures with continuous translational invariance
along the electron velocity direction. We next show the electrostatic coefficient 7 can be similarly obtained
for isolated structures like a sphere.

For a charged wire g is located in medium ¢, a distance d + a from the center of a sphere €, of radius

a, an image charge g}’ is introduced outside the sphere. The image charge is given by g, = % ,

where [ is the order of associated Legendre polynomials [S16]. Accordingly, the incident field and total

field of the charged wire can be written as E;,. = L 9y and By = Lez qT’r, respectively, and the induced

. X . 2re r 27
polarization field is:

201+ 1
P, = - 1) ——Ei., S35
1= (e - De @+ ta (S35)

20+1
1+€)+e€

21+1
l(e+1)+1

in which the electrostatic coefficient is given as 7; = (€, — )¢ e andreducedtor; = (6, — 1)

when the charged wire is in free-space.

The electrostatic coefficient 7 is finite and bounded. For covalent and ionic materials, the dielectric con-
stant is described by €(0) = 1 + (47rhn\,ez)/meE§ where m. is the electron mass, E, is average energy
gap and n, the effective density of valence electrons [S17]. Thus, the electrostatic coefficient 7 is determ-
ined by the energy gap and effective density of valence electrons and bounded by a limit to its dielectric
constant-independent prefactor. At zero frequency, metals behave like perfect conductors with infinite
permittivity, under which the electrostatic coefficient 7 is also bounded [e.g. the fractions in Egs. (S33)
and (S34) tends to unity for perfect conductors].



S3. LINE ELECTRON UPPER LIMIT TO QUANTUM INTERACTION STRENGTH

In this section, we derive the upper limit to gq for two-dimensional line electron beams, which assumes
translational invariance along a transverse direction (relative to the electron velocity). Consider a line
electron beam in the (x, z) plane and invariant in y. The charge density is assumed as ¢ = 1.6x 107" C/nm,
which can be modified based on practical electron beam properties. The frequency-dependent current
density can be written as J(r, w) = —gd (z — z0) €“*/'&, where ¢ is the charge density per unit transverse
length. The incident electric fields and the magnetic fields in the frequency domain are obtained as fol-
lows. In the z > 7 region

Eine(r, w) = Lelwx/v Kp(2=20) ( 7 — IKPX) (S36a)
2we v
Hipo(r, w) = —geiwx/“—Kﬂ‘Z‘ZO)y; (S36b)
in the z < 79 region
Einc(r’ a)) = _Lelﬂ)x/v+Kp(~ Zo)( 7+ IKpX) (8373)
2wey %
Hi\o(r, w) = %eiwx/wkp(zfzo)y. (S37b)

Here, k, = /(w/v)* — (w/c)? and v = Be is the velocity of electrons.

For such a 2D case, the volume integral element dV in Eq. (5) in the main text reduces to a rectangular
area integral element dS with length L. By substituting Eq. (S37a) into the general limit Eq. (5) in the
main text, we obtain the line-electron limit

|gQ|2D < 16h6 m (k%0+ 0)@(0) a)Q,Au))f —2Kp,012—20! ds

< ﬂqz ( ) e—ZKp.oIz—zoI ds
= T6hes wo vo T K0 (S38)
2
— q2 7 (kv O P 0) L —2Kp od
32h60 WoKp,0 ’

where k,0 = ,/ki - ké, kyp = wo/v, ko = wo/c, wy is the target photon frequency, and d is the distance
between the electron line beam and the scatterer.

S4. POINT ELECTRON SHAPE-INDEPENDENT UPPER LIMIT TO QUANTUM INTERACTION STRENGTH

In the cylindrical coordinate (x, p, ¥), the frequency-dependent incident field generated by the free elec-

tron with current density J(r, w) = — frp el“¥/V5(p)& can be expressed as [S8]
ereimx/v ) . w R
Eune(r,0) = - [ik,Kokyo)k = “Ki(,0p) (539)

where K, is the modified Bessel function of the second kind. Combing Eq. (5) in the main text and
Eq. (S39) we can rewrite the general limit equation

TenT
50l < " O(wion. Ao [ Bc(wnl*aV

TeYT (840)
< —Owo f [Einc(wo) > dV,
where
) 2 _ ahc 4 2 2.2 2
[Einc(wo)*dV = —— |4 0Ko(kn0p) + K2KZ K (Ko 00) | pdpdyd, (S41)
v TeWw;



in which e is the fine-structure constant. When a free electron travels above a scatterer with a minimum
separation d, one can use a concentric sector with height L, radius p € [d, o) and opening azimuthal
angle ¥ € (0, 2r] that encloses the scatterer to derive the bound analytically. Therefore, Eq. (S39) can be
further simplified into a shape-independent limit given by

ahic 0
f Eine(wo)*dV < —= Ly | Ky0p |2 K3k 00) + K2 oK (K500) | dli,00)
v ey Kpod

ahe  (kyod)?

= e 7 0 Kk~ Koo+ o [0 Katiod) — Ko}
ahce (K, 0d)*

= ——Ly {Kp,odkﬁ,oK()(Kp,od)Kl(x,,,od> - kg | K (ko 0d) — K (Ko 0d)]
TEQW;
ahce

< —szki()Kp,()dKO(Kp,Od)Kl (Kp,0d),
TEQW;

(S42)
where we use the relations [ xK2(x) dx = [K2(x) = Ko 1(0)Kns1(0)] 62/2, K_1(x) = K1 (x), K2(x) = Ko(x) =
2K, (x)/x and K;(x) > Ko(x) [S18].

Combining Eqgs. (S40) and (S42) yields a general point-electron shape-independent limit of g [Eq. (7)
in the main text].

S5. PHOTON ENERGY CUTOFF OF LINE-ELECTRON LIMIT

The frequency cutoff condition Eq. (8) corresponds to a zero of the second-order derivative of the 2D
limit Eq. (6) in logarithmic scale:

o? (|gQ| %D) 9? [(kio + K/%,O) 6_2"/’0“1/0_)()Kp,0]
a(log han)? (log hia )2

(9(,()0

0

wo
(9(1)0

2dw0 (V2 _ 26‘2> e—2vagd (843)
c?

B 2dwy (202 - v2) (ZKP,Od - 1) e 2kp0d

c2y?

=0.

Solving Eq. (S43) and discarding the zero-frequency solution, we have 2k, 0d = 1, which is the cutoff
condition of the line-electron upper limit.

S6. POINT-ELECTRON LIMIT DISCUSSION
A. Optimal photon energy at given electron energy

The optimal electron- and photon-energy condition of Eq. (9) corresponds to a zero of the first-order
derivative of the point-electron limit |gg| %D Eq. (7) with respect to photon energy #iwy:

Bgal3y)  0wokodKoliood)Ki(i0d) /]
9 (hwo) dao
o dwg (v? = ) [K§(knod) + 2Kk 0d) + Kok 0d) Kk 0d) | + 422k, 0K (i 0)

o< KoKy 0d)K1 (i 0d) = K od [Kg(kp0d) + K (kp0d)| = 0,

(S44)



where K{(x) = —K(x), 2K’ (x) = —Ko(x) — K>(x) are used in the derivation [S18]. The last row of Eq. (S44)
produces the optimal condition Eq. (9) of |gq| %D in the main text.

B. Optimal electron energy at given photon energy

The optimal electron energy for a given separation and photon energy can be alternatively obtained by a
zero of the first-order derivative of Eq. (7) with respect to the electron energy &y:

dgalsy) _ dv dsally)  ov 0| ko 0dKo(p0d) K1 (k50 |
& 98 v &y av
ok od [Kg(Kp’()d) + K%(Kp,od):l = 2k5,0K0(kp,0d)K1(Kp,0d) (545)

2
x %Kp,od | Kap0) + K3 0] — Kokpod) K1 (k0) = 0.

Unlike Eq. (10) that can be obtained from the transcendental equation of z = k, od, an analogous simple
condition cannot be obtained from the last row of Eq. (S45) because «,,od also implicitly depend on the
Lorentz factor y.

C. Origin of the fast-electron and slow-electron optimal regimes

We fix the separation distance and plot the point-electron upper limit |gQ|§D Eq. (7) versus electron
energy for various fixed photon energy, to show why there are two optimal regimes in Fig. 2c. As shown
in Fig. Sla, the upper limit |gg| gD initially increases with electron energy, reaches a local maximum,
decreases to a local minimum, and then slowly diverges. The fast-electron optimal regime in Fig. 2c
stems from the In (y) divergence of the limit Eq. (7) in electron energy, as indicated by the divergence
observed at high energies in Fig. Sla. On the other hand, the slow-electron optimal regime in Fig. 2c
originates from the local maximum in Fig. S1a, which is, in fact, the solution to Eq. (S45).

D. Upper limit behaviors versus electron energies at typical photon energies

a o L=100pum,d=10nm,Si b L=100 um,d =100 nm

: 10° ¢
10 | 10° £
10° | _ge 10° £
o 107k o 102k
= 10 F = 10}
10° | 10°
10" 10"
102 L—L 102 L
10° 102 10' 10* 107 10" 10 10° 10° 10° 10° 10°
Electron energy (keV) Electron energy (keV)

Figure S1. Point-electron limit |gq| §D versus electron energy for different photon energy. a. The upper limit
Igal gD of a Si half-plane, the interaction length L and separation distance d are set as 100 um and 100 nm, respectively.
b. The upper limit for typical materials and photon energies considered in Fig. 4. The black dashed line indicates
6.8 TeV electrons.

‘We provide more discussion on the trend observed in Fig. 4. We present the upper limit |gg| %D for a fixed
interaction length L = 100 um and separation d = 100 nm for the four typical photon frequencies in Fig. 4,
as shown in Fig. S1b. Indeed, even for low-energy photons at 1 THz and 100 GHz, if one continues to
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increase the electron energy beyond 6.8 TeV, the upper limit of |gg| %D at can eventually exceed those at
slow electron energies. This general behavior results from the In(y) logarithmic divergence of the upper
limit |gg| %D as the electron energy tends to infinity.

Furthermore, for the considered configuration L = 100 um and d = 100 nm, 1 THz, 100 GHz and 1.55 um
photons satisfy the optimal condition Eq. (S45) of electron energy. This implies that |gql gD initially
reaches the slow-electron local maximum, then local minimum, as the electron energy increases before
eventually diverging, which can be observed in Fig. S1b. Such behavior leads to the trend in Fig. 4c and d:
Igol %D decreases as 3 increases from 0.01 to 0.7 before hitting the local minimum and then diverges with
increasing electron energy under considered separation. In contrast, 13.5 nm photon does not produce a
zero solution to Eq. (S45) when d = 100 nm, resulting in a monotonic behavior of the upper limit |gg] gD.

S7. ENERGY LOSS CALCULATIONS

A. Energy loss of point electron beam parallel to a half-space

We consider a point electron flying parallel to the surface of a 3D half-space with a constant velocity v
along the x axis in the vacuum where relative permittivity €; = 1 (see the inset in Fig. 5b in the main text).
The derivation has been reported in various literatures [S19; S20; S21; S22; S23], and here we provide a
brief summary. The energy loss per unit length can be derived from the work done by the induced field
on the electron:

—%‘; = Re[-eEM|, (S46)
where W is the energy of the electron, E'™ is the x component of the induced electric field at the loca-
tion of the electron. Here, Ei“d corresponds to the scattered field in the T-matrix framework; we use the
induced-field notation to keep consistency with previous literature. The half-space with relative permit-
tivity e is located at z < 0.

For an electron at r = (x,y,z) with the current in time domain J(r,) = —evo(R — v£)6(z — z9) where
R = (x,y,0) represents its x-y projection, v = (v,0,0) and z is the separation distance, the electric field
in the frequency domain for z < zg can be written as [S23]

.4 2 .
e (ﬂv - k) x e k0§ (1~ K - V), (S47)
4drepk,

Eo(K. z,0) = 5

where k = (ky, ky, k;) and K = (k,, k,, 0) are wavevectors, k, = y/w?/c? — K?, and the Fourier transforms
are performed in time and x — y space:

E)(K,z, ) = f dR f dr e KRR (R 7. 1). (S48)

The incident field is a superposition of linearly polarized p— and s—polarized plane waves, and they are
reflected by the surface with reflection coeflicients r; and r,, respectively. The electric field at the surface
(z = 0) which is tangential to the surface E;jg is determined by

k,
=0 _ 2 z=0
Eg’tg =% Ef, K. (S49)

With given r, and r,, the x component of the induced field at the surface sums up to

z=0 _ 1z=0 z=0
Ex - Esx + pr

ky =0 z=0 kyk, 7=0
= Frs (E(Z)x k}’ - Eby kx) - KZZ rPEOz (SSO)
I
= 1 ES = ==E0(ro+1p).

K2
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Here, E° and EFO denotes the s- and p-polarized induced electric field at the surface (z = 0),respectively.

And Eéxo, EZ 0 and EZ 0 are the x, y and z component of the incident electric field at the surface (z = 0),
respectively. The tlme domain real-space field is given by

1kZ

@2n)?

E.(R,z,1) = f dK f dw KRN EZVK 0, w). (S51)

Recalling x = v¢, combining Egs. (S46), (S47), (S50), and (S51) produces the loss power

dw

Y Re[-e]

—1k 20
- i(K-R-wr) 7z=0
= Re[ i defda)e "EV(K, 0, w)} (S52)

=_e f dkf wdw Re { —ek20 ke +r)"'l l—v_z Ts .
271'260\12 0 4 0 K? P kz C2 ky=w/v

The total energy loss is an integration of the energy loss probability per unit frequency I'(w)

aw _ ~, dlw)

o . dw). (S53)

Thus, the energy loss in electron-volt per unit length is

dl'(w) e? f dk sikz | KV
= i —r b 4
hdx  2r%eoh®? Jy K2 ke k.c s (554)

B. Energy loss of line electron beam parallel to a half-space

The energy loss of a line electron beam above a half space can be obtained by (1) defining the charge
density ¢ in the unit of Coulumb per unit length and (2) selecting the invariant momentum k, (parallel
to the surface and perpendicular to electron velocity). Note that we can choose a canonical 2D structure
(like a half-space) to enclose a scatter such that k, remains a conserved quantity. We are also free to
choose the coordinate such that the line beam propagates along x and k, = 0. We insert 27d(k,) into the
integration of EELS Eq. (S54):

d’r ¢ © 5k, )dk, , k)
Re{k.e?kao ([ 2o} ro—rp|}, S55
hdxdy 27160712\/2 f K2 1% (kzc) 5T (855)

which can be simplified into

d’T(w) 2 ok
hdxdy - 27re;1h2w2 keIl ry ), (856)

where k, = —ik; is a real wavevector.

C. Energy loss of point electrons passing close to a sphere

The energy loss of a point electron beam passing near a sphere under aloof excitation can be derived
based on the Mie theory [S8; S24]. The total energy loss of the electron along the trajectory is given by

w(a+d)
Hw) = 47r60cha) Z Z [

|Cottmiz"y + CF Im1f )] (S57)

Im
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where a is the radius of the sphere, d is the separation distance between the electron and sphere, vy is the
Lorentz factor, and K,, is the modified Bessel function of order m. Cth and len stand for the electron-
sphere coupling coefficients, and tf"’ and tlE are the magnetic and electric Mie scattering coefficients,
which are given by

M _ 1 2
Clm - I+ 1) [2mNy,|”, (858)
E _ 1 < 2
Cim = M (S59)
with
et na—m)t@ml = DU g (¢
Nm = m (+ImD)! (vy/c)m Cioim (v) (S60)
My = Nipet AN+ m + 1)(L = m) + Ny N = m + DI + m), (S61)
and
M _ —Jji(x)x2jj(x2) + xlj}(xl)jz/(h) ’ (S62
Ry e iy (ea) = [P e i)
s —e1ji(x) [x2i()] + & [x1ji(x)] ji(x2) S63)

ah{? o) )] - & [kl ] i)

where €] and e, are the relative permittivities of background and the sphere, / is the order of associated
Legendre polynomials (also known as the multipolar order of the excitation, and / = 1 for dipple ex-
citation), Cﬁ;') is Gegenbauer polynomial, x| = wa+/€|/c,x; = wa+/e&/c, primed functions denote their
derivatives, and j; and hg” = ij; — y; stand for spherical Bessel and Hankel functions, respectively.

d=1nm d=1nm C B=07
a b 0.0010 F 0.020 | 7st-order mode
0.020 | ' /' p=07 . B=07 ideality = 0.699
dipolar mode "E 0.0008
;>\ 0.015 £ "-; 8882 _an—;)rdern;ode ‘
J _E 0.0006 |- 9 ' ideality = 0.184
» 0010 F = A
4 =2 0.0004 A o 0000 L\
w 0005 | ) PN O 0,002 | sicorder mode ﬁ
< 0.0002 +/ w [Z— ideality = 0.069 “
0.000 1 1 1 1 - * 1 Y 0.000 E | | ‘;‘ |
2 4 6 8 10 -a 0 a 2 4 6 8 10
hw (eV) Propagation length x (nm) hw (eV)

Figure S2. Upper limit for an isolated sphere. a. Energy loss spectra of the sphere. A point electron with velocity
B = 0.7 interacts with a 3D isolated sphere made of Drude metal [g, = 1 — wg/w(w +iym), wp = 9.06€V, yp, =
0.071eV for gold]. The sphere has a radius of a = 5nm, and the nearest separation between the electron and the
sphere is d = 1 nm b. Calculation details containing the upper limit |gq| gD per unit propagation length above the
sphere. The inset shows the annular sector integral element S (x) enclosing the circular cross-section of the sphere.
¢. Modal decomposition of electron energy loss near the sphere. We consider the same scenario as in Fig. S2a and
show the decomposed spectra for the lowest three modes of Fig. S2a.

Fig. S2a shows the energy loss spectrum for the isolated sphere with 4 = 1 nm and electron velocity
B = 0.7 according to Eq. (S57). The highest peak at the lowest frequency indicates the excitation of
the dipole mode (/ = 1), while other peaks correspond to the excitation of higher-order modes. In the
calculation of the theoretical bound for the sphere (solid lines in Fig. 5a), we integrate the incident field
in the following manner: We consider the volume as V = ff ; S (x) dx, where S (x) is the area of a minimal
annular sector of enclosing the circles of the sphere at each x (see inset of Fig. S2b). Based on this
scheme, the variable per-length upper limit of |gq| 2 for 8= 0.7 and d = 1 nm is shown in Fig. S2b, whose
x-integration yields the |gg| 2 limit without defining a propagating length.

We further demonstrate the modal decomposition of the energy loss spectrum of the sphere by using the
modal coefficients obtained from Eq. (S57). Fig. S2c shows the energy loss from the first to the third
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order and their associated ideality. The ideality corresponding to the nth-order mode is computed from
the spectral integration of a single angular momentum channel / = 1,2, 3,--- divided by the integral of
total energy loss (that is, the integral of the energy loss in Fig. S2a).

S8. VALIDATION OF LINE-ELECTRON UPPER LIMIT

In this section, we present the validation of the derived line electron upper limit Eq. (6) by considering the
line electron passes above a Drude-metal half-space in vacuum and excites surface plasmon polaritons
(SPPs) at frequency wspp. Same as the point electron for half-space case in main text, such scenario
permits analytical treatment of energy loss Eq. (S56) to validate the line-electron upper limit Eq. (6). As
depicted in Fig. S3, the analytical results closely follow the line electron upper limit Fig. S3 at the given
separation d.

10° ¢
10 £

10° |

(nm™")

2
2D

10?

g,

10 |

10° Lo

Figure S3. Comparison between the analytical calculation and the theoretical line electron upper limit. A
line electron with charge density ¢ = 1.6 X 107" C/nm interacting with a half-space made of a Drude metal [¢, =
1- wf)/w(w +1yYm), wp = 9.06€V, vy, = 0.071 eV for gold]. The interaction length is fixed at 100 pm.

S9. INTEGRATION INTERVAL CHOICE FOR INTERACTIONS STRENGTH AND IDEALITY
A. Sphere

In Fig. 5a, we compute |gq| 2 when electrons excite the dipole mode of a sphere. The integration of energy
loss of the sphere is considered over two full-width-half-maximum (FWHM) from (Re wy — 2 Im wy)
to (Re wp + 2Im wy) to cover the resonance such that we can isolate the resonance from the parasitic
contribution of the zero-loss peak when the electron is positioned in the far-field (see Sec. S11). Here, we
utilize Mie theory to compute the complex resonant frequency wy of the sphere. The optical properties
of a sphere are defined by the eigenmodes, which manifest as poles of the scattering matrix coefficients
in the plane of complex frequencies. One can calculate the scattering cross-section of the sphere in the
complex frequency plane to extract the eigenfrequencies of the sphere. In Mie theory, the normalized
cross-section of a spherical nanoparticle is given as [S25]:

207 © 2 2
sc= s ;(zu D(larl? + 111, (564)

with
_ () (x) — (g (nx) g (x) — ng(x)g; (nx)
g (n0E(x) — EQOY D) " WE (x) — néw )’
where n = Ve /€ is the refractive index, €| and €, are the relative permittivities of background and the
sphere, x is the size parameter defined as x = wa/c, Y;(p) = pji(p) and &(p) = phgl)(p). The eigenfre-

quencies wy can be obtained by substituting complex frequencies w into Eq. (S64), which corresponds to
the singularities of the scattering cross-section o-sc in the complex frequency plane [S26].

(S65)
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B. Half-space

In Fig. 5b and Fig. S3, we compute the |gql % of Drude-metal half-spaces when electrons excite SPPs
at frequency wspp . The permittivity of the Drude metal is defined as €, = 1 — wg Jw(w + iym), where
wyp is the plasma frequency and yy, is the decay rate. Free electrons in vacuum can excite SPPs with

wavevector kspp = % % when the phase-matching condition w/v = kgpp is satisfied. The equation

permits the derivation of the complex frequency of the excited surface plasmon wgspp With a constant
imaginary part Im wspp = —yn, /2 regardless of the value of Re wspp. Therefore, the definite integral of the
g0l 2 is calculated between (wspp — vm) and (wspp + ym) Within an interval of two FWHMs (maintaining
consistency with those in Sec. S9.A) such that the integration can adequately capture the spectral peak.

C. Integration window selection of humerical simulations

For numerical calculations where the complex eigenfrequencies are not readily available, the integral
windows for |gq| 2 and ideality have to be empirically truncated. In Fig. 5c-e, the integration window for
Igal 2 is defined as the range between the two nearest local minima of energy loss below and above the
desired mode.

For the ideality 1,, = |gqu,ml 2y i 18Quil 2 of the target mode m in Fig. 5f, the integration window for all
modes in the denominator starts from the first local minimum between the zero-loss peak and the lowest-
order mode and extends to high frequencies (typically a few tens of electronvolts) at which the optical
energy loss has fully decayed.

D. Modal decomposition

To obtain a more rigorous ideality 7,, of the mode of interest, one should perform Hermitian and non-
Hermitian modal decompositions on the energy loss to separate the contributions of different modes.

In Hermitian systems, the mode expansion coefficient of the specific nth-order mode can be obtained
by computing the inner product between the desired eigenmode ¢, (w) and the scattered field Eg.y(w) =
2on n(W)Ws(w)), which is given as a,(w) = (Y, (W)[Esca(@)) /[ (Wn(0)|n(w)) [S27].

f ap(w)dw
oy [ an(@)dew”
In non-Hermitian systems, the modal expansion coefficients can also be defined but based on the quasi-
normal mode theory [S28; S29], where the normalization and inner product both become unconjugated
because of the biorthogonal characteristics of the non-Hermitian eigenstates. To illustrate this modal
decomposition, we take the sphere case in S7.C as an example, and the electron energy loss and the
corresponding ideality are shown in Fig. S2c.

The ideality I, of the mth-order mode can thus be defined as the ratio: 1, =

S$10. TIGHTNESS OF THE BOUND FOR TWO OPTIMAL DESIGNS

For small separation d, the Air-Al core-shell optimal design in Fig. Se exhibits better tightness between
the limit and the numerical results compared to the Air-GaP core-shell design in Fig. 5d. The Air-Gap and
Air-Al core-shell designs behave differently because the latter better satisfies the single-mode condition
at small d.

In the deviation of the general upper limit, we perform two inequalities: Firstly, we consider a designable
region D encloses an arbitrary scatterer V, which gives us a sum-rule constraint Iy < I5. Secondly, we
apply the single-mode condition by setting T; = Iy for the resonant frequency. How close or far away
from these two inequalities can be treated as a criterion for evaluating the tightness of the upper bounds.

For the Air-Al core-shell design, the 13 nm Al shell only allows the fundamental mode and forbids higher-
order modes. The excitation of the fundamental mode is reflected by the single peak of the energy loss
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spectrum at small d shown in Fig. S4b. Therefore, the Air-Al core-shell structure satisfies the single-mode
condition, which results in tightness between the limit and the design at almost all separations.

In contrast, the larger shell thickness in the Air-Gap design supports multiple modes because of its lar-
ger cross-section. The excitation of multiple-order modes can be observed by two energy loss peaks
in Fig. S4a. Consequently, the single-mode condition is not well satisfied at small separations, leading
to reduced tightness of the upper limit in the separation range of d ~ 1 —10nm (see dashed line for
d = 5nm where two modes are excited). In contrast, for d ~ 100 nm (see the dashed line for 100 nm in
Fig. S4a), the single-mode condition is better satisfied, leading to improve tightness of the limit in Fig. 5d
atd = 100 nm.

0 0.05 011 EELS ¢ 32e-4 644
B ] (Y nm ) ]

b g

Air-Al core-shell
B=0.995

10
hw (eV)

Figure S4. Evolution of the energy loss spectra of the two near-optimal designs under various separations.
The single-mode condition is better satisfied in the Air-Al core-shell (b) than the Air-GaP core-shell structure (a).

S11. APPARENT BREAKDOWN OF THE LIMIT UNDER MULTIMODE CONDITIONS
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Figure S5. Far-field breakdown of the line electron upper limit. a. The limit can be broken for electrons in the
far field when the separation d becomes larger than those indicated by the vertical black lines. Circles: numerical
calculation of the 2D gold half-space; curves: the line-electron upper limit. The frequencies of the surface plasmons
are near 6.39eV, 6.26¢eV and 5.27¢eV for § = 0.1, 0.3, and 0.7, respectively. b. Energy loss of the line electron in the
near field. The energy loss spectra exhibit clear peaks associated with SPPs excitation and satisfy the single-mode
condition. ¢. Energy loss of the line electron in the far field. The SPPs peak reduces and gets immersed in the tail
of the zero-loss peak, leading to the violation of the single-mode condition and the associated limit. The interaction
length are fixed at 100 um.

The derivation of the limits in this work relies on the single-mode condition, T'; = Iy for the oscillator at
wyp. The condition can be violated when the spectral integration of energy loss no longer corresponds to
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the |gq| 2 of the mode of interest, depending on the distribution of the eigenstates and source conditions.
We provide an example using line electrons coupled with a half-space (Fig. S5).

In Fig. S5a, the energy loss exponentially decays as we extend the separation distance d between the line
electron and the half space to the far field. The single-mode condition, valid in the near-field (Fig. S5b), no
longer holds in the far-field (Fig. S5¢), leading to the limits’ breakdown when the separation d becomes
larger than those indicated by the vertical black lines in Fig. S5a.

In the near field d = 10 nm (Fig. S5b), the energy loss manifests a clear peak originating from the coupling
between the line electron and the SPPs modes at the phase-matching frequency wspp (bright line in
Fig. S5b). Thus, the single-mode condition for the derived limit is satisfied. As the line electron moves
to the far field d = 1000 nm and larger separations, the SPPs loss peak reduces and eventually gets
immersed into the zero-loss peak (Fig. S5c). As a result, the spectral integration of total energy loss at
wspp 1s predominated by the tail of the zero-loss peak, leading to the exceeding of the upper limit intended
for the target SPPs mode at wgpp.

S§$12. EFFECTS OF MAGNETIC FIELDS

The main text of the paper deals with nonmagnetic materials. More generally, the effects of magnetic
fields on |gg| 2 upper limits are relevant in two ways: (1) material responses to the “incident” magnetic
fields generated by electrons; (2) the action of induced magnetic fields back onto electrons.

Material magnetic response: In the derivation of the upper limits, we assume nonmagnetic responses with
relative permeability 4, = 1 that is typical at optical frequencies. As noted by the referee, this treatment
should be generalized toward the microwave regime. To incorporate the effects of the material magnetic
response in the upper limit of |gg| 2, one can consider the electromagnetic field Fi,. = (Eiy, H,,.)T incident

on a general medium with a 6 X 6 tensor material susceptibility )? containing both electric and magnetic
parts and also modifying T matrix via Eq. (S14). It is thus interesting to derive the Kramers-Kronig and
sum-rule relations for bianisotropic materials featuring simultaneous presences of electric and magnetic
responses and their cross-coupling.

Back action of material magnetic response onto single electrons: For a single electron, the magnetic field
of a photonic mode influences the radiation by coiling the electron’s trajectory, resulting in a different
lgol, where |gg| relates to the energy-loss integral along the trajectory. For the case of |gg| ~ 1, however,
since the angular momentum of one photon is too small compared to that of a free electron, we can safely
consider the electron trajectory as a straight line, unaffected by the spontaneous magnetic response from
materials.

External magnetic fields: Microwave traveling wave tubes (TWTs) contain numerous external photons
that can generate more pronounced magnetic fields to modify the electron trajectory. For simplicity,
we consider an external magnetic field parallel to an electron beam. The resulting Lorentz force causes
electrons to move in a helical path, which can help reduce the beam divergence in TWTs. The radius of

curvature in the given point of the electron trajectory can be estimated by R = (e"/fril“gB [S30], where «

is the beam injection angle and my = mgy/ /1 — B2 is the relativistic electron mass, and my is the rest
mass. For an external magnetic field 0.1 —1 T, the radius of helical motion is 0.1 — 1 pm for electrons of
energy 1—100keV. Therefore, in this case, the helical motion of electrons should be considered for the
(stimulated) quantum interaction strength.

S$13. PRACTICAL LIMITATIONS TO MAXIMIZE INTERACTION STRENGTH

Practical limitations with slow electrons: The upper limits predict the enticing potential with slow elec-
trons, but there also exist several technical challenges. First, it is challenging to observe photon exchanges
with slow electrons at the state-of-the-art electron energy loss resolution. Second, when electron energy
reduces, electron beam quality and collimation also deteriorate, posing practical issues in beam-sample
alignment. Third, to couple with slow electrons, strong optical confinement is required. Graphene [S31]
and plasmonic [S32] platforms could meet the need, but one also needs to mitigate the associated losses
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for quantum applications.

Practical limitations with long structures and short gaps: Indeed, it is tempting to simply elongate the
interaction length and shorten the interaction gap to increase the quantum interaction strength. How-
ever, this straightforward method also has practical limitations. First, in electron microscopes, unlike the
idealized perfectly collimated point electrons, electron beams are focused on the sample plane and diffract
afterward. Therefore, the interaction length (at desired small separations) cannot be arbitrarily increased
at will; the effective propagation length is typically a few hundred micrometers in modern experiments.
Second, the separation gap cannot be arbitrarily reduced either. Smaller gaps between electron beams
and structures will cause excessive charge accumulation on the sample (especially dielectrics), which
eventually repels the beam.

Taken together, practically (beyond the theoretical predictions here), it is a comprehensive task to select
electron/photon energy and interaction length/gap to maximize |gg| in experiments, where the optimal
conditions may vary depending on various measurement conditions.

S14. DISCUSSIONS ON VARIOUS SPECTRAL REGIMES IN ACHIEVING STRONG INTERACTION

In Fig. 4, we discuss four technologically relevant frequency regimes with promising applications,
namely EUV, telecommunication wavelength, terahertz, and microwave. Here, we comment on each
spectral range to provide additional clarity and address the main challenges of each spectral regime for
achieving IgQI2 > 1.

e The emission of EUV (and even X-ray and y-ray) photons has many important applications es-
pecially lithography and free-electron lasers. However, achieving |gq] 2 > 1 for EUV photons is
already quite challenging for swift electrons 8 < 0.7 since it requires less than 10 nm separation for
interaction length of hundreds of micrometer. Therefore, extreme relativistic electrons seem to be
the only possible candidate.

e The visible-to-near-infrared regime (like the telecommunication wavelength in Fig. 4b) appears to
be promising. Our upper limit does not rule out the possibility of |gq| 2~ 10-100 at almost all SEM
and TEM energies for a feasible separation around 100 nm. Another advantage is the compatibility
of this regime with integrated photonics and fiber-optic communications.

e The Terahertz and microwave regimes promise more prominent |gq| 2 at larger separations and
could generate synergy with superconducting circuits. However, this advantage is at the cost of
large device footprints and the lack of quantum optics interfaces.
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