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Section I: Free-electron—photon interactions and comb electron states
In this section, we explore the fundamental properties of the interaction between free
electrons and photons, focusing on its impact on electron comb states. The quantum mechanical
interaction between a free electron and a single-mode photonic state is governed by the
scattering matrix [37,38]:
S = exp[gq bat — g5btal, (s1)

where b, b are the energy ladder operators for the free electron. The b = e~*»” ladder operator
represents an electron losing energy Aw under the paraxial and no-recoil approximations, with
v being the electron velocity and z its longitudinal position operator. The b operator has the
following commutation relation [b, b*] = 0.

The electron comb state is defined by the following equation:

_ LN e
|comb(¢)) = mk;e IE), (52)

where |E}) is single energy electron state with energy Ej, = E, + khw. Let us first demonstrate
that the comb electron states are eigenstates of the scattering matrix Eq.(S1). By the definition
of the comb electron, it is an eigenstate of the operator b:

b|comb(¢)) = e'®|comb(¢)). (S3)

Substituting the comb state from Eq. (S2) to the scattering matrix Eq. (S1) and using Eq. (S3),
we obtain:

Slcomb(¢)) = exp[gqe’?at — gze~*?a] |comb(¢)) = D(gqe'?)|comb(¢)), (S4)



where D(gqe'?) is the coherent shift operator acting on the photonic field.

Now, let's establish that |comb(¢)) forms a complete orthogonal basis for any arbitrary
electron state. An arbitrary electron with discrete energies |Ej) can be expressed as:

e = > arlEi), (35)

k

where |E,) are single-energy states that form a complete orthogonal basis (E,|E,;,) = dnm-
According to the definition of the comb electron, the single-energy state can be represented
as:

|Ex) = o= J " e7"%|comb())dp . (S6)

Therefore, any electron state can be described as:

o) = f ¢ slcomb(¢))dep, s7)

where the coefficients c4 and a, are related by the Fourier series

1 ,
J{ Cp = (Zn)_iz age ke

o . (s8)
Lak = (27t)_ff cpe*®de

Lastly, we demonstrate the orthogonality of comb states:

1 <
(comb(p)lcomb($y)) = 5= > @10 = X" 5(g, g, —2m). (59
k

n=-—oo

This analysis reveals the intrinsic properties of free-electron—photon interactions and their
effects on electron comb states, providing a foundation for further exploration of quantum
aspects of the interaction.

Section 11: Electron energy spectrum of an arbitrary electron state interacting with an
arbitrary photonic state

In this section, we derive the electron energy spectrum of an arbitrary electron state
after the interaction with an arbitrary quantum photonic state. This derivation shows the
advantages of the comb electron basis, and we get the equation for the electron energy loss
spectrum in the most general case.

We consider the most general initial state, which is a tensor product of an arbitrary pure
electron state [} and an arbitrary photonic state p,y, represented by a density matrix:

p = [Ye)hel ® Pph, (510)

where according to the previous section the electron state can be written in the comb basis
|Ye) = f_:r c4,|lcomb(¢;))d¢p,. Consequently, the scattering matrix’s action on the initial
state is:



+1 +
SpSt = f de, f Cp,C, Icomb(p1)){comb(¢h2)| ® D(gqe'?*)ppnD(—gqe'??). (S11)

The electron energy spectrum equals the probability of the electron having energy Ej, after the
interaction:

P, = Trph(EklplEk) =

=f d¢1f do, C¢1C§>2(C0mb(¢2)|Ek)(Ek|C0mb(¢1))Trph[Pphﬁ(_gqei(pz)ﬁ(gqei(pl)]-

Using the definition of the comb electron and the property of the coherent shift operators that
D(a)D(B) = e *F~“PI2D(a + B) [2]:

1 +m +m . . 2 . i .
-1 -1

where Cg (gq(ei‘i"1 — ei¢2)) = Trpn [pphﬁ (gq(ei"’1 — ei¢2))] is the characteristic function

of the photonic state. The characteristic function fully describes the quantum photonic state
and is connected to with Wigner function by the Fourier transform [4]:

W) =~ f 42§ Cy(£)ePE e, (513)

Now we can change variables ¢ = ¢, — ¢,, @ = ¢, and get:
1 " . Loz tn .
P, = Ej_n dpeik® gilga| sine j_n da ¢g4qC4Cs (gqe‘“(e“” — 1)), (S14)

We note that the electron energy spectrum Eq. (S14) is derived for the most general case of an
arbitrary pure electron state and an arbitrary photonic density matrix. From Eq. (S14) it
becomes evident that the characteristic function can only be reconstructed within the circle of
radius 2|gq|. This sets the fundamental limit on how much information we can reconstruct
from the electron energy spectrum.

Section I11: The reconstruction of photonic state using electron energy spectrum
In the previous section, we showed that the spectrum contains information about the
characteristic function of the photonic state within the circle of radius 2|g,|. Let’s now show

that the characteristic function C, (&) cannot be reconstructed from unshaped electrons and can
be reconstructed using electron homodyne detection.

Firstly, Eqg. (S14) can be further simplified. We can first find the Fourier series of the
electron energy spectrum Py:

+00
. 2 . .
P(¢) = e~il9al sing Z P e~ike (S15)

k=—o

Indeed, if we know P;, we can easily find P(¢) according to Eq. (S15). Furthermore, we easily
can reverse the equation and find P, if we know P(¢):



1 +T ] ) 2 .
Pe=5 f d e eiloal’sindp (), (S16)
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The advantage of P(¢) is that it is directly connected with characteristic function. According
to Eq. (S14), P(¢) is connected with the characteristic function by the following relation:

P(p) = fjnda Cp+aCaCs (gqei“(ei‘l’ - 1)) (517)

Now let us see what electron state with coefficients c4 allow reconstruction of C;.

Unshaped electrons:

Firstly, let us consider single-energy electron |E,) with energy E,. Its Fourier transform
gives:

cy = (2m)~Y2, (518)

Then accordingly we have:
1 (" (. id
— a o __
P(@) = o j_n da G, (gqe“(e — 1)) (519)

Indeed, Eq. (S19) is not invertible. We can only get C,(&) averaged over all possible phases.
Eq. (19) shows that the electron spectrum of unshaped electrons cannot reconstruct a quantum
photonic state.

Electron homodyne detection:

Let us now show that the electron shaped by a coherent classical photonic state phase-
locked with the target quantum state can reconstruct this quantum state. The electron state after
the interaction with the coherent photonic state is described by [37]:

Yed = > J(lBDe™ IEy) (520)

k=—o0

where |S|e? is the semi-classical coupling of a coherent state |a) with free electrons. This
coupling is connected to g, by the following equation: |Blet? = gqa. The coefficients in the
comb basis according to Eq. (S8) are equal to:

1 ,
co = @t Y e,

k

where according to Eq. (S20), the coefficients in the energy basis ). ax|E)) equal to a; =
J(1B8De*? . Then, the coefficients equal:

1 .
cp = @m) 2 ) J (BN,
k
We use the Laurent series e*<°s¢ = ¥, J,.(x)e'?*, and get:

cp(8) = (2m)~/2e2IFlisin(6-9), (S21)

Then, according to Eq. (S17), we get:



1t o . L
P(¢; 9) — %[ da e2|,8|L(51n(9—¢—a)—sm(9—a)) (gqela(el¢ _ 1)) ) (522)
-

We change variables « —» a + ¢/2 and get:

1 (t" . .
P(¢;0) = Ef da e~ *lFlisingcos@=0)¢ (2ig e sin ¢/2). (S23)
(4
. _ (wew1)
We use once again the Laurent series e”  z =Y _ J,(z2)w™ and get:
e—4|ﬁ|isin¢>cos(a—9) — Z ]n(4|.3| sin ¢)in einae—ine ] (524)
n=-—oo

Then, Eq. (S23) can be written as:

P(¢; 0) —2 Z ~inf (]n(4|,8|smq.’>)1 f da e, (Zlgq ta sm?)). (S25)

n=—oo

Now, using the Fourier series we can find B, (¢) = f daemeP(dx 0):

\/_]n(4|l3|51n @) in

+7
P.(¢) = f dae™ Cy(2ig,e'®sin¢/2). (S26)
-7t
Applying the Fourier series once again, we get:
Cy(2igqe®sin/2) = Z P (¢)e~ina (S27)
n=-—oo

Combining all the equations, we get:

—ina
e

Cs (210 Sm) v_ ToGIsing) "

f nd@ei”BP(q’); 9) (528)

If we substitute the definition of P(¢, 8), we will get the connection between the characteristic
function and the electron energy spectrum:

. ) L|gq| sin¢ -ina +7 » -
2i i _) z J in Z p -ik¢  (S2
CS< igqe'®sin > ]n(4|ﬁ|51n ) dbe 4 (B)e (529)

Importantly, in the case of |B| > 1 the reconstruction can be done even in a simpler
way. Eq. (S23) in this case can be approximated with stationary phase approximation:

. il .
P($;0) ~ (8r|BlIsin p|)~1/2e PISMOITTC (219, e sinp/2]) +
. . im .
+(8n|B]sin ¢|)" V2 PSP 0 (—2ig,e®|sin /2]). (S30)
This allows us to find C;(2ig,e™|sin ¢/2|) without any integrals:

¢ v8rlB|lsin @] —41B]Isin pli+ T _ 4|BlIsingli-Z
siny D 21cos(8|ﬁ||sm¢|)<e “P(),0)—e $P(¢,0 +m) |.(S31)

<Zlgq



Eq (S28) and Eqg. (S31) allow us to reconstruct the characteristic function in the circle of radius
2| gq|, thus extracting the maximal possible information from the spectrum.

Section 1V: The overlap of the reconstruction depending on the interaction constant

In the preceding section, we demonstrated the feasibility of reconstructing the
characteristic function of a photonic state within a circle of radius 2|g|. Let's proceed under
the assumption that our knowledge of the characteristic function is limited to this circle, and
beyond this boundary—specifically outside the circle of radius 2|gq|—the characteristic

function is considered to be zero. Under these conditions, we aim to compute the overlap
between the reconstructed state and the actual state as a function of the magnitude of the

coupling constant, |gq|. The overlap between the measured characteristic function,

Cmeasured (§), and the actual characteristic function, C(§), of the state is defined by the
equation:

overlap =

1

NGIRE] j Crmeasured (§)C*(§)d?¢E|. (S32)
From Eq. (S32), itis clear that the overlap can achieve a maximum value of 1, indicating perfect
overlap between the measured and actual states, and a minimum value of 0, signifying complete
dissimilarity. In the realm of quantum photonic states, this overlap metric serves as an indicator
of the phase space similarity between two states. This concept is closely related to fidelity,
where both metrics are designed to quantify the degree of similarity, or "closeness,"” between
two quantum states. Notably, fidelity and overlap share an identical value range: O for states
that are distinctly different, and 1 for identical states. To elucidate this relationship further, we
plot the overlap of the measured characteristic function with the characteristic function of the
quantum signal as a function of the coupling constant |gq|, as illustrated in Fig. S1. This
visualization reveals a direct correlation: as | gq| increases, so does the overlap, thereby
enhancing the precision of the reconstruction.

Additionally, we include the table detailing the characteristic and Wigner functions of
the photonic states under consideration. This table serves as a reference for understanding the
diverse behaviors and properties of various photonic states within the specified framework.

Table S1: Fock representation, Wigner, and characteristic functions of the photonic states
Name Fock basis Wigner function W () Characteristic function € (&)

Coherent = @ Ee—ZIB—aIZ e—lE12géa—¢a
la) = Z —=In -
£ /nl ) 1

Fock 2(—1 R _Ligp2

= & 2CD" poior L, aipr) e 2L, (1€
+ |- 2 _1
cat |cat) = M, Te‘zm‘“'z + e~2lB+al® 2¢ 28" cos(éa* — &a) +
N R 2eoléI*=2laP cos(éa* + &)
Ny = 2(1 + e~2le?) + 2e~ 18 cos(4alm[B])

Mixed la) + (—al 1, . _ L2 R
Pmixed =% ;(e 208-al* 4 4 2|ﬁ+a|2) e Sl cos(éa* — E*a)

i (—1)™/(2m)! e™? (tanh r)™ \2m) le—|COShTe_ieﬁ+sinhreieﬁ*|z e—%|coshre‘i9§*+sinhrei9§|z
Vcoshr 2™Mm! T

m=0

Thermal e n __1BP? 2+
M e =
Sm+1lm+1 T2m + 1)
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Fig S1: The overlap between the quantum signal and the reconstructed signal. The
reconstruction is based on the conservative choice of a zero characteristic function outside the
circle of radius 2|gq|. (a) Theoretical (i.e., expected) characteristic functions for coherent,
thermal, cat, mixed cat, squeezed vacuum, and Fock states. The first row illustrates the real
parts, while the second row illustrates the imaginary parts of the characteristic functions. (b)
The overlap between the theoretical and the reconstructed characteristic functions, defined by
Eq. (S32), as a function of the strength of free-electron-photon coupling g4. The red line
indicates when the overlap is 0.95. The parameters are taken the same as in the main text. In
Fig. 3, the mean photon number is 3 for the Fock, coherent, thermal, and squeezed vacuum
states, or 1 for the cat and mixed-cat states.



