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ABSTRACT

Spontaneous light emission is central to a vast range of physical systems and is a founding pillar for the theory of light–matter interactions. In
the presence of complex photonic media, the description of spontaneous light emission usually requires advanced theoretical quantum optics
tools such as macroscopic quantum electrodynamics, involving quantized electromagnetic fields. Although rigorous and comprehensive, the
complexity of such models can obscure the intuitive understanding of many quantum-optical phenomena. Here, we review a method for calcu-
lating spontaneous emission and other quantum-optical processes without making explicit use of quantized electromagnetic fields. Instead, we
introduce the concept of transition currents, comprising charges in matter that undergo transitions between initial and final quantum states. We
show how predictions that usually demand advanced methods in quantum electrodynamics or quantum optics can be reproduced by feeding
these transition currents as sources to the classical Maxwell equations. One then obtains the relevant quantum observables from the resulting
classical field amplitudes, without washing out quantum optical effects. We show that this procedure allows for a straightforward description of
quantum phenomena, even when going beyond the dipole approximation and single emitters. As illustrative examples, we calculate emission
patterns and Purcell-enhanced emission rates in both bound-electron and free-electron systems. For the latter, we derive cathodoluminescence
emission and energy-loss probabilities of free electrons interacting with nanostructured samples. In addition, we calculate quantum-beat phe-
nomena in bound-electron systems and wave function-dependent optical coherence in free-electron systems. Remarkably, the transition-current
formalism captures more complex phenomena, such as many-body interference effects and super-radiance of both bound- and free-electron sys-
tems, second-order processes such as two-photon emission, and quantum recoil corrections to free-electron radiation. We review a variety of
light–matter interactions in fields ranging from electron microscopy to nanophotonics and quantum optics, for which the transition-current the-
oretical formalism facilitates practical simulations and a deeper understanding of novel applications.
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I. INTRODUCTION

Spontaneous emission provides a source of insight into light–
matter interactions in atomic, molecular,1–39 and condensed-matter40–
56 systems. Although the fundamental principles of spontaneous emis-
sion have been well understood for some time,57,58 ongoing research
explores intriguing variations of this process, including novel light
emitters,3 multipolar transitions beyond the dipole approxima-
tion,2,6,8–15 quantum emission rates through the Purcell effect,5,16–20,32–
39 and exotic variants in nonlinear processes like two-photon emis-
sion13,21–27 and high-harmonic generation.28,30 Solid-state emitters40–
56 serve as novel single-photon sources40,48–52 and allow probing the
rich physics of excitons.40,41,46,47,53–56 Additionally, spontaneous emis-
sion by free charged particles59–91 finds applications in particle

detection,63,65 radiation sources,60,70,82–84 electron micros-
copy,61,68,74,77–81,90 and the study of fundamental quantum phys-
ics.64,69,85–89

The comprehensive understanding of these spontaneous emission
phenomena is credited to quantum electrodynamics (QED), where
second-quantized electromagnetic field operators are employed.27,31,92–94

However, it has been recognized that quantizing the electromagnetic field
into photons or photonic quasiparticles,27 though sufficient for describ-
ing spontaneous emission, is not entirely necessary.94,95 Moreover, the
conventional QED approach becomes particularly cumbersome when
dealing with complex optical media requiring a macroscopic treat-
ment27,93 [Figs. 1(a) and 1(b)]. Nonetheless, it is important to note that
much of the underlying physics can be explained by Maxwell’s equa-
tions—classical electrodynamics offers a simpler approach to calculating
radiation emission by considering the fields emanating from a current
source. Notably, ample computational tools are available for such calcula-
tions, even in complex structures. This classical perspective proves
advantageous for research in various fields, such as nanophotonics,96

electron beam physics,90 and quantum optics.92,94

Consequently, there is a constant uncertainty between the con-
trasting ways for calculating radiation emission: cumbersome methods
in QED that are usually only practically applicable in simple material
configurations, vs the ample tools in classical electrodynamics that
apply even in complex environments. Remarkably, there exists a rigor-
ous and intuitive way to find a common ground: the “transition-
current formalism” (TCF) of spontaneous emission.29,97,98 This
method can be applied to take the best of both worlds—enabling quan-
titative QED predictions in complex material configurations by using
the established tools of classical electrodynamics.

In this work, we review the TCF for calculating quantum opti-
cal phenomena in complex settings. While this method was used in
a few pioneering works,29,97,98 its potential was not fully appreci-
ated by the wider community. This has recently become more rele-
vant than ever, as there is a growing need for a versatile predictive
theory in light–matter interactions and quantum optics in arbitrary
electromagnetic platforms. For this purpose, we provide a tutorial
of the theoretical formalism and complement it with examples of
application to explain several phenomena in a variety of light–
matter interaction platforms.

The TCF offers an exact description of radiation emission,
utilizing electromagnetic field amplitudes from current sources associ-
ated with transitions in quantized matter. This method accurately
accounts for phenomena like spontaneous emission, photon correla-
tions, and decay rates of systems such as bound electrons in atoms,
molecules, and condensed matter, as well as cathodoluminescence
(CL) and electron energy-loss spectroscopy (EELS) from free electrons.
Additionally, it applies to light emission from many-body systems, and
even applies for second-order processes like two-photon emission.

Further, the TCF allows an intuitive understanding while
rigorously accounting for quantum interference effects in light
emission. Reproducing the same results as in perturbative QED
(see Fig. 1), this formalism relies on solving the classical Maxwell
equations, decoupling the electromagnetic environment from the
sources of radiation (e.g., quantum emitters). This approach accu-
rately captures quantum optical aspects from the emitter, while
established classical treatments are employed to determine the
radiation field amplitudes.
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II. THE TRANSITION-CURRENT FORMALISM: BASIC
INGREDIENTS
A. The foundations of the transition-current formalism:
Quantum-optical emission from the classical Maxwell
equations

Research of spontaneous emission in complex electromagnetic
media has mainly concentrated on modifying emission rates (e.g., via
the Purcell effect16) and molding radiation patterns. Various structures
like optical cavities,34–37,97,99 photonic crystals,17,38,39,52,100–103 nano-
plasmonic structures,19,29,104–108 metamaterials,109–114 and two-
dimensional materials43,45,53,115–120 have been probed for enhancing or
suppressing spontaneous emission. Analytical calculations are often
limited to scenarios that admit closed-form expressions for the
medium response and the electromagnetic Green function.96

An alternative approach to considering the complex optical environ-
ment involves numerical simulations of radiation patterns using solvers of
Maxwell’s equations. This approach often treats quantum transitions of
emitters like atoms, molecules, or free electrons as classical sources. For
example, emitters are often modeled as point-dipole sources,19,97,121 while
in areas such as electron microscopy and high-harmonic generation, elec-
tron wave functions are described by classical current densities.66,72,91

However, these simplified semiclassical methods29,30,91,97,104,121–132 have

limited validity,69,123,124,126,127,129–131 particularly when multiple coherent
quantum transitions are present.32,33,124,133–139 This simplification is also
problematic when emitter wave functions extend spatially40,46,69,123 and
become comparable to the emitted wavelength, impacting phenomena
such as quantum path interference,33 quantum decoherence,140 emission
due to delocalized wave functions,40,46 and quantum recoil correc-
tions.64,141 These quantum aspects gain importance in phenomena such
as quantum beats from multi-level emitters,32,33,124,133–136,142,143 multipo-
lar transitions in atoms,2,6,144 spontaneous emission from quantum
dots,40,46 high-harmonic generation,28,30,123,145 super-radiance,146–148 and
radiation from free electrons.64,68,69,90,149–151

To correctly model quantum-mechanical light emission using
classical fields, we first need to describe the radiation sources in terms
of classical current densities. We consider a generic system in which
matter (bound- or free-electron systems) is described by the
Hamiltonian bHmat, and the electromagnetic field by the HamiltonianbHF. The interaction between them is described by the linear part of the
minimal coupling interaction Hamiltonian, bH int ¼ e

m
bA � bp, where bA

denotes the electromagnetic vector potential, bp is the electronic
momentum operator (hereon,b� denotes an operator), and e and m are
the electron charge and mass, respectively. Other forms of the interac-
tion Hamiltonian are considered in Sec. IIB, but for now, we exemplify
the concept using this ubiquitous form of interaction.

FIG. 1. The transition-current formalism (TCF): concept and equivalence to conventional QED. (a) A quantum emitter can undergo a transition between an initial (e.g., excited)
state and a final (e.g., ground) state, with known wave functions. (b) A conventional QED approach for calculating the spontaneous emission transition relies on macroscopic
QED for quantitative predictions in arbitrary photonic environments. This approach requires calculating matrix elements between initial and final states from the interaction
Hamiltonian, namely, e=mð ÞbA � bp in the linearized minimal coupling scheme. The electromagnetic field operators bA and bE are quantized in terms of local optical excitation
operators bf r;xð Þ, which are related to the electric field operator bE at every point in space via the dyadic Green function Gðr; r0;xÞ, constituting the electromagnetic response
of the medium. (c) The TCF bypasses the cumbersome calculations of conventional QED. This approach defines a current source function jfi r;xð Þ that captures the transition
between the initial and final states. (d) This function is then directly fed as the source of the classical Maxwell equations. The field amplitude solution Efi can be obtained from
the current source using the (classical) dyadic Green function. The final quantum predictions can all be derived using the set of Efi and jfi for all the relevant initial and final
states. In this picture, one need not explicitly consider the notion of the photon—arriving at the same predictions without a quantized electromagnetic field. (e) The same observ-
ables can be derived either using macroscopic QED or transition currents. In macroscopic QED, the expectation value of the field operators is calculated via the rules of quan-
tum theory, considering entanglement with the emitting matter, and tracing out its degrees of freedom. Conversely, the TCF enables the derivation of the same observables
using a simple summation of the different classical fields Efi over the relevant initial and final states.
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We can associate current densities with the “transition” of the
electronic system from an initial state ij i to a final state fj i. To keep
the correspondence with the transition matrix element for emis-
sion of a photon in mode uj rð Þ that is proportional toÐ
d3rw�f uj � ð�i�h$Þwi, this c-number current density, or “transition

current,” is given by

jfi r; tð Þ ¼ e
m
w�f r; tð Þ �i�h$ð Þwi r; tð Þ; (1)

where wiðfÞ r; tð Þ is the wave function of the initial (final) state of the
electronic system. As we shall see in Sec. II B, the c-number amplitude
jfi r; tð Þ is no other than the matrix element, between states ij i and fj i,
of the current density operatorbj rð Þ, which by itself is an observable.

The frequency-domain c-number electric field amplitude is then
related to the Fourier transform of the transition current density of Eq.
(1) via

Efi r;xð Þ ¼ il0x
ð
d3r0G r; r0;xð Þjfi r0;xð Þ; (2)

where G r; r0;xð Þ denotes the dyadic electromagnetic Green tensor of
the optical medium in question, on which we elaborate in an ensuing
section. Therefore, Efi is a classical field amplitude associated with the
emission of light due to a single transition of the emitter system from
state ij i to state fj i.

The TCF is applicable in more general configurations. For exam-
ple, oftentimes emitters are prepared in a coherent superposition of
different initial states. Such initial quantum coherence can lead to
“which path” interference between different emission channels, result-
ing from non-zero matrix elements from multiple initial states to a
common final state. This leads to a coherence that may be inherited by
the emitted light [as is the case with quantum beats,55,56,124,152,153 for
example; see Fig. 2(a)]. Since the emitter-light system is inherently

FIG. 2. Applications of the transition-current formalism (TCF) in different physical systems. (a) Atoms and molecules: Examples of effects that can be directly described by the
TCF include quantum beats, the Purcell effect and super-radiance. Atoms and molecules are characterized by discrete transitions, and they are often placed near nanophotonic
structures, situations of special relevance to the TCF. (b) Solid state emitters: Examples of effects that can be directly described by the TCF include beyond-dipole phenomena
and two-photon emission processes. Solid state emitters include, for example, quantum dots and quantum wells, and they can host bound states of electrons and holes called
excitons, that upon recombination may emit light. Such emitters are often located in the vicinity of dielectric and metallic interfaces, situations in which the transition-current
approach is especially beneficial. (c) Free electrons: Examples of effects that can be directly described by the TCF include interactions of a free electron and a periodic nano-
structure resulting in the emission of light—the so-called Smith–Purcell effect, and, more generally, cathodoluminescence and electron energy loss spectroscopy. Other effects
include quantum optical decoherence and quantum coherence transfer in free-electron light emission, and quantum recoil corrections in free-electron radiation that change the
spectrum of the emitted light. Free-electron emission processes are unique as electrons cannot emit light in free space; however, they can do so when interacting with optical
near fields of an electromagnetic environment at any arbitrary spectral range, exactly the situations in which the transition-current approach is applicable.
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entangled by the interaction, quantum decoherence140 plays a major
role. Decoherence occurs, for example, when a single emitter finds
itself in more than one final state, and when only the light is measured
(i.e., only one subsystem of the composite system is measured). In par-
ticular, decoherence determines the ability of different modes of the
emitted light to interfere coherently. Thus, decoherence has direct
implications already on measurables such as the degree of first-order
coherence of the electric field.

These effects are often cited as one of the hallmarks of the field of
quantum optics.94 In the language of quantum optics,154 the degree of
first-order coherence is a physical observable that is given by the

expectation value of a product of two electromagnetic field “operators”bE: as in hbE†
r;xð ÞbE r0;x0ð Þi, where �h i denotes a quantum expectation

value. However, the TCF allows us to recover the same physical
observable without the complexity of using the quantum-optical nota-
tion of field operators, as described below and illustrated in Fig. 3.

It turns out that, to correctly account for quantum interference
between different transitions, and simultaneously capture the effects of
decoherence, the field autocorrelation function should be expressed as
a coherent summation of the c-number amplitudes Efi over initial
emitter states, together with an incoherent summation over available
final states,

FIG. 3. Flowchart of the transition-current framework. The initial and final quantum states of the emitter define the transition currents, in their various forms, regimes, and sys-
tem types (e.g., bound and free electrons). Moving to the frequency domain, one can derive the field amplitudes using the dyadic Green function. From there, the first-order cor-
relations, transition rates, and emission patterns could be directly derived. To calculate two-photon processes, one defines the transition conductivity tensor, followed by the use
of the dyadic Green function to obtain second-order correlations and two-photon emission rates.
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bE†
r;xð ÞbE r0;x0ð Þ

D E
¼
X
i;i0

X
f

qe i; i0ð ÞE�fi r;xð ÞEfi0 r
0;x0ð Þ; (3)

where qe i; i0ð Þ denotes the initial density matrix of the emitter. The
intuition behind Eq. (3) stems from the above observations: initial states
can interfere coherently, and their coefficients are given by the entries of
the initial density matrix in the emitter. Moreover, distinct orthogonal
final states cannot contribute to coherence, and therefore, they are
summed incoherently (i.e., traced-out). In the supplementary material,
Secs. SI2–SI3, we prove that the above rule, together with Maxwell’s
equations, reproduces the results obtained from time-dependent pertur-
bation theory in QED as well as macroscopic QED.

B. Different forms of the transition current

The transition current presented in Eq. (1) is its most common
form in previous literature. In this section, we present other forms that
are relevant for the different implementations of the TCF. These exam-
ples show that the TCF is a general framework that can be directly
applied to different interaction Hamiltonians. The results of this sub-
section are summarized in Table I.

For example, when including the electron spin angular momen-

tum operator bS and the magnetic field bB, described by the interaction
Hamiltonian bH int ¼ e

m
bA � bp þ e

m
bS � bB, the transition current is

jfi r; tð Þ ¼ e
m
w�f r; tð Þ �i�h$ð Þwi r; tð Þ þ e

m
$ w�f r; tð Þwi r; tð Þ� �� Sfi; (4)

where Sfi ¼ f bSj jih i is the matrix element of the spin operator. We shall
use this form for calculating the emission from the hydrogen atom. If
one wishes instead to use the symmetrized version of the nonrelativis-
tic interaction Hamiltonian, namely, bH int ¼ e

2m
bA � bp þ e

2mbp � bA, the
transition current reads

jfi r; tð Þ ¼ e
2m

w�f r; tð Þ �i�h$ð Þwi r; tð Þ � e
2m
�i�h$ð Þw�f r; tð Þwi r; tð Þ:

(5)

For most cases, the symmetrized form Eq. (5) could be reduced to
the asymmetric form in Eq. (1) whenever the permittivity � rð Þ is a
slowly varying function of position in the vicinity of the emitter.

The generalized Coulomb gauge, $ � � rð ÞbAh i
¼ 0 ensures that, to a

good approximation, bA;bph i
¼ 0 at the emitter location, even in more

general optical environments.
For relativistic particles, the interaction Hamiltonian emerging

from the Dirac equation is bH int ¼ eca � bA, and the transition current
becomes

jfi r; tð Þ ¼ ecw†
f r; tð Þawi r; tð Þ; (6)

where wiðfÞ r; tð Þ are the initial (final) spinor wave functions and a the
Dirac a matrix. Mitigating the complexity of working with spinor
wave functions for a relativistic treatment, the scalar Klein–Gordon
wave functions with positive energy,

E kð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h2k2c2 þm2c4

p
; (7)

and the interaction Hamiltonian bH int ¼ e
mc
bA � bp with the Lorentz fac-

tor c, can be employed, yielding

jfi r; tð Þ ¼ e
mc

w�f r; tð Þ �i�h$ð Þwi r; tð Þ: (8)

Finally, when using second quantization to describe the emission
by a many-particle system, it is common to consider the current
operator, which takes the form

bj rð Þ ¼ e�h
2im

bw†
rð Þ$bw rð Þ � e�h

2im
$bw†

rð Þ
� �bw rð Þ; (9)

where bw rð Þ denotes the position-space annihilation operator. We can
identify the transition current as the matrix element of the current
operator

jfi r; tð Þ ¼ hf tð Þjbj rð Þji tð Þi; (10)

where ji tð Þi ¼ e�ibHmatt=�hjii and jf tð Þi ¼ e�ibHmatt=�h fj i are the many-
body initial and final states. Treating the current as an operator also
leads to the useful identityX

i;i0

X
f

qe i; i0ð Þj�fi r;xð Þjfi0 r0;x0ð Þ ¼ tr bqe
bj† r;xð Þbj r0;x0ð Þ

n o
� bj† r;xð Þbj r0;x0ð Þ
D E

; (11)

TABLE I. Different forms of the transition current. We consider the position-dependent current density jfi rð Þ defined in Eq. (13) for transitions between energy eigenstates having
energies Ef and Ei , where jfi r;xð Þ ¼ 2pd x� Ei�Ef

�h

� �
jfi rð Þ and jfi r; tð Þ ¼ e�i Ei�Efð Þt=�hjfi rð Þ are, respectively, the frequency- and time-dependent current densities.

Minimal coupling jfi rð Þ ¼ e
mw�f rð Þ �i�h$ð Þwi rð Þ

Atomic jfi rð Þ ¼ e
mw�f rð Þ �i�h$ð Þwi rð Þ þ e

m$ w�f rð Þwi rð Þ
� �� Sfi

Point-like emitter jfi rð Þ ¼ �iexdfid r� r0ð Þ þ i ex2 Q0fi � $d r� r0ð Þ � e
2mMfi � $d r� r0ð Þ þ � � �

Symmetric minimal coupling jfi rð Þ ¼ e
2mw�f rð Þ �i�h$ð Þwi rð Þ � e

2m �i�h$ð Þw�f rð Þwi rð Þ
Dirac jfi rð Þ ¼ ecw†

f rð Þawi rð Þ
Klein–Gordon jfi rð Þ ¼ e

mc w
�
f rð Þ �i�h$ð Þwi rð Þ

Many-body jfi rð Þ ¼ hf jbj rð Þjii
with bj rð Þ ¼ e�h

2im
bw†

rð Þ$bw rð Þ � e�h
2im $bw†

rð Þ
� �bw rð Þ
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relating the electric field correlations to the current correlations via
Eqs. (2) and (3) as

bE†
r;xð ÞbE r0;x0ð Þ

D E
¼ l20x

2
ð
d3R

ð
d3R0G� R; r;xð Þ

� G r0;R0;x0ð Þ bj† R;xð Þbj R0;x0ð Þ
D E

: (12)

To clarify tensor notation, the above equation is to be understood as an
outer product of the two vector electric fields, such the G� contracts withbJ† and G contracts withbJ. Finally, we introduce two useful notations for
transitions between energy eigenstates. First, the position-dependent
transition current, jfi rð Þ, which relates to the frequency-domain transi-
tion current jfi r;xð Þ via

jfi r;xð Þ ¼ 2pd x� Ei � Ef
�h

� �
jfi rð Þ; (13)

and its spatial Fourier transform,

jfi qð Þ ¼
ð
d3re�iq�rjfi rð Þ; (14)

which becomes useful for the description of far fields.

C. Transition currents beyond the dipole
approximation

The TCF covers all transition multipolar orders,155 enabling uni-
fied calculations of emission by delocalized quantum emitters beyond

the dipole approximation. Strong magnetic transition-dipole moments
in rare-earth ions156 sparked interest in atomic transitions beyond the
dipole approximation. Contemporary studies investigated Purcell
enhancement of magnetic transitions in nanophotonics6,9,10,12 (see
Fig. 4), while plasmonic structures with strong field confinement were
explored for enhancing multipolar transitions.8,11,14,15 Short light
wavelengths were shown to grant access to multipolar forbidden tran-
sitions of atomic emitters.13 Substantial multipolar corrections to spon-
taneous emission were observed in large quantum dots40,46,98,157–159

(Fig. 5). Furthermore, the dipolar approximation has been predicted to
breakdown in inter-subband transitions in quantum wells with gra-
phene plasmons, leading to enhanced emission rates and transition
frequency shifts.45,160

In the supplementary material, Secs. SI4–SI5, we show that for a
nonrelativistic current with a Pauli spin term [Eq. (4)] the transition
current up to the first order in q is given by

jfi qð Þ ¼ �iexdfi �
ex2

2c
Q0fi � bq � iex

2mc
Mfi � bq þ � � � ; (15)

where dfi;Q0fi, and Mfi are, respectively, the transition electric dipole,
the electric quadrupole and the magnetic dipole moments of the quan-
tum emitter. Note that the notation Q0fi stands for the non-traceless
tensorQ0fi ¼

Ð
d3rw�f rð Þrrwi rð Þ, which, although being more accurate

for the above description, differs from the conventional traceless defi-
nition of the electric quadrupole tensor Qfi ¼

Ð
d3rw�f rð Þ

� rr� 1
3 r

2I
	 


wi rð Þ. These definitions are interchangeable when

FIG. 4. Spontaneous emission beyond the dipole approximation in atomic and molecular emitters. (a) Theoretical study of comparable dipolar and quadrupolar transitions from
three-level quantum emitters inside a plasmonic particle-on-mirror nanocavity.15 Bottom: ratio between the Purcell factors of the quadrupole and dipole contributions.
Reproduced with permission from Cuartero-Gonz�alez et al., ACS Photonics 5, 3415 (2018). Copyright 2018 American Chemical Society. (b) Accessing dipole-forbidden transi-
tions of atoms by shrinking the wavelength of the emitted light.13 Bottom: Transition rates of forbidden hydrogen transitions as a function of the confinement factor (ratio between
the free-space and plasmonic wavelength). Reproduced with permission from Rivera et al., Science 353, 263 (2016). Copyright 2016 AAAS.
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considering emission in free space because a transverse polarization
satisfiesb� � Q0fi �Qfi

	 
 � bq ¼ 0.
From the above expansion and using

Ð
d3qeiq�rq ¼ �i$d rð Þ, one

can also infer the expansion of the position space transition current up
to first order in $, given by

jfi rð Þ ¼ �iexdfid r� r0ð Þ þ i
ex
2
Q0fi � $d r� r0ð Þ � e

2m
Mfi

� $d r� r0ð Þ þ � � � : (16)

The expression above is valid for a localized emitter at a position r0
whose size is much smaller than the emission wavelength. These
point-like emitters may possess electric dipole, electric quadrupole,
magnetic dipole moments, and so on, all of which are contained in the
position space transition current. The leading expansion orders are
summarized in Table II. Equations (15) and (16) show that the transi-
tion current indeed encapsulates all the relevant information for a
localized emitter. This is, of course, also true for delocalized emitters
whose length scales may exceed the emitted wavelength, such as free
electrons or excitons. For such systems the expansion of Eq. (16) may
become inaccurate, thus necessitating the full functional form of jfi rð Þ.

D. Transition currents of free charged particles

Complementing the sections above on bound-electron systems,
we focus now on the application of the TCF to explain spontaneous
light emission and energy-loss rates in free-electron systems. Prior to
delving into the details, we discuss the experimental context in which
spontaneous light emission by free electrons serves as a diagnostic tool
in electron microscopy.

A large deal of work has been devoted to researching on the inter-
action between free electrons and nanophotonic structures using

electron microscopes (Fig. 6). Free-electron beams function as high-
resolution probes, characterizing nanoscale optical systems. Electron
energy loss spectroscopy61,79–81 (EELS) can be used to measure the
electromagnetic local density of optical states (LDOS) and reconstruct
near-field profiles61,79,81 of, for example, plasmonic nanoparticles.61,79–81

Complementary to EELS, cathodoluminescence (CL) spectroscopy
methods have evolved,75–78 capitalizing on light emission from the free-
electron–sample interaction. Enhanced techniques such as angle- and
polarization-resolved spectroscopy76–78,161 yield richer insights, includ-
ing, for example, the coherent interference of multiple plasmonic modes
induced by the electron beam.77

CL-based light sources have been extensively studied since the
discovery of the Cherenkov effect59 and phenomena such as the
Smith–Purcell effect,71 transition radiation,162 diffraction radiation,163

and undulator radiation.164 Recent research demonstrates the versatil-
ity and controllability of these sources, enabling light emission with tai-
lored spectral and spatial profiles.70,84,165–171 For an in-depth

FIG. 5. Spontaneous emission beyond the dipole approximation in solid state emitters. (a) Experimental demonstration of modified emission rates of mesoscopic quantum dots near
plasmonic nanostructures.40 Bottom: measured deviation of the emission rate of a mesoscopic quantum dot from the dipole approximation, as a function of emitter-interface distance.
Reproduced with permission from Andersen et al., Nat. Phys. 7, 215 (2011). Copyright 2011 Springer Nature. (b) The presence of graphene plasmons can shift emission frequency
and enhance emission rates in quantum-well emitters, with corrections beyond the dipole approximation.45 Bottom: controllable transition frequencies of quantum wells enabled by gra-
phene plasmons and by tunable Fermi energy. Reproduced with permission from Kurman et al., Nat. Photonics 12, 423 (2018). Copyright 2018 Springer Nature.

TABLE II. Multipolar expansion of the transition current. The transition-current func-
tions jfi rð Þ and jfi qð Þ can be expanded to leading orders in q � r, where the strongest
multipole is commonly retained to derive emission rates, as in Eqs. (76), (81), and
(82). In cases where several multipolar orders have a comparable strength, the TCF
recovers the coherent contributions from all multipoles, as in Eq. (83).

Multipole Position space Momentum space

Electric dipole �iexdfid r� r0ð Þ �iexdfi
Magnetic dipole � e

2mMfi � $d r� r0ð Þ � iex
2mcMfi � bq

Electric quadrupole i ex2 Q0fi � $d r� r0ð Þ � ex2

2c Q0fi � bq
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exploration of free-electron interactions in nanophotonics, we refer to
Refs. 68, 74, 90, 168, and 171.

Fundamentally, free-electron-driven spontaneous light emission
reveals quantum effects beyond classical Maxwell’s equations, includ-
ing electron wave-function effects,69,74,172–176 quantum coherence
transfer,85,87,176 quantum recoil corrections,64,141,177,178 and electron-
electron entanglement.86 These aspects are further examined in sepa-
rate sections below. Notably, the formalism introduced here conve-
niently encapsulates all these features within transition currents.

We now proceed to describe the transition currents for free elec-
trons. When considering spontaneous emission from free electrons,
one can write the most general initial wave function as

wi r; tð Þ ¼ eik0 �r�i
Ek0
�h t/i r; tð Þ; (17)

where k0 and Ek0 are the carrier wave-vector and energy, and the wave
fuction envelope is

/i r; tð Þ ¼
ð
d3dki

2pð Þ3
w k0 þ dkið Þeidki � r�v0tð Þ�i �h

2mc3
dk2i þ���

	 

t
; (18)

is a (not necessarily paraxial) envelope. In writing the above wave
function, we have expanded the relativistic free-electron dispersion
relation

E k0 þ dkð Þ ¼ E k0ð Þ þ �hv0 � dk þ �h2

2mc3
dk2 þ � � � ; (19)

where v0 ¼ �hk0=mc is the electron velocity, and, in particular, Ek0
�Ekf ¼ � Ek0þ kf�k0ð Þ � Ek0

	 
 ¼ �hv0 � k0 � kfð Þ � �h2

2mc3 k0 � kfð Þ2.
Using the Klein–Gordon transition current (or, equivalently, the Dirac
form neglecting spin effects), we find

jfi r; tð Þ ¼ e
e
i k0�kfð Þ� r�v0tð Þþi �h

2mc3
k0�kfð Þ2þ���

� �
tffiffiffiffi

V
p v0 � �h

mc
$

� �
/i r; tð Þ;

(20)

where we have used a plane wave wf r; tð Þ ¼ 1ffiffiffi
V
p eikf �r�i

Ef
�h t for the

final state. In the paraxial approximation, we consider a dominant car-
rier wave-vector and neglect the derivative of the envelope function
$/i as compared to the carrier wave vector k0. This simplifies the
transition current to

jfi r; tð Þ ¼ ev0
e
i k0�kfð Þ� r�v0tð Þþi �h

2mc3
k0�kfð Þ2þ���

� �
tffiffiffiffi

V
p /i r; tð Þ; (21)

which still contains corrections due to electron wavepacket diffraction,
dispersion, and recoil. Equation (21) can be used to calculate quantum
recoil corrections to the coherent CL spectrum, as recently predicted
for the Smith–Purcell effect141 and observed experimentally.178

Taking �h! 0 in the exponentials in Eqs. (19)–(21), simulta-
neously neglects recoil corrections (the so-called “nonrecoil” approxi-
mation) as well as diffraction and dispersion; this approximation is
justified under common CL and EELS experimental conditions.90 The
transition current then further simplifies to

FIG. 6. Spontaneous light emission by free electrons: from classical to quantum. (a) Electron energy-loss spectroscopy (EELS) mapping of plasmonic modes.61 Reproduced
with permission from Nelayah et al., Nat. Phys. 3, 348 (2007). Copyright 2007 Springer Nature. (b) Directional emission from a plasmonic nanoparticle excited by a free elec-
tron, as a function of position, imaged by angle-resolved cathodoluminescence (CL) spectroscopy.77 Reproduced with permission from Coenen et al., Nat. Commun. 5, 3250
(2014). Copyright 2014 Springer Nature. (c) Experimental and theoretical evidence for the independence of Smith–Purcell light emission from a uniform grating on the free-
electron transverse wave function.69 Bottom: radiation pattern of Smith–Purcell light as a function of the azimuthal observation angle, showing no dependence on electron wave
function transverse size. Reproduced with permission from Remez et al., Phys. Rev. Lett. 123, 060401 (2019). Copyright 2019 the American Physical Society. (d) first experi-
mental demonstration of the theoretically predicted quantum recoil141 in free-electron light emission in the x-ray regime.178 Reproduced with permission from Huang et al., Nat.
Photonics 17, 224 (2023). Copyright 2023 Springer Nature.
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jfi r; tð Þ ¼ ev0
ei k0�kfð Þ� r�v0tð Þffiffiffiffi

V
p /i r� v0tð Þ; (22)

in that case, jfi r;xð Þ ¼ ebzeiqfi;T �rT/i;T rTð Þei
x
v0
z ~/z qfi;z � x

v0

	 

=
ffiffiffiffi
V
p

[with

qfi ¼ k0 � kf and where we assumed that the electron wavepacket can

be decomposed into transverse and longitudinal parts, with ~/z(k)
denoting the spatial Fourier transform of /z(z)] resulting in the
current-current correlation for a single electron of the following form

bj† r;xð Þbj r0;x0ð Þ
D E

¼ e2bzbzei x0
v0
z0�x

v0
z

	 

d rT�r0T
	 
ð

dZei
x�x0
v0

Z /i rT ;Zð Þ�� ��2;
(23)

which encapsulates wave function effects both on the power spec-
trum69,173,176 and on the spectral coherence of the emitted light,85,87 as
we shall discuss below.

As a final remark, we note that the classical, point-particle limit is
recovered for /i rT ; zð Þ

�� ��2 ¼ d rT � rT0ð Þd zð Þ, for which we have
bj† r;xð Þbj r0;x0ð Þ
D E

¼ e2bzbzei x0
v0
z0�x

v0
z

	 

d r0T � rT0
	 


d rT � rT0ð Þ
¼ j*c r;xð Þjc r0;x0ð Þ; (24)

where the classical current density for a point electron is given by

jc r;xð Þ ¼ ebzeixv0zd rT � rT0ð Þ: (25)

E. Relevant properties of the dyadic Green function

The cornerstone of the TCF, Eq. (2), centers on the dyadic Green
function, which encapsulates the electromagnetic response of material
structures, linking the electric field at point r and frequency x to a co-
located current source at r0. Within the framework of this formalism, the
dyadic Green function serves multiple purpose: it is applicable across
diverse media, encompassing loss and nonlocal effects,93 and is amenable
to analytical solutions or numerical electromagnetic simulations, depend-
ing on the complexity of the system. Here, we outline the origins of the
dyadic Green function and its diverse forms. We provide a concise over-
view without an exhaustive exploration of its properties and calculation
methods, which are extensively detailed elsewhere.93,96,179

In general, a Green function represents the response of a linear
system to a point source. In our case, a point source of radiation is rep-
resented by a dipole moment d xð Þ placed at some position r0; since
this is a vectorial quantity—as is the electromagnetic field at point
r—the response function should be a rank-2 tensor, which we denote
as G r; r0;xð Þ. Given this observation, we write the electric field ema-
nating from this dipole source as

E r;xð Þ ¼ el0x
2G r; r0;xð Þd xð Þ; (26)

where the pre-factor appears due to dimensionality conventions. For
an arbitrary current source j r;xð Þ, one may envision the summation
over many point-like infinitesimal dipole sources d r;xð Þ
¼ d3r j r;xð Þ=ð�iexÞ. Turning the summation into integration, we
obtain the relation presented in Eq. (2):

E r;xð Þ ¼ il0x
ð
d3r0G r; r0;xð Þj r0;xð Þ: (27)

The dyadic Green function of a local, isotropic, non-magnetic,
lossy, and dispersive medium of permittivity � r;xð Þ satisfies the
equation27,93,96

$� $� G r; r0;xð Þ � x2

c2
� r;xð ÞG r; r0;xð Þ ¼ Id r� r0ð Þ; (28)

where I is the unit dyad. In addition, we select solutions of this equation
that vanish at infinite distances from the interaction region, in the spirit
of the retarded response convention, in which the electromagnetic
frequency-dependent quantities have their poles in the negative imagi-
nary part of the complexx plane. Generalizations exist27,93 for nonlocal
[� r;xð Þ ! � r; r0;xð Þ] anisotropic [scalar � r;xð Þ ! tensor � r;xð Þ]
and magnetic l0 ! l r;xð Þ½ � media, though we shall not consider
them here. There are several cases in which the dyadic Green function
admits a closed-form solution, such as in a uniformmedium:96

G 0ð Þ r; r0;xð Þ ¼ eikR

4pR
1þ ikR� 1

k2R2

� �
Iþ 3� 3ikR� k2R2

k2R2

RR
R2

� 

;

(29)

where k ¼ n xð Þx=c is the wave vector in the uniform medium of
refractive index n xð Þ, and R ¼ r� r0 with R ¼ Rj j. Other cases
include stratified media in planar, cylindrical and spherical geome-
tries.93,180 In Sec. IIIA, we present a far-field approximation for the
uniform medium and planar dielectric boundary cases to calculate
radiation patterns. In addition, the vacuum near-field approximation,
valid for kr ! 0 and given by

G 0ð Þ
NF r; r0;xð Þ ¼ 3RR=R2 � I

4pk2R3
; (30)

can be useful for the calculation of emission and energy loss rates from
emitters positioned in the vicinity of an optical sample embedded in
vacuum (or any uniform medium).

One can also approximate an unknown Green function
G r; r0;xð Þ in the presence of a permittivity perturbation d� r;xð Þ
inside a medium of a known Green function G0 r; r0;xð Þ. Denoting
G r; r0;xð Þ ¼ G0 r; r0;xð Þ þ GS r; r0;xð Þ, one writes the scattering
part GS r; r0;xð Þ as a Dyson series:93

GS r; r0;xð Þ ¼ x2

c2

ð
d3sG0 r; s;xð Þd� s;xð ÞG0 s; r0;xð Þ

þ x2

c2

� �2 ð
d3s
ð
d3s0G0 r; s;xð Þd� s;xð Þ

� G0 s; s0;xð Þd� s0;xð ÞG0 s0; r0;xð Þ þ � � � : (31)

For a nanoparticle of polarizability a xð Þ located at some r0, Eq. (31)
reduces to a closed-form result for the scattering part of the Green
function (proved in Sec. SI12 of the supplementary material):

GS r; r0;xð Þ ¼ l0x
2G0 r; r0;xð Þa xð ÞG0 r0; r

0;xð Þ: (32)

We shall employ Eq. (32) for cathodoluminescence and electron
energy loss calculations in Secs. VIA and VIB, respectively.

Finally, in lossless and weakly dispersive media, Eq. (28) (with the
right-hand side replaced by zero) is satisfied by the eigenmodes uj rð Þ
of the system, with eigenfrequencies xj, as defined by the eigensystem
equation

$� $� uj rð Þ � x2
j

c2
� r;xjð Þuj rð Þ ¼ 0: (33)

The eigenmodes then satisfy the generalized orthogonality conditionð
d3r

1
2xj

d
dx

x2� r;xð Þ
h i���

xj

u�j rð Þuj0 rð Þ ¼ djj0 : (34)
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In order to link the eigenmodes to the dyadic Green function, we fol-
low Ref. 96 and substitute the dyad G r; r0;xð Þ ¼Pjuj rð ÞAj r0ð Þ,
where Aj r0ð Þ is to be determined, into Eq. (28). To proceed, we use the
approximation for weakly dispersive media

x2� r;xð Þ � x2
j� r;xjð Þ

x2 � x2
j

ffi 1
2xj

d
dx

x2� r;xð Þ
h i���

xj

; (35)

where we note that for a nondispersive medium [i.e., for � r;xð Þ
¼ � rð Þ] Eq. (35) is an exact equality. Using Eqs. (28) and (35), we
arrive atX

j

x2 � x2
j

c2
1

2xj

d
dx

x2� r;xð Þ
h i���

xj

uj rð ÞAj r0ð Þ ¼ Id r� r0ð Þ:

(36)

Multiplying both sides of Eq. (36) by u�j r0ð Þ from the left and integrat-
ing, we find Aj r0ð Þ ¼ c2u�j r0ð Þ=ðx2 � x2

jÞ, resulting in

GT r; r0;xð Þ ¼
X
j

c2
uj rð Þu�j r0ð Þ
x2

j � x2
; (37)

where the subscript T was added since the above ansatz procedure96 in
fact reproduces the eigenmode expansion of the transverse part of the
dyadic Green function, satisfying the transversality condition of the
generalized Coulomb gauge rr � [�(r,x)GT(r,r0,x)]¼ 0.182 As shown
in Sec. SI33 of the supplementary material, the total Green function is
G¼GTþGL, where the longitudinal component GL (satisfying
r�GL¼ 0) can be expressed in terms of the scalar electrostatic Green
function.183 We stress that, for this expansion to exist, the system
needs to be lossless, such that eigenmodes are well-defined. The uni-
form-medium transverse dyadic Green function can also be cast in this
form, yielding

G 0ð Þ
T r; r0;xð Þ ¼ c2

ð
d3k

2pð Þ3
X
r

b�krb�kreik� r�r0ð Þ

c2k2 � x2
; (38)

where, as we show in Sec. SI33 of the supplementary material, the full

Green function is Gð0Þðr; r0;xÞ ¼ Gð0ÞT ðr; r0;xÞ � ðc2=x2Þrr 	r0r
�ð1=4pjr� r0jÞ, which is completely equivalent to Eq. (29).

Importantly, as we show in Sec. SI33 of the supplementary mate-
rial, we have that ImGðr; r0;xÞ ¼ ImGTðr; r0;xÞ ¼

P
jðpc2=2xjÞ

�ujðrÞu�jðr0Þdðx� xjÞ (recovering the identity in Ref. 96) for loss-
less media and strictly-positive frequencies (see also Eq. 78). This latter
observation indicates that all the relevant information for spontaneous
emission in lossless dielectrics is encoded in the eigenmode expansion
of the transverse part of the Green function.

III. CALCULATION OF RADIATION PATTERNS USING
TRANSITION CURRENTS
A. Far-field Green’s function

The TCF is versatile for calculating radiation patterns, power
spectra, quantum optical coherence, and collective emission effects.
Our analysis below focuses on light emission processes leading to
propagating radiation fields. Specifically, our attention centers on sce-
narios where light is collected in the far field on the vacuum side. To
achieve this, we derive the far-field limit of the dyadic Green function.
Expanding in other types of propagating modes, like guided modes in
waveguides, is straightforward using either an eigenmode expansion of
the dyadic Green function [Eq. (37)] or numerical simulations. In Secs.

V and VI, both analytical results and numerical simulations are
employed to compute far-field power spectra for various systems.

Prior to employing numerical simulations for the calculation of
the electromagnetic response of arbitrary complex media, we can gain
intuition from considering simpler cases that are analytically tractable.
As mentioned above, the dyadic Green function has a known closed-
form solution in stratified media with either planar, cylindrical or
spherical symmetry,93,179 and describes the field distribution and
polarization in all space due to a point dipole at a given point and
direction. Here, to analyze some selected analytical examples, we shall
consider only the simpler case of the “far-field” dyadic Green function
G1 r; r0;xð Þ96 which is useful for the calculation of emission spectra
in many experiments. The far-field dyadic Green function is well-
defined for all media by taking the limit kr !1, but rarely admits a
closed analytical form. Below, we consider two such unique cases: a
uniform medium and a planar boundary. A third case—a nanoparti-
cle—will be briefly discussed in Sec. VIA.

For a uniform medium, the far-field Green function is96

G 0ð Þ
1 rbn; r0;xð Þ ¼ eik xð Þr

4pr
I� bnbnð Þe�ik xð Þbn�r0 ; (39)

where bn is the unit vector pointing in the direction of the observer in
the far field, and r is the distance to that observer. For the field
reflected from a boundary, the far-field Green function is given as (see
the supplementary material, Secs. SI30–SI31 for derivation):

G refð Þ
1 rbn;r0;xð Þ ¼ eikr

4pr
I�bnbnð Þe�ikbn�r0

þ eikr

4pr
rs hð Þb/b/� rp hð Þbh bhþ 2sinhbz	 
h i

e�ikbn�r0ref ;
(40)

where h;/ and bh; b/ are, respectively, the far-field polar and azi-
muthal angles and unit vectors, orthogonal to the observation
direction unit vector bn; r0ref denotes the reflected position vector
r0ref ¼ x0; y0;�z0ð Þ; and rs hð Þ and rp hð Þ are the reflection coefficients
for s and p polarizations, respectively.96 In both scenarios, the con-
volution integral of Eq. (2) implies that the field amplitude is
directly proportional to the spatial Fourier transform of the transi-
tion current, given by Eq. (14).

B. Far-field power spectrum

In many spectroscopy experiments, the relevant observable is the
radiated power per unit frequency, detected in the far field. For an
observer at a distance r and direction bn relative to the system, the total
emitted power per unit solid angle is proportional to the time-average
of the expectation value over a long timescale T

dP
dX
¼ 2r2�0c

1
T
Tr
ð
dt bE �ð Þ rbn; tð ÞbE þð Þ rbn; tð Þ
D E

¼ 2r2�0c
1

2pT
Tr
ð
dx bE†

rbn;xð ÞbE rbn;xð Þ
D E

; (41)

where we have used Plancherel’s theorem, and Tr denotes the tensorial
trace Tr Tf g ¼PaTaa. The far-field power spectrum per unit fre-
quency reads

d2P
dXdx

¼ r2�0c
pT

Tr bE†
rbn;xð ÞbE rbn;xð Þ

D E
: (42)
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Using Eqs. (11)–(13), we find, when expanding in terms of energy
eigenstates (see the supplementary material, Secs. SI6 for derivation),

d2P
dXdx

¼ 2r2x2

c3�0

X
i;i0

X
f

qe i; i0ð Þd x� Ei � Ef
�h

� �
2p
T

d
Ei � Ei0

�h

� �

� Tr
ð
d3r00G*

1 rbn; r00;xð Þ
ð
d3r0G1 rbn; r0;xð Þj�fi r00ð Þjfi0 r0ð Þ:

(43)

C. Radiation power spectrum of point-like
bound-electron emitters

Most bound electron systems are localized with sizes ranging from
nanoscale to mesoscopic. This often places them much smaller than or
slightly comparable to the emitted wavelength, with exceptions for cases
of reduced effective wavelength or extended emitter wave functions.
Transition currents from localized emitters raise interest in those display-
ing multipolar effects beyond the dipole approximation. This is exempli-
fied in Secs. VC–VE for the two simple media mentioned earlier.

Considering a single transition between two energy eigenstates,
we substitute the far-field Green tensor for a uniform medium, Eq.
(39), into Eq. (43), and obtain

d2P
dXdx

¼ x2

c3�08p2
d x� Ei � Ef

�h

� �X
r

b�r � jfi kbnð Þ�� ��2: (44)

We can envision the transition-current expansion of Eqs. (15) and
(16) as summing coherently over all the multipole terms. Using this
expansion, we find (see the supplementary material, Secs. SI7 for
derivation),

d2P
dXdx

¼ e2x4

c3�08p2
d x� Ei � Ef

�h

� �
�
X
r

b�r � dfi � i
x
2c

Q0fi � bn þ 1
2mc

Mfi � bn þ � � �� ����� ����2:
(45)

Repeating the calculation for the far-field Green function of a bound-
ary, Eq. (40), with the emitter located a height h above the boundary,
we find

d2P
dXdx

¼ e2x4

c3�08p2
d x� Ei � Ef

�h

� �
�
X
r

b�r � drfi h; hð Þ � i
x
2c

Q0rfi h; hð Þ � bn�����
þ 1
2mc

Mr
fi h; hð Þ � bn þ � � ������2; (46)

where drfi h; hð Þ ¼ dfi þ e2i
x
c coshhrr hð Þdreffi , with rr hð Þ ¼ �rp hð Þ and

rr hð Þ ¼ rs hð Þ for r ¼ p; s, respectively, and similarly forQ0rfi andMr
fi .

The additional transition dipole, quadrupole and magnetic dipole
moments introduced above, dreffi , Q0reffi and Mref

fi , respectively, corre-
spond to their reflections about the z axis, e.g., dreffi ¼ f rrefj jih i, with
rref ¼ x; y;�zð Þ such that dreffi ¼ dfi;x; dfi;y;�dfi;z

	 

. Even for this

simple optical environment, an emitter with comparable electric
dipole, quadrupole, and magnetic dipole transitions should clearly

demonstrate a vastly different power spectrum due to the coherent
interference of the multipole transitions. For completeness, we reduce
Eqs. (45) and (46) to the textbook example96 of a single dipole transi-
tion oriented alongbz, for which we have

d2P
dXdx

¼ e2x4

c3�08p2
sin2hd x� xfið Þ

�
jdfij2; free space

jdfij2
����1þ e2i

x
ccoshhrp hð Þ

����2; boundary;

8><>: (47)

showing how the optical environment alters the radiation pattern, sup-
pressing or enhancing it depending on the material, observation direction
and height h (we shall discuss the enhancement and suppression of tran-
sition rate in general—the Purcell effect—in Sec. IVB). Finally, we note
that the well-known spontaneous emission rate for a dipolar transition in
free space Csp ¼ 4ax3

fi dfij j2=3c2 can be recovered from Eq. (47). We
note that in some sources in the literature,96 the convention for classical
dipoles is to assign d tð Þ ¼ Re de�ixtf g instead of the convention d tð Þ ¼
de�ixfit þd�eixfit that we employ here; in this case, a factor of 1=2 is
added to the dipole moment and one obtainsCsp ¼ ax3

fi dfij j2=3c2.

D. Radiation power spectrum of coherent
cathodoluminescence: Light emission by a free
electron

For a free electron, we begin by employing the paraxial and non-
recoil approximations, which are compatible with most experimental
setups (we shall discuss the exceptions in Sec. VC). For this, we insert
the corresponding approximated transition current of Eq. (22) into Eq.
(42), and assume that the transverse and longitudinal parts of the wave
function could be decoupled such that /i rð Þ

�� ��2 ¼ /iT rTð Þ
�� ��2 /iz zð Þ�� ��2,

where
Ð
dz /iz zð Þ�� ��2 ¼ 1. We then show in the supplementary mate-

rial, Sec. SI8 that one has:

d2P
dXdx

¼ r2x2e2

pc3�0T

ð
d2rT /i;T rTð Þ

�� ��2 ð dzeixv0zG1 rbn; rT ; z;xð Þ � bz���� ����2:
(48)

The above formula covers almost all conventional scenarios of catho-
doluminescence (CL). For the case of Cherenkov radiation, a straight-
forward substitution of Eq. (39) recovers the well-known power
spectrum:

d2P
dXdx

¼ �hxab
2p

sin2hd cosh� 1
nb

� �
: (49)

We now turn our attention to an important relation regarding
CL from non-localized electron wave functions in the paraxial nonre-
coil limit. First, note that for a classical point particle, /i;T rTð Þ

�� ��2
¼ d rT � rT0ð Þ and so, the classical power spectrum is given by

d2P rT0ð Þ
dXdx

¼ r2x2e2

pc3�0T

ð
dzei

x
v0
zG1 rbn; rT0 ; z;x

	 
 �bz���� ����2: (50)

The above equation together with Eq. (48) imply that the relation
between the emission pattern of a classical point-like free charged par-
ticle and that of a quantum free charged particle with transverse
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wavepacket /i;T rTð Þ is given by an incoherent summation over the
probability density p rTð Þ ¼ /i;T rTð Þ

�� ��2:
d2P
dXdx

¼
ð
d2rT /i;T rTð Þ

�� ��2 d2P rTð Þ
dXdx

; (51)

as derived and experimentally verified in Ref. 69. We stress that this
relation holds in the paraxial and nonrecoil approximations, and for
the case where only the light is measured (i.e., where the electron final
state is traced-out).

As a final remark, we note that in the literature discussing CL, the
scattered amplitude f bn;xð Þ is often used to express the far field via

E1 rbn;xð Þ ¼ ei
x
c r

r
f bn;xð Þ: (52)

This quantity can be derived from numerical simulations in several
manners. For example, if one has knowledge of the near-field ENF on a
reference plane s (with surface normalbs), the angular spectrum repre-
sentation96 can be used to obtain

f bn;xð Þ ¼ �2pix
c
bn �bs ð d2se�ixcbn�sENF sð Þ: (53)

Alternatively, using the boundary-element method,90,180 the far-field
amplitude could be expressed in terms of the boundary currents h sð Þ
on the vacuum side as

f bn;xð Þ ¼ i
x
c

ð
d2se�i

x
cbn�s h sð Þ � h sð Þ � bn	 
bn� �

: (54)

Using the far-field amplitude, one can express the CL probability per
unit frequency per unit solid angle using Eqs. (42) and (52) as

d2pCL
dXdx

¼ T
�hx

d2P
dXdx

¼ r2�0c
p�hx

E1 rbn;xð Þ�� ��2 ¼ �0c
p�hx

f bn;xð Þ�� ��2: (55)

E. Quantum-optical coherence transfer and quantum
beats

Until now, we have focused on observables like the power spec-
trum, unrelated to the initial correlations in the emitter quantum state.
The transition-current approach captures these effects in observed
radiation field properties. Quantum correlations appear in the current-

current correlation function bj† r;xð Þbj r0;x0ð Þ
D E

, for x 6¼ x0, linking
spectral correlations of the emitted field and currents through Eq. (12).
This associates emitter wave function coherence with optical coherence
of the emitted light. Below, we explore such quantum coherence trans-
fer: quantum beats in bound-electron systems and coherence transfer
in free-electron systems.

Quantum coherence transfer from emitters to the radiation field dis-
tinguishes QED from semiclassical electromagnetism.33,94,124,128–134,137–142

A notable case is quantum beats94,127,152 [Figs. 7(a) and 7(b)], where
an emitter in an initial superposition of excited states decays to a
common ground state. Quantum beats are demonstrated in three-
level V systems (two excited states and one ground state), but not in
three-level K systems (one excited state and two distinguishable
lower-energy final states) as predicted by QED [Fig. 2(a)]. In
contrast, semiclassical electrodynamics predicts quantum beats in
both V and K systems.94 The TCF accurately captures the QED

prediction using the summation rule over final states in Eq. (3).
Recently, there has been a renewed interest in using quantum beats
to measure exciton properties in two-dimensional materi-
als.55,56,153,181,184 These beats can be observed, for example, in the
instantaneous radiated power,

dP tð Þ
dX
¼2r2�0cTr bE �ð Þ rbn;tð ÞbE þð Þ rbn;tð Þ

D E
¼2r2�0c

X
ii0

X
f

qe i; i0ð Þei xfi�xfi0ð ÞtTr E�fi rbn;xfið ÞEf i0 rbn;xfi0ð Þ� �
;

(56)

with xfi ¼ Ei � Efð Þ=�h. Clearly, a pair of initial excited states ij i and
i0j i will create a beat note in xfi � xfi0 only if they transition to a
shared final state fj i. This, however, is not a sufficient condition, since
states ij i and i0j i need also be in a coherent superposition to begin
with; a thermal distribution of initial states, for example, will not dis-
play this phenomenon. From the first argument, it is clear why aK sys-
tem cannot exhibit quantum beats. The existence of beats is evidence
of the quantum coherence transfer from the initial emitter superposi-
tion to the optical coherence of the field.

Another scenario of recent interest is the coherence transfer
from free-electrons to light85,87 [Figs. 7(c) and 7(d)]. In Eq. (23), we
calculated the current correlations for a single free electron. It can
readily be seen that these are proportional to the coherence factor,74

namely, the longitudinal Fourier transform of the free-electron wave
function

MX ¼
ð1
�1

dz /i rT ; zð Þ
�� ��2eiXv zdz; (57)

with X ¼ x� x0 in Eq. (23). This shows that the shape of the wave
function will be fundamentally related to the spectral coherence of the
emitted light (e.g., off diagonal terms of the photonic density matrix,
where x 6¼ x0). The quantum spectral coherence of the single electron
wave function is then imprinted onto the radiation field, as first dis-
cussed in Refs. 85 and 87. This property can be used both in future
particle detection schemes to measure wave function size and shape
through Cherenkov radiation of naturally occurring charged particles,
or in ultrafast electron microscopy, where the coherent modulation of
the free-electron wave function can be used to shape the optical coher-
ence of spontaneously emitted photons. Similar conclusions were
derived in a different context, to analyze the quantum regime of the
free-electron laser.185–187 We note that the coherence factor in Eq. (57)
will play an important role also for the emission from several elec-
trons,74,86 as well as for CL interference with external light,188 as will be
discussed in Secs. III F and VIC, respectively.

F. Radiation by many-body systems and
super-radiance

This section applies the transition-current approach to many-
body emitter systems displaying collective emission effects. We illus-
trate this with bound-electron and free-electron super-radiance
calculations. In contrast to single emitters, many-body wave functions
hold quantum correlations influencing emission rates and power spec-
tra, effectively captured by transition currents.

First introduced by Dicke,146 super-radiance involves collective
light emission from N indistinguishable emitters.146,148,189–195
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This phenomenon has been extensively explored, particularly in
bound-electron systems [Figs. 8(a) and 8(b)]. While a fully quantum
approach is necessary for bound-electron systems, classical instances of
super-radiance are evident in the emission of light from bunches of free
electrons.147,196–200 The quantum regime of free-electron–light interac-
tions has sparked interest, leading to proposed methods for observing
super- and subradiant emission from free electrons74,86 [Figs. 8(c) and 8
(d)], some relying on quantum correlations86,201 not addressed by clas-
sical models. Notably, the TCF comprehensively accommodates various
manifestations of this phenomenon, as illustrated below for both
bound- and free-electron systems.

We begin by noting that Eq. (12) relates the quantum correlations
of the field with those of the currents, where the latter operators need
to be formulated in second quantization as in Eq. (9). With this in
mind, we can write the position-space annihilation operator for elec-
trons as an expansion over an eigenbasis of the matter HamiltonianbHmat comprising single-particle wave functions wn rð Þ and correspond-
ing fermionic annihilation operatorsbcn as

bw rð Þ ¼
X
n

wn rð Þbcn: (58)

Using Eq. (9) to write the current operator explicitly, one may then
derive the current-current correlations. Here we present this procedure
for two cases, a many-body free-electron system (here, under the para-
xial and nonrecoil approximations), and a many-body bound-electron
system based on a collection of two-level systems.

For the free-electron system, denoting x ¼ r� v0t and x0 ¼ r0

�v0t0, we find (see the supplementary material, Sec. SI9 for derivation)bj† r;xð Þbj r0;x0ð Þ
D E
¼
ð
dt
ð
dt0eix

0t0�ixte2v0v0

�
" bw†

xð Þbw†
x0ð Þbw x0ð Þbw xð Þ

D E
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

pair correlation

þ d x � x0ð Þ bw†
xð Þbw xð Þ

D E
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

single electron

#
:

(59)

FIG. 7. Coherence transfer between quantum emitters and spontaneously emitted light. (a) and (b) Quantum beats in bound electron systems. (a) Collective quantum beats by
a cloud of V-type rubidium atoms.184 Reproduced with permission from Han et al., Phys. Rev. Lett. 127, 073604 (2021). Copyright 2021 the American Physical Society. (b)
Quantum beats from excitonic superposition states in 2D transition metal dichalcogenides excited by variable laser polarization.56 Reproduced with permission from Sim et al.,
Nat. Commun. 9, 351 (2018). Copyright 2018 Authors, licensed under a Creative Commons Attribution (CC BY) License. (c) and (d) Transfer of free-electron quantum coher-
ence, induced by laser modulation, to optical coherence of subsequently emitted light. Proposed homodyne detection scheme with the modulating laser87 (c). Reproduced with
permission from Kfir et al., Sci. Adv. 7, eabf6380 (2021). Copyright 2021 AAAS; (d) Proposed measurement of the single-photon spectral density matrix to reveal the quantum
optical coherence imprinted on the light.85 Reproduced with permission from Karnieli et al., Sci. Adv. 7, eabf8096 (2021). Copyright 2021 AAAS.
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For the single electron, bw†bw†bwbwD E
¼ 0 identically, and Eq. (23) is

recovered. In this case, Eq. (59) shows how the “incoherent” summa-
tion over the transverse wave function in Eq. (51) arises for the power
spectrum ðx ¼ x0) emitted by a single electron. This happens due to
the appearance of d x � x0ð Þ, suggesting that a point along the electron
beam is only emitting coherently with itself. We note that the above
conclusion holds under the paraxial approximation, which holds in
most conventional instances of CL, and when only the light is being
measured (i.e., the electron final state is traced out). If, however, the
electron final state is measured, the spatial coherence of the initial state
can persist.89

For the many-electron case, there are two contributions: the inco-

herent density term, d x � x0ð Þ bw†
xð Þbw xð Þ

D E
; and a coherent termbw†

xð Þbw†
x0ð Þbw x0ð Þbw xð Þ

D E
, which permits coherence between points

x and x0. Namely, the coherent term allows for interference between
several electrons in the beam. Under certain conditions this can lead to
super-radiant CL emission whose power is proportional to N2, the
number of electrons squared, in contrast with the incoherent emission

that is proportional to N . This is a well-established effect that has been
experimentally demonstrated, for example, in Smith–Purcell radiation
in particle accelerators equipped with gratings, in Cherenkov radiation,
and undulators in free-electron lasers.147,196–199

To exemplify this, we consider the case where the initial
many-electron state is separable ij i ¼ c†r1 c

†
r2…c†rN j0i, where cri

¼ Ð d3r/� r� rið Þbw rð Þ creates an electron wavepacket centered at ri;
we assume no overlap between wavepackets (dilute beam), such that

cri ; c
†
rj

n o
¼ dij. This yields bw†

xð Þbw xð Þ
D E

¼Pi / x � rið Þ
�� ��2 and

bw†
xð Þbw†

x0ð Þbw x0ð Þbw xð Þ
D E

¼Pi

P
j 6¼i / x0 � rið Þ�� ��2j/ðx � rjÞj2. For

Cherenkov radiation in a medium of refractive index n, the power
spectrum is then

d2P
dXdx

¼ �hxab
2p

sin2hd cosh� 1
bn

� �
N þ N N � 1ð ÞS x; bnð Þ� �

; (60)

with the structure factor

FIG. 8. Emission from many-body systems, showing super-radiance from bound- and from free-electron systems. (a) Typical experimental scheme for observing Dicke super-
radiance from a collection of N three-level emitters confined to a volume smaller than the cube of the emitted wavelength, and pumped by a laser. The emitted intensity scales
as N2 and the decay time decreases with N.192 Reproduced with permission from Cong et al., JOSA B 33, C80 (2016). Copyright 2016 the Optical Society. (b) Study of Dicke
super-radiance in arrays of quantum emitters larger than the emitted wavelength.193 Reproduced with permission from Masson et al., Nat. Commun. 13, 131 (2022). Copyright
2022 Authors, licensed under a Creative Commons Attribution (CC BY) License. (c) Interference between free-electron pairs due to temporal delays and spatial separation can
manifest in the CL emission intensity.74 Reproduced with permission from García de Abajo and Di Giulio, ACS Photonics 17, 36 (2021). Copyright 2021 Authors, licensed under
a Creative Commons Attribution (CC BY) License. (d) Super-radiance and subradiance from free electrons due to quantum correlations of the two-electron wave function.86

Reproduced with permission from Karnieli et al., Phys. Rev. Lett. 127, 060403 (2021). Copyright 2021 the American Physical Society.
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S x; bnð Þ ¼ 1

N N � 1ð Þ Mnxj j2
X
i

X
j 6¼i

ei
nx
cbn � rj�rið Þ; (61)

whereMnx is the coherence factor introduced in Eq. (57). The limit of
classical super-radiant CL147 is recovered by taking / rð Þ�� ��2 ¼ d rð Þ for
whichMnx ¼ 1.

N2- super-radiance can be obtained in two scenarios: (i) when
the electron bunch volume is much smaller than k3, wherein
S x; bnð Þ ffi 1 and (ii) when the electron density is periodically modu-
lated, such that S x; bnð Þ ffi 1 for certain emission frequencies corre-
sponding to the modulation period. Under super-radiance conditions
we obtain for the CL emission rate

C
C0
¼ N2: (62)

Interestingly, the effect of super-radiant and subradiant CL has yet to
be explored experimentally in the electron microscopy regime, where
the potential to coherently control the quantum state and correlations
between several electrons is much higher than in particle accelerators.
In this respect, it was predicted that already for electron pairs, classical
correlations such as controlled time delays between electrons74 can
induce interference effects that cause super- and subradiant emission.
This analysis thus reproduces the results in Ref. 74 for the arbitrary
excitations produced by a collection of N free electrons. Going beyond
the example of Eq. (61) introduces the possibility of “quantum correla-
tions” between electron pairs that are manifested in the second order

correlations bw†
xð Þbw†

x0ð Þbw x0ð Þbw xð Þ
D E

. In this regime, quantum
entanglement between electron pairs86 has been predicted to cause
super- and sub-radiance due to quantum interference of the two-body
wave function that cannot be accounted for classically.

For comparison, we consider now a bound-electron system of N
two-level emitters located at ri, i ¼ 1;…;N . We write:

bj r;xð Þ ¼ 2p
X
i

d x� xegð Þjge r� rið Þr�;i

þ d xþ xegð Þj�ge r� rið Þrþ;i; (63)

where jge rð Þ ¼ e
mw
�
g rð Þ �i�h$ð Þwe rð Þ is the c-number transition cur-

rent density and r�;i ¼ bc†g;ibce;i ¼ r†þ;i are effective lowering and rais-
ing operators for the two-level system i. The power spectrum is then
(see the supplementary material, Sec. SI9 for derivation):

d2P
dXdx

¼ �hx2a
2pe2c2

d x� xegð Þ
X
r

b�r � jge x
c
bn� ����� ����2

�
X
ij

ei
x
cbn� ri�rjð Þ rþ;ir�;jh i: (64)

Here, a structure factor
P

ije
ixcbn� ri�rjð Þ rþ;ir�;jh i appears as well,

accounting for the relative phases between emitters radiating from dif-
ferent points. In the limit where the emitters are all confined to a vol-
ume much smaller than k3 (or when they are periodically spaced),

ei
x
cbn� ri�rjð Þ 
 1. In this limit, we find that the emission rate is enhanced by

C
C0
¼
X

ij
rþ;ir�;jh i ¼ SþS�h i; (65)

where S6 ¼
P

ir6;i are collective raising and lowering operators.

Unlike super-radiant CL, which could be also explained classically,
super-radiant emission from a cloud of indistinguishable emitters, or
“Dicke super-radiance,” is obtained for quantum-correlated states called
symmetric states of 0 � n � N initially excited emitters148

nj i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n!

N! N � nð Þ!

s
SN�n� ee…ej iN ; (66)

and thus

C
C0
¼ n N � nþ 1ð Þ: (67)

The classical product state ee…ej iN for which n ¼ N yields C ¼ NC0.
It is only when the system cascades down to the n ¼ N=2 symmetric
state, does the emission rate scale as N2.

IV. CALCULATION OF EMISSION RATES USING
TRANSITION CURRENTS
A. From transition currents to emission rates

In addition to finding emission patterns, the TCF can be used to
intuitively establish the quantum mechanical formulas for “transition
rates” directly from the classical Maxwell’s equations. Starting from the
definition of the work exerted by the current on the field,

Wfi ¼ �
ð
dt
ð
d3rjfi r; tð ÞEfi r; tð Þ; (68)

we find, by employing Eq. (2), together with Plancherel’s theorem, and
the reciprocity property of the Green tensor, Gab r; r0;xð Þ
¼ Gba r0; r;xð Þ, that the work is (see the supplementary material, Sec.
SI13 for derivation)

Wfi ¼ 2l0
1
2p

ð
dxx

ð
d3r
ð
d3r0j�fi r;xð ÞIm G r; r0;xð Þ� �

jfi r
0;xð Þ:

(69)

Defining Pfi ¼Wfi=T (where T is the interaction time) as the power
transmitted to the field, the transition rate per unit frequency is found
to be

dCfi

dx
¼ 1

�hx
dPfi
dx

¼ 1
2pT

2
�h�0c2

ð
d3r
ð
d3r0j�fi r;xð ÞIm G r; r0;xð Þ� �

jfi r
0;xð Þ: (70)

The total rate is then given by the same procedure of summing
incoherently over final states, and coherently over initial states
(expanded in terms of energy eigenstates), giving

C ¼ 2
�h�0c2

X
f

X
i;i0

qe i; i0ð Þ 2p
T

d
Ei0 � Ei

�h

� �
�
ð
d3r
ð
d3r0j�fi rð ÞIm G r; r0;xfið Þ� �

jfi0 r
0ð Þ: (71)

For a single transition between two energy eigenstates ij i and fj i, we
obtain the rate

Cfi ¼ 2
�h�0c2

ð
d3r
ð
d3r0j�fi rð ÞIm G r; r0;xfið Þ� �

jfi r
0ð Þ; (72)
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where we have made the replacement d 0ð Þ ! T=2p. Equation (71)
extends Eq. (72) by allowing coherent interference between different
emission channels that end up in the same final state. Since the rate
per unit frequency under consideration is at a specific frequencyx, the

requirement imposed by the term 2p
T d Ei0 �Ei

�h

� �
in Eq. (71) requires

energy-level degeneracy for such contributions to be nonzero.
Actually, for every finite interaction time, the frequency delta function
has a finite spectral width, enabling contributions at x to dC=dx from
different closely-spaced initial energies.

As a final remark, it is instructive to compare the above result to
the spontaneous radiation rate,

Crad
fi ¼

ð
dx
ð
dX

1
�hx

d2Pfi
dXdx

: (73)

In a general optical environment, we can expect that Crad
fi � Cfi, since,

in general, nonradiative losses are also possible. The equality is
expected for free-space transitions, which are exclusively radiative. We
show this by using the imaginary part of the free-space dyadic Green
function,

ImG0 r; r0;xð Þ ¼ 1
16p2

x
c

X
r

ð
dXb�reixcbn� r�r0ð Þb�r; (74)

and find by virtue of Eq. (72), that the transition rate of an emitter in
free space is indeed given by

Cfi;0 ¼ xfi

�hc3�08p2
X
r

ð
dX b�r � jfi xfi

c
bn� ����� ����2 ¼ Crad

fi;0:

B. Purcell enhancements and the local density
of optical states

The TCF readily models a hallmark phenomenon influenced by
complex optical environments: the Purcell effect. In this section, we pre-
sent Purcell factors computed by using transition currents and the dyadic
Green function. Since its prediction in 1946, the Purcell effect16 has found
widespread use in modifying spontaneous emission rates within intricate
optical environments, such as photonic crystals19,39,101,102,204 and
plasmonic nanostructures (Fig. 9).15,18–20,39,203,205,206 Generally, the
“Purcell factor” expresses the ratio of transition rates in the given
optical environment to those in free space or a uniform host
medium

FP ¼ Cfi

Cfi;0
¼ 1
Cfi;0

2
�h�0c2

ð
d3r
ð
d3r0j�fi rð ÞIm G r; r0;xfið Þ� �

jfi r
0ð Þ: (75)

FIG. 9. Purcell enhancement of spontaneous emission: examples in nanophotonic environments. (a) 1000-fold enhancement of the decay rate of fluorescent dye molecules
placed between a plasmonic nanocube and a gold film.18 Reproduced with permission from Akselrod et al., Nat. Photonics 8, 835 (2014). Copyright 2014 Springer Nature. (b)
Metasurfaces hosting embedded emitters allowing far-field engineering and enhancement.202 Reproduced with permission from Liu et al., Nano Lett. 18, 6906 (2018). Copyright
2018 American Chemical Society. (c) Purcell enhancement of single-walled carbon nanotube excitons on a plasmonic bowtie.203 Reproduced with permission from Luo et al.,
Nat. Commun. 8, 81 (2017). Copyright 2017 Authors, licensed under a Creative Commons Attribution (CC BY) License.
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The more common definition for the Purcell enhancement, how-
ever, is that for the special case of a dipole emitter. The dipole transi-
tion rate in a general optical environment is obtained for
jfi rð Þ ¼ �iexdfid r� r0ð Þ, giving

Cd ¼ 2e2x2

�h�0c2
d�fi � Im G r0; r0;xð Þ� � � dfi ¼ pe2x

�h�0
dfij j2q r0;xð Þ; (76)

where we define

q r0;xð Þ ¼ 2x
pc2
bd fi � Im G r0; r0;xfið Þ� � � bd fi

¼
X

j
uj rð Þ � bd fi

��� ���2d x� xkð Þ (77)

as the “projected local density of optical states” (LDOS). The last equal-
ity in Eq. (77) holds for a lossless medium using the eigenmode expan-
sion of the dyadic Green function, Eq. (37), for which we have

Im G r; r;xð Þ� � ¼ pc2

2x

X
j

uj rð Þu�j rð Þd x� xkð Þ: (78)

The corresponding Purcell factor is then

FP;d ¼
q r0;xð Þ
q0 r0;xð Þ ¼

6pc
x
bd fi � Im G r0; r0;xfið Þ� � � bd fi

¼ 3p2c3

x2

X
j

uj r0ð Þ � bd fi

��� ���2d x� xkð Þ; (79)

where we used the value of the LDOS in free space,
q0 r0;xð Þ ¼ x2=3p2c3. By engineering the optical environment such
as to maximize the LDOS at a certain position and frequency, one can
then enhance spontaneous emission rates by orders of magnitude.

The Purcell factor for a dielectric cavity can be recovered using
the eigenmode expression, approximating the delta function by a
Lorentzian, where Q is the cavity quality factor, choosing x ¼ xj for

some mode uj rð Þ, assuming that bd fi is maximally aligned with the field

such that uj rð Þ � bd fi

��� ���2 ¼ 1=V with V denoting the mode volume, and

taking k ¼ k0=n for a host dielectric; these simplifications yield

FP;d ¼ 3
4p2

Q
V

k0
n

� �3

: (80)

For a single transition from the eigenstates ij i to fj i, the Purcell
enhancement is a completely classical effect: its dipolar form [Eq. (79)]
is completely defined from the electromagnetic response, irrespective
of the quantum source. The added value of the TCF in this context is
twofold: (1) it enables a generalization of the Purcell factor for delocal-
ized transition currents as in Eq. (75); and (2), it allows for the calcula-
tion of the Purcell factor for coherent transitions between several
initial states, as in Eq. (71). The former can become especially impor-
tant when one wishes to engineer an optical environment for meso-
scopic emitters, which can break the dipole approximation.

C. Rates of multipolar transitions

For completeness, we employ the position-space multipolar
expansion of the transition current for point-like emitters [Eq. (16)], to
recover results for higher-order multipole emission rates. This

derivation applies to any bound-electron emitter and is especially rele-
vant for intermediate size emitters for which the first few beyond-
dipole corrections are substantial. The expression for an electric dipole
was presented in Eq. (76). For a magnetic dipole of a two-level point-
like system we have a more intricate dependence:93,96

CM ¼ e2

2�h�0m2c2
M*

fi � ~$ � Im G r0; r0;xð Þ� �� $
 0

h i
�Mfi: (81)

Similarly, we derive the electric quadrupole transition15

CQ ¼ e2x2

2�h�0c2
Q0�fi �~$
� �

Im G r0; r0;xð Þ� �
$
 0 �Q0fi
� �

; (82)

where we used the vector calculus identity Mfi � $d r� r0ð Þ
¼ �$� d r� r0ð ÞMfi

� �
in addition to integration by parts.

It is important to note that the rates Cd , CM, and CQ are all inde-
pendently valid for emitters that possess a single “dominant” transition
multipole (e.g., an electric dipole, magnetic dipole, or electric quadru-
pole). In the most general scenario, however, an emitter transition that
breaks the dipole approximation can possess several multipolar contri-
butions that can be added coherently, and one cannot simply write
C ¼ Cd þ CM þ CQ þ � � �, but rather use Eq. (72), which upon inser-
tion of the expansion in Eq. (16), takes the form

Cfi ¼ 2
�h�0c2

ð
d3r
ð
d3r0
�
iexd�fid r� r0ð Þ

� i
ex
2
Q0�fi � $d r� r0ð Þ � e

2m
M�

fi � $d r� r0ð Þ þ � � �



� ImG r; r0;xfið Þ �
�
� iexdfid r0 � r0ð Þ

þ i
ex
2
Q0fi � $0d r0 � r0ð Þ � e

2m
Mfi � $0d r0 � r0ð Þ þ � � �



:

(83)

It is therefore clear why the use of the full functional form of the transi-
tion current, rather than a decomposition into multipoles, is useful in
such situations to capture interference between different multipoles.

D. Electron energy-loss probability

Like the approach for bound-electron systems, the TCF applies to
evaluating energy loss rates in free-electron systems. This section con-
centrates on utilizing transition currents to compute electron energy-
loss probabilities during interactions with different optical environ-
ments. This is crucial, especially for electron microscopy applications
involving EELS measurements.

Under paraxial free-electron conditions, we first note that the
more relevant observable is the EELS probability (per unit frequency),
rather than the rate. This means that we define

dpEELS
dx

¼
ð
d3kf

1
�hx

dWfi

dx
; (84)

where, in Eq. (84) we assume that the electron final momentum state
jkf i is not resolved, hence the trace out over the final momentum. We
then obtain, using Eq. (69) and again assuming that the transverse and
longitudinal part of the wave function can be decoupled as
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/i rð Þ
�� ��2 ¼ /iT rTð Þ

�� ��2 /iz zð Þ�� ��2, where Ð dz /iz zð Þ�� ��2 ¼ 1, the relation
(see the supplementary material, Sec. SI14 for derivation)

dpEELS
dx

¼ e2

p�0�hc2

ð
d2rT /i;T rTð Þ

�� ��2 ð dz0
�
ð
dzei

x
v z0�zð ÞIm Gzz rT ; z; rT ; z

0;xð Þ� �
: (85)

Thus, recovering the result reported in Refs. 90 and 207. For a point
particle, such that /i;T rTð Þ

�� ��2 ¼ d rT � rT0ð Þ, this result simplifies to
the classical limit90

dpEELS
dx

rT0ð Þ ¼ e2

p�h�0c2

ð
dz0
ð
dzei

x
v z0�zð ÞIm Gzz rT0; z; rT0; z

0;xð Þ� �
:

(86)

The main application enabled by Eq. (86) is the fact that free elec-
trons can serve as nanometer-scale spatial and meV-resolution spectral
probes for a variant of the LDOS projected along bz and Fourier-
transformed along the electron trajectory, given as

q0 rT0;xð Þ ¼ 2x
pc2

ð
dz0
ð
dzei

x
v z0�zð Þbz � Im G rT0; z; rT0; z

0;xð Þ� �
� bz;
(87)

with dpEELS=dx ¼ ðe2=2�hx�0Þq0 rT0;xð Þ, as first shown in Ref. 208.
This fundamental relation between LDOS and EELS explains why this
technique can retrieve local optical properties61,79,81 (see Fig. 6).

As a final remark, we connect the EELS probability result to the
theory of quantum photon-induced near-field electron micros-
copy88,209–216 by employing the identity for the imaginary part of the
Green tensor:93

bE r;xð ÞbE†
r0;x0ð Þ

D E
vac
¼ �h

p�0

x2

c2
Im G r; r0;xð Þ� �

d x� x0ð Þ; (88)

where bE r;xð ÞbE†
r0;x0ð Þ

D E
vac

stands for the vacuum expectation value

of the (antinormally ordered) fields. By considering a single-mode field
given as bE r;xð Þ ¼ d x� x0ð ÞE rð Þa, where a is the bosonic annihila-

tion operator, and using aa†h ivac ¼ 1, we find the (total) probability
(see the supplementary material, Sec. SI16 for derivation),

pEELS ¼ e
�hx0

ð
dze�i

x0
v zEz rT ; zð Þ

���� ����2 ¼ gQj j2: (89)

That is, the probability for (first-order) spontaneous emission into a
single-mode field is given by the modulus squared of the quantum
coupling gQ (also named b0 in several works216). This is the lineariza-
tion of the nonperturbative result giving the Poissonian distribution,
p nð Þ ¼ e� gQj j2 gQj j2n=n!, which, as expected, approaches p 1ð Þ ffi gQj j2
whenever gQj j2 � 1.

E. Calculation of second-order processes using transi-
tion currents

Here, we show that the TCF can incorporate two-photon emis-
sion processes, which have garnered recent interest due to the potential
for enhancing these normally weak transitions using confined fields in
plasmonic and polaritonic systems13,21,22,24–26 (Fig. 10). These

processes have also been investigated with free electrons, leading to
novel entanglement between infrared and x-ray photons.23 The
derived power expressions, Eqs. (95) and (96), perfectly match the
established outcome for two-photon emission in a lossy medium, as
derived through macroscopic QED27,93 within second-order time-
dependent perturbation theory13 [see Supplemental Materials of Ref. 5
and Eq. (S18)].

The derivation here should provide a blueprint for including even
higher-order emission phenomena and may also aid in the extension
of the TCF to describe energy shifts such as Lamb shifts (and corre-
sponding Casimir–Polder forces). The conceptual crux is to consider
the two-photon process in two steps: in the first step, a vacuum fluctu-
ation “polarizes” an emitter, creating a fluctuating current. This polari-
zation is associated with emission of one of the two photons. This
“induced” current then leads to the emission of the second photon.
The current that is created in the first step is associated with a transi-
tion from the initial matter state i to an intermediate matter state n,
while the second step involves a transition from n to the final matter
state f .

Consider two-photon emission in which the initial state of the
light and matter is ji; 0i (with jii the initial eigenstate of the matter sys-
tem and j0i the vacuum state of the electromagnetic field) and the final
state is jf ; 1j; 1j0 i (with jf i the final eigenstate of the matter system
and j1j; 1j0 i a two-photon state with one photon in mode j and one
in mode j0). Let us consider the case in which the transition from i to
f is one-photon forbidden (in the dipole approximation) and two-
photon allowed. In this case, for example, the transition dipole
moment is dfi ¼ 0, naively predicting zero dipolar emission according
to the framework developed in this work. However, what this argument
neglects is that the transition current is in fact a dynamic quantity, and
can change in the presence of an electric field EðtÞ that couples to the
matter system. To accurately describe two-photon processes using the
minimal coupling Hamiltonian, it is important to consider the gauge-
invariant form of the current operator in the presence of an electromag-

netic field bJ r; tð Þ ¼ e
2m
bw†

r; tð Þ �i�h$� eA r; tð Þ	 
bw r; tð Þ þ h:c:,
where we use second-quantization notation and introduce a classical
vector potential fieldA r; tð Þ.

Using linear response theory, as derived in Sec. SI26 of the sup-
plementary material, the frequency-domain transition current reduces
to

Jfi r;xð Þ ¼ jfi r;xð Þ þ
ð
dx0

ð
d3r0rfi r; r0;x;x0ð ÞE� r0;x0ð Þ; (90)

where jfi r;xð Þ denotes the conventional (field-free) transition current,
E r;xð Þ ¼ ixA r;xð Þ is the corresponding classical field, which we
associate with vacuum fluctuations, and we introduce the “transition
conductivity tensor”

rfi r; r
0;x;x0ð Þ ¼ 2pi

x0

�
� e2

m
I nfi rð Þd r� r0ð Þ þ 1

�h

X
m

jmi rð Þjfm r0ð Þ
x� xim � iC

� jfm rð Þjmi r
0ð Þ

x� xmf þ iC



d xþ x0 � xifð Þ: (91)

Here, nfi rð Þ ¼ hf jbw†
rð Þbw rð Þ ij i ¼ w�f rð Þwi rð Þ is the transition density,

I is the identity operator,xab ¼ xa � xb, and the sum is over all mat-
ter states mj i. A phenomenological linewidth217–219 C is introduced in
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the intermediate states mj i such that xm ! xm � iC, assuming the
states ij i and fj i are otherwise long-lived, recovering the correct
pole positions of the exact perturbation-theory expression (see dis-
cussions in Secs. SI26 and SI29; a possible estimate for the line-
width C could be a typical single-photon transition lifetime for the
system). As shown in Sec. SI25 of the supplementary material, the
exact transition matrix element of second-order time-dependent
perturbation theory leads to the conductivity tensor of Eq. (91),
even without the phenomenological linewidths C. We also
note that most calculations in the literature considering two-
photon emission where the intermediate states lie above the energy
levels (xm > xi > xf ) do not depend on C, which in that case is
usually set to C! 0. From the requirement that the number of
photons at frequency x equals that at frequency xif � x, we show
in Sec. SI29 that the transition conductivity tensor satisfies
rfi r; r0;x;x0ð Þ=x ¼ rTfi r

0; r;x0;xð Þ=x0.

As shown in Sec. SI.27 of the supplementary material, taking the
dipole limit jfi rð Þ ¼ �iexifdfid r� r0ð Þ of Eq. (16), we find
rfi r; r

0;x;x0ð Þ ! �2pixed r0 � r0ð Þd r� r0ð Þd xþx0 �xifð Þafi xð Þ;
(92)

where we introduce the “transition polarizability tensor”

afi xð Þ ¼ � e
�h

X
m

dfmdmi

x� xmf þ iC
� dmidfm
x� xim � iC

; (93)

satisfying afi xif � xð Þ ¼ aTfi xð Þ. We consider the case where the field
E inducing the transition current in Eq. (90) is the vacuum noise
field, expanded in eigenmodes uj rð Þ, such that Evac r;xð Þ
¼Pj

ffiffiffiffiffiffi
�hxj
2�0

q
uj rð Þd x� xjð Þaj, with aj denoting uncorrelated noise

amplitudes such that ajaj0h i ¼ djj0 . The physical meaning is that the

FIG. 10. Two-photon transitions mediated by nanophotonic environments. (a) dominant two-photon transitions in the presence of mid-IR phonon polariton modes for emitters
placed near polar dielectric materials.21 Reproduced with permission from Rivera et al., Proc. Natl. Acad. Sci. U. S. A. 114, 13607 (2017). Copyright 2017 Authors, licensed
under a Creative Commons Attribution (CC BY) License. (b) Two-photon spontaneous emission in 2D plasmonic materials, leading to different outcomes: two photons, a plas-
mon and a photon, and two plasmons, as depicted in the sketches.22 Reproduced with permission from Muniz et al., Phys. Rev. Lett. 125, 033601 (2020). Copyright 2020 the
American Physical Society.
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vacuum field noise at frequency xj can induce a transition current at
frequency x� xj, and vice versa.

Given this transition current, we now compute the total emission
according to the usual framework, while remembering to average over
the vacuum field noise, as contributions from different modes are inco-
herent with each other. The total emission rate due to a transition cur-
rent Jfi r;xð Þ is given from Eq. (72) by

Cfi ¼
ð
dx

1
�hx

dPfi
dx

¼ 1
T
l0
p�h

ð
dx
ð
d3r
ð
d3r0J�fi r;xð ÞImG r; r0;xð ÞJfi r0;xð Þ: (94)

By substituting the current of Eq. (90), and excluding a direct transi-
tion such that jfi r;xð Þ ¼ 0, we find

Cfi ¼ 1
T
l20
p2

ð
dx
ð
d3r
ð
d3r0

ð
d3s
ð
d3s0

ð
dx0x0x

� Tr r�fi r; s
0;x;x0ð ÞImG s0; s;x0ð Þrfi s; r0;x0;xð ÞImG r0; r;xð Þ� �

;

(95)

and, in the dipole limit,

Cfi¼ 2q2

p�20c4

ðxif

0
dx xif �xð Þ2x2

�Tr a�fi xð ÞImG r0;r0;xif �xð ÞaTfi xð ÞImG r0;r0;xð Þ
h i

; (96)

where in the last step we use afi xif � xð Þ ¼ aTfi xð Þ.
The result for the decay rate exactly coincides with previously

derived results (see, for example, Refs. 13 and 21) indicating that two-
photon emission can indeed be described by the TCF. In particular, we
see that two-photon emission can be thought of as emission from an
induced transition current. The current is induced by the vacuum field
itself. Importantly, the induced current is not at the same frequency as
the inducing field and, therefore, cannot be thought of as arising from
the linear conductivity (or polarizability). The relationship between the
current and the field (unsurprisingly) is more akin to a nonlinear pro-
cess, in which a field at some frequency causes polarization at a differ-
ent lower frequency (e.g., difference-frequency generation).

We can also calculate the second-order correlations of the electric
field, as shown in Sec. SI25 in the supplementary material, to find

bE†
r;xð ÞbE†

r0;x0ð ÞbE r0;x0ð ÞbE r;xð Þ
D E
¼ �h2

X
f

ð
d3s0

ð
d3sl20x

02xG r; s;xð Þrfi s; s0;x;x0ð ÞG s0; r0;x0ð Þ
���� ����2;

(97)

and, in the dipole limit

bE†
r;xð ÞbE†

r0;x0ð ÞbE r0;x0ð ÞbE r;xð Þ
D E
¼ 2p�h2e2Td xþ x0 � xifð Þ
�
X
f

l20x
02x2G r; r0;xð Þafi xð ÞG r0; r

0;xif � xð Þ
��� ���2; (98)

where we used d 0ð Þ ¼ T=2p. In a similar manner to Eq. (69), we can
use Plancherel’s identity to write the free-space two-photon emission as

C2ph¼ 1
T

ð
dX
ð
dX0

ð
dx
ð
dx0

2r2�0c
2p�hx

2r02�0c
2p�hx0

�TrTr bE†
rbn;xð ÞbE†

r0bn 0;x0	 
bE r0bn 0;x0	 
bE rbn;xð Þ
D E

; (99)

recovering the known result for the free-space two-photon emission
rate in the dipole limit

C2ph ¼ e4

18p3�h2c6�20

ð
dx
X
f

xif � xð Þ3x3

�
X
m

dfmdmi
1

x� xmf þ iC
� 1
x� xim � iC

� ������
�����
2

: (100)

Although we have focused for concreteness on emission from a
bound electron system (e.g., an atom), the logic that leads to this result
extends to other systems. In fact, a very similar line of reasoning was
applied in Ref. 23 to describe two-photon emission from relativistic
free electrons. There, the two-photon emission (one in the infrared
domain and the other at an x-ray frequency) could be explained as a
type of scattering process in which the electron scatters off the infrared
field, causing it to emit an x-ray (due to relativistic energy-momentum
conservation considerations). In this picture, the infrared field is
inducing a (virtual) current in the electron system, which can then
emit at x-ray frequencies. This picture was shown to be in line with a
direct calculation of the two-photon emission from the standard
second-order perturbation-theory formalism—similar to how Eqs.
(95) and (96) above match the more direct calculation.

Before we move to the examples of Sec. V, we summarize the
main results of the TCF in Table III.

V. APPLICATIONS OF TRANSITION CURRENTS
TO BOUND-ELECTRON SYSTEMS

In this and the ensuing section, we shall employ the tools outlined
in Secs. II–IV to derive a few results for several emitter systems and
optical environments, with the focus on transitions beyond the dipole
approximation, quantum coherence transfer, and quantum recoil cor-
rections. For the sake of practical applications, we also employ a
numerical solver, with transition-current sources as its inputs.
Calculations are performed for both bound and free electron systems,
to exemplify the broad validity of the transition-current method. We
begin with the bound-electron case.

A. The hydrogen atom beyond the dipole
approximation

Below, we propose an alternative derivation for the textbook exam-
ple of the hydrogen atom, which recovers all multipole orders via a sin-
gle calculation of the transition current. In this manner, the reader can
gain further insight on the notion of forbidden transitions and the possi-
bilities to enhance them, as well as on the transversal and longitudinal
contributions to the current. We note that in this section we choose, for
the sake of simplicity, to calculate the currents with respect to the
uncoupled basis n; l;m;msj i, where n; l;m;ms are the principal, orbital
angular momentum, z-component of the angular momentum, and
z-component of the spin quantum numbers, respectively. The case of
fine-structure quantum beats with respect to the coupled basis
n; l; j;mj
�� �

, where j;mj are the total angular momentum and z-compo-
nent of the total angular momentum quantum numbers, respectively, is
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considered in Sec. VB. For the sake of simplicity we also neglect hyper-
fine and relativistic corrections to the hydrogen atom.

The transition current accounting for spin is given by Eq. (4),
where we can choose to substitute the desired eigenfunctions of the
hydrogen atom to describe some selected transitions. For example, the
2p; 0 "! 1s; 0 " transition has a transition current,

jfi rð Þ ¼
e
m
w�1s rð Þ �i�h$ð Þw2p rð Þ þ lB$ w�1s rð Þw2p rð Þ� �� bz; (101)

where lB¼e�h/2m is the Bohr magneton. Through explicit calculation,
detailed in the supplementary material, Secs. SI17–SI21, we find for
the 2p0 "! 1s " transition the result:

jfi qð Þ ¼ �ixe
27

35
ffiffiffi
2
p

a0
1

1þ �q2
	 
2 bz þ �q2

1þ �q2
cosh 2bq � 3isinhb/� �" #

:

(102)

Here and onwards, we define

�q ¼ ninf
ni þ nf

a0q; (103)

as the small parameter characterizing the emission orders, with a0
standing for the Bohr radius. While for the hydrogen atom a0 is four
orders of magnitude smaller than the emitted wavelength, it is instruc-
tive to observe that this small parameter scales as a0q, proportional to
the ratio between the emitter dimension a0 and the emission wave-
length k. Consequently, by using nontrivial optical environments and
dispersion relations to shrink the emitted wavelength, small parame-
ters such as �q may become comparable to unity, thus breaking the
dipole approximation. Table IV summarizes the results for different
transitions. All derivations can be found in the supplementary mate-
rial, Secs. SI17–SI21.

We exemplify the radiation patterns in free space for the four
cases considered in Table IV:

Efi rbn;xfið Þ ¼ ei
xfi
c r

4pr
el0x

2
fi

� dfij j 1

1þ �q2fi
	 
2 sin hbh þ 3i

�q2fi
1þ �q2fi
	 
3 sin h cos hb/

" #
; 2p "! 1s "

i
xfi

2c
Q0fi � bn�� �� 1

1þ �q2fi
	 
3 cos h sin hbh þ 2i

�q2fi
1þ �q2fi
	 
4 sin h cos2h� 1

3

� �b/" #
; 3d0 "! 1s "

xfi

2c
Q0fi � bn�� �� 3�q2fi

1þ �q2fi
	 
3 sin hb/
" #

; 2s "! 1s "

i�h
2mc

1

1þ �q2fi
	 
3 � 6�q2fi

1þ �q2fi
	 
4 cos2h

 !
cos h bx þ ibyð Þ � ei/sin hbz� �

; 2p "! 2p #;

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

(104)

where �qfi is defined as in Eq. (103), with q replaced by xfi=c. The cor-
responding radiation patterns in free space are summarized in Fig. 11.

B. Quantum beats

This subsection demonstrates how to use transition currents to
describe quantum beat phenomena and how to obtain quantitative
results. We exemplify this derivation on the hydrogen atom, to obtain
analytical expressions. We specifically examine the 3d ! 2p transi-
tion. The fine structure energy is given by220

Enj ¼ En 1þ a2

n
1

jþ 1
2

� 3
4n

0@ 1A
264

375; (105)

where j ¼ l6 1=2 is the total angular momentum number. To proceed,
we need to write the coupled n; l; j;mj

�� �
eigenstates in terms of the

uncoupled basis states n; l;m;msj i according to the angular momentum
summation rules. For simplicity of notation, we define the two excited
states e1j i ¼ j3d3=2; 3=2i and e2j i ¼ j3d5=2; 5=2i, such that the emitter
is prepared in a coherent superposition of them written as

TABLE III. Main formulas of the transition-current formalism (TCF). The TCF allows for the calculation of correlations, radiation patterns, and transition rates associated with
both first- and second-order processes.

First-order correlations bE†
r;xð ÞbE r0;x0ð Þ

D E
¼ l20x

2
Ð
d3R

Ð
d3R0G� R; r;xð ÞG r0;R0;x0ð Þ bJ† R;xð ÞbJ R0;x0ð Þ

D E
Radiation pattern

d2P
dXdx

¼ r2�0c
pT

Tr bE†
rbn;xð ÞbE rbn;xð Þ

D E
Transition rates Cfi ¼ 2

�h�0c2
Ð
d3r
Ð
d3r0j�fi rð ÞIm G r; r0;xfið Þ� �

jfi r
0ð Þ

Second-order correlations bE†
r;xð ÞbE†

r0;x0ð ÞbE r0;x0ð ÞbE r;xð Þ
D E

¼ �h2
P

f

Ð
d3s0

Ð
d3sl20x

02xG r; s;xð Þrfi s; s0;x;x0ð ÞG s0; r0;x0ð Þ�� ��2
Two-photon decay rate Cfi ¼ 1

T
l20
p2

ð
dx
ð
d3r
ð
d3r0

ð
d3s
ð
d3s0

ð
dx0x0xTr r�fi r; s

0;x;x0ð ÞImG s0; s;x0ð Þrfi s; r0;x0;xð ÞImG r0; r;xð Þ� �
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wij i ¼ c1 e1j i þ c2 e2j i: (106)

The dipole-allowed transitions to ground states in the n ¼ 2 orbital
involve three states g1j i ¼ 2p3=2; 3=2

�� �
, g2j i ¼ 2p3=2; 1=2

�� �
and

g3j i ¼ 2p1=2; 1=2
�� �

(see full details in the supplementary material, Sec.
SI22), as depicted in Fig. 12. The process, therefore, comprises a
K-system and a V-system, and, as discussed in Sec. III E, the QED predic-
tion suggests that quantum beats will originate from theV-system only.

TABLE IV. Momentum-space currents for different hydrogen atom transitions.

Transition Momentum-space transition current Leading multipole �q ! 0ð Þ

2p0 "! 1s " jfi qð Þ ¼ �ixe
27

35
ffiffiffi
2
p

a0
1

1þ �q2
	 
2 bz þ �q2

1þ �q2
cos h 2bq � 3i sin hb/� �" # jfi 0ð Þ ffi �ixedfi

dfi ¼ 27

35
ffiffiffi
2
p

a0bz

3d0 "! 1s " jfi qð Þ ¼�
ex2

2c
1ffiffiffi
6
p 35

27
a20

1

1þ�q2
	 
3 coshbz� 1

3
bqþ �q2

1þ�q2
cos2h� 1

3

� � bq� 2i sinhb/� �" # jfi 0ð Þ ffi �
ex2

2c
Q0fi � bq

Q0fi � bq ¼ 1ffiffiffi
6
p 35

27
a20 coshbz � 1

3
bq� �

2s "! 1s " jfi qð Þ ¼
ex2

2c
29

36
ffiffiffi
2
p

a20
1þ 3�q2

1þ �q2
	 
3 bq � i

3�q2

1þ �q2
	 
3 sin hb/

" # jfi 0ð Þ ffi �
ex2

2c
Q0fi � bq

Q0fi � bq ¼ � 29

36
ffiffiffi
2
p

a20bq

2p0 "! 2p0 #
jfi qð Þ ¼

ex
2mc

1

1þ �q2
	 
3 � 6�q2

1þ �q2
	 
4 cos2h

 !
�hei/ bh þ i cos hb/� �

jfi qð Þ ffi �
iex
2mc

Mfi � bq
Mfi � bq ¼ �h bx þ ibyð Þ � bq

bx þ ibyð Þ � bq ¼ iei/ bh þ i cos hb/� �
ei/ bh þ icos hb/� �

¼ cosh bx þ ibyð Þ � ei/ sin hbz

FIG. 11. Currents and radiation patterns in hydrogen atom transitions. (a) The 2p0 "j i ! 1s0 "j i, 3d0 "j i ! 1s0 "j i, 2s0 "j i ! 1s0 "j i and 2p0 "j i ! 2p0 #j i transitions,
along with depictions of their respective wave functions and the leading-order of allowed radiative transition in free space. (b) Vectorial depiction of the transverse part of the
Fourier-space transition currents appearing in Table I. (c) Depiction of the free-space radiation patterns described by Eq. (104), decomposed into leading orders in �q fi .
Contributions are labeled by their multipole order.
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The slowly varying instantaneous power emitted to the far field
in vacuum is, according to Eq. (56) and applying the dipole
approximation,

dP tð Þ
dX
¼ e2�0cl20x

4
0

8p2
X
ii0

X
fr

qe i; i0ð Þei xfi�xfi0ð Þ t�r
cð Þd*fi � b�rb�r � df i0 ;

(107)

with x0 ¼ ðE3 � E2Þ=�h ¼ 5ER=36�h where ER is the Rydberg energy.
The corresponding transition dipole moments are de1!g1 ¼ � 1ffiffi

5
p dbz,

de1!g2 ¼
ffiffi
2
3

q
dbeR; de2!g1 ¼

ffiffiffi
2
p

dbeR; and de1!g3 ¼
ffiffi
5
3

q
dbeR, wherebeR ¼ ðbx þ ibyÞ= ffiffiffi

2
p

and d ¼ 21134

57 a0. The instantaneous power spec-
trum due to the K-system is constant in time,

dPK
dX
¼ �hx0

x3
0ad

2

2pc2
7
6
c1j j2 1þ cos2hð Þ; (108)

as expected. The V-system, however, displays a temporally-varying
spectrum

dPV
dX
¼ �hx0

x3
0ad

2

2pc2

"
1þ 4 c2j j2

5
þ 6 c2j j2 � 1

5
cos2h

þ c1c2j jffiffiffi
5
p cos Xt þ u21 þ /ð Þsin2h

#
; (109)

where u21 ¼ arg c�1c2ð Þ. The beat frequency is then

X ¼ xe2!g1 � xe1!g1 ¼ 2a2

45
x0: (110)

Finally, the total time-varying power for c1j j ¼ c2j j ¼ 1=
ffiffiffi
2
p

is

dP
dX
¼ dPK

dX
þ dPV

dX

¼ �hx0
x3

0ad
2

4pc2
67
20
þ 59
60

cos2hþ 1ffiffiffi
5
p sin2hcos Xt þ u21 þ /ð Þ

� 

:

(111)

C. Purcell enhancement of a general emitter near
a material boundary

In this subsection, we exemplify the use of the TCF to derive the
Purcell factor of a general emitter near a material boundary, allowing
for corrections beyond the dipole approximation.

Consider an emitter situated at a height h above a planar bound-
ary. We are now interested in how the transition rate is altered by the
presence of the boundary compared to its free-space transition rate, or
in other words, we wish to calculate the Purcell factor. For this calcula-
tion, we shall employ the angular spectrum decomposition of the
reflected part of the dyadic Green function, derived in Ref. 96 in
Cartesian coordinates, and overviewed in the supplementary material,
Secs. SI30–SI31. As the medium in question is rotationally invariant
around the z axis, a more transparent form of the reflected Green func-
tion can be obtained using cylindrical coordinates:

Gref r; r0;xð Þ ¼ i
8p2

ð
d2kT

eikT � rT�r
0
Tð Þþi ffiffiffiffiffiffiffiffiffiffik20�k2T
p

zþz0ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k20� k2T

p Gref kTð Þ; (112)

FIG. 12. Quantum beats in the emission pattern from the hydrogen atom. The atom is prepared in a coherent superposition of two initial states, j3d3=2; 3=2i and j3d5=2; 5=2i,
while three possible final states are considered: 2p3=2; 3=2

�� �
, 2p3=2; 1=2
�� �

and 2p1=2; 1=2
�� �

. In this configuration, the atom comprises both a V-type and a K-type system.
Right: depiction of the radiation pattern from each subsystem and the total system, for different times within one beat period. (a) For the V-type system, the two initial states
share the same final state, and thus their field amplitudes are summed coherently; the radiation pattern thus exhibits quantum beats. (b) For the K-type system, the initial state
decays to two distinct final states and the field amplitudes are summed incoherently; the radiation pattern is then constant in time. (c) The total system displays quantum beats
with limited visibility.
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with the momentum-space tensor

Gref kTð Þ ¼ rs kTð Þb/b/
� rp kTð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k20 � k2T

p
k0

bq � kT
k0
bz

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k20 � k2T

p
k0

bq þ kT
k0
bz

 !
;

(113)
where rs and rp are the s- and p-polarized Fresnel reflection coeffi-
cients. Since the total Green function in the upper half-space is
G r; r0;xð Þ ¼ G 0ð Þ r; r0;xð Þ þ Gref r; r0;xð Þ, the Purcell factor becomes
(see the supplementary material, Sec. SI31 for derivation)

FP ¼ 1þ a
pce2Cfi;0

Re
ð
d2kT

e2ih
ffiffiffiffiffiffiffiffiffiffi
k2fi�k2T
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2fi � k2T

p j�fi kT ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2fi � k2T

q� �

� Gref kTð Þ � jfi kT ;�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2fi � k2T

q� �
; (114)

where jfi kð Þ are the momentum-space transition currents given in Eq.
(14), and kfi ¼ xfi=c. It is important to emphasize that Eq. (114) is
general, for any emitter transition—especially those that are beyond
the dipole approximation—and any boundary material characterized
by its reflection coefficients, rs and rp [as in Fig. 4(b)]. For complete-
ness, we include the known result for a transition dipole moment dfi,

FP ¼1þ 3
4

dfi;x
�� ��2þ dfi;y

�� ��2
dfij j2

Re
ð1
0
dxe2ihkfi

ffiffiffiffiffiffiffiffi
1�x2
p �

xffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p rs xð Þ

� x
ffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p

rp xð Þ


þ 3
2

dfi;z
�� ��2
dfij j2

Re
ð1
0
dxe2ihkfi

ffiffiffiffiffiffiffiffi
1�x2
p x3ffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
p rp xð Þ;

(115)

for x ¼ kT=kfi, recovering the result in Ref. 96.

D. Interband transitions of excitons in quantum dots

The purpose of this subsection is to employ the TCF for a solid-
state emitter, such as quantum wells or quantum dots. Excitonic transi-
tions in quantum dots with mesoscopic dimensions40,46,98 as well as
those in quantum wells45,160 have gained interest in the past decade
due to their ability to break the dipole approximation, thus altering the
emission rate and patterns, and even shifting the emission frequencies
(see Fig. 5).

To formally describe a transition in a condensed-matter system,
it is sometimes useful to use the second-quantization formalism for the
transition current, Eq. (9), especially when a many-body state is
involved. For example, in order to describe the recombination of a sin-
gle electron–hole pair (that is, a single electron placed in the conduc-
tion band and a single hole in the valence band), one formally needs to
consider a many-body state. We define the initial state as

ij i � vj i ¼
X
kc ;kv

v kc; kvð Þcv;kv c†c;kc Fj i; (116)

denoting an exciton eigenstate, expanded in terms of single-electron
excitations of the conduction (c) and valence (v) bands, where
v kc; kvð Þ are the expansion coefficients and Fj i is the Fermi Sea state
Fj i ¼ 1v;q1 ; 1v;q2 ;…; 1v;qNj i 	 0c;q1 ; 0c;q2 ;…; 0c;qNj i where all elec-
trons are in the valence band. The final state is then the Fermi sea,
which is the ground state of the system

fj i � Fj i ¼ 1v;q1 ; 1v;q2 ;…; 1v;qNj i 	 0c;q1 ; 0c;q2 ;…; 0c;qNj i: (117)

We now employ the well-known envelope function approxima-
tion,46,47,221,222 and use the symmetries of the Bloch functions,222

under which the transition current becomes (see derivation in the sup-
plementary material, Sec. SI23)

jfi rð Þ ¼
e
m

u�0;v �i�h$ð Þu0;c
D E

UC
v r; rð Þ; (118)

where v re; rhð Þ is the so-called envelope function, which is an eigen-
function of the Electron–hole effective mass Hamiltonian:46

Hexc ¼ p2e
2m�e
þ p2h
2m�h
þ Ve reð Þ þ Vh rhð Þ � q2

4p�0�r re � rhj j : (119)

Here, m�eðhÞ is the effective electron (hole) mass, Ve hð ÞðrÞ is the external
confining potential of the quantum dot felt by the electron (hole),
ukv=c rð Þ are Bloch functions, and �h iUC denotes a unit cell expectation
value.

Importantly, under the envelope function approximation, the
transition current corresponding to Electron–hole recombination is
dominated by the transition matrix element of the momentum opera-
tor between the conduction and valence Bloch functions:46

pcv ¼ u�0;v �i�h$ð Þu0;c
D E

UC
: (120)

Usually, one considers different regimes for the calculation of v re; rhð Þ:
the unconfined regime [bulk exciton with Ve ¼ Vh ¼ 0, wherein
v re; rhð Þ is just the hydrogen-like wave function], strong confinement
[Ve;Vh 
 Coulomb attraction, wherein v re; rhð Þ ¼ ve reð Þvh rhð Þ and
the electron and hole wave functions are separable], and weak confine-
ment (both the confining and Coulomb potentials are dominant). In
this section, we focus on the latter.

For the special case of a parabolic confinement, we can write

Ve hð Þ ¼
1
2
m�e hð ÞX

2
xx

2
e hð Þ þ

1
2
m�e hð ÞX

2
yy

2
e hð Þ þ

1
2
m�e hð ÞX

2
zz

2
e hð Þ; (121)

and then decompose v re; rhð Þ into a center-of-mass (cm) part and a
relative motion part as

v re; rhð Þ ¼ vcm rcmð Þvrel rrelð Þ; (122)

where rcm; rrel are the center-of-mass and relative coordinates, respec-
tively. Then, the wave functions vcm rcmð Þ and vrel rrelð Þ are, respectively,
eigenstates of the quantum harmonic oscillator (with total mass
M� ¼ m�e þm�h) and the hydrogen-like potential (with relative mass
l� ¼ m�em

�
h= m�e þm�hð Þ). The combined energy ladder of the har-

monic and hydrogen potentials define the exciton subbands of energies

Enxnynz ;n ¼ Ec þ �hXx nx þ 1
2

� �
þ �hXy ny þ 1

2

� �
þ �hXz nz þ 1

2

� �
� ER

n2
; (123)

where Ec is the conduction band energy and ER is the Rydberg energy
corresponding to the hydrogen-like potential. In this case, the transi-
tion current simplifies to

jfi rð Þ ¼
e
m
pcvvrel 0ð Þvcm rð Þ: (124)
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Here, vrel is a hydrogenic wave function wnlm, with l being the orbital
angular momentum. Further, the value of vrel 0ð Þ is nonzero only for
l ¼ 0, and hence, OAM-carrying transitions are forbidden; thus, we
have

vrel 0ð Þ ¼
dl;0ffiffiffi

p
p

n
5
2n!a

3
2
B

: (125)

The center-of-mass wave function, vcm, corresponds to a three-
dimensional Harmonic oscillator wave function

vcm rð Þ ¼
Y3
i¼1

1
2pDr2i

� �1
4

exp � 1
4
r2i
Dr2i

 !
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2nri nri !

p Hnri

riffiffiffi
2
p

Dri

� �
; (126)

with ri ¼ x; y; z and Dri ¼
ffiffiffiffiffiffiffiffiffiffiffi

�h
2M�Xri

q
¼ Dx;Dy;Dz.

E. Emission patterns from mesoscopic quantum dots
beyond the dipole approximation

In this subsection, we proceed with the quantum dot example
and use transition currents to calculate—both analytically and numeri-
cally using an electromagnetic solver—the emission pattern from a
mesoscopic quantum dot that breaks the dipole approximation. To
this end, we consider the simple case of a recombination from the
ground excitonic state 000; 0j i for an azimuthally symmetric, meso-
scopic quantum dot: Dx ¼ Dy ¼ DrT 6¼ Dz, that is comparable to k,

the optical wavelength.46 Assuming the conduction-to-valence transi-
tion dipole to be along the z direction, the corresponding transition
current is then

jfi rð Þ ¼ �iexcvdcvbz 2pð Þ34ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pVQDVB
p exp � 1

4
x2 þ y2

Dr2T
� 1
4
z2

Dz2

 !
; (127)

and its Fourier transform is

jfi kbnð Þ ¼ �iexcvdcvbz 2
p

� �3
4
ffiffiffiffiffiffiffiffiffi
VQD

pVB

r
e�

1
4
�k
2
T sin

2h�1
4
�k
2
zcos

2h; (128)

again denoting �kj ¼ 2Drjk with j ¼ T; z, where we have defined the
quantum dot volume as VQD ¼ DxDyDz and the Bohr volume
VB ¼ a3B. When the values of �kj become comparable to or larger than
unity, that is, for example, whenever DrT ;Dz� k=4p 
 40 nm for
k ¼ 500 nm, the emission is strongly modified compared to a dipole
emission pattern. We illustrate this by calculating and simulating the
emission patterns from nonlocal quantum dots in both free space and
near a boundary, as illustrated in Fig. 13.

VI. APPLICATIONS OF TRANSITION CURRENTS
TO FREE-ELECTRON SYSTEMS

Most uses of transition currents in the literature were in bound-
electron systems, but recent years have shown that the TCF can be use-
ful in various problems involving free electrons, particularly in the
context of optical excitations in electron microscopy.74,85,86,90,188

FIG. 13. Radiation patterns from mesoscopic quantum dots in vacuum and above a dielectric substrate. (a) Depiction of the scaling of quantum dot dimensions compared to
the emitted wavelength, which already display considerable deviation from the dipole approximation even for emission in vacuum. (b) Analytic radiation patterns in free space
for different transverse quantum dot dimensions. (c) Depiction of a mesoscopic quantum dot situated at a height h above a dielectric interface of refractive index n. (d)
Analytically calculated and numerically simulated radiation patterns into the vacuum side for different transverse quantum dot size and height above the interface. We consider
k ¼ 500 nmDz ¼ DrT=4, and a fused silica substrate with n ¼ 1:46.
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The places in which transition currents are of special importance in
free-electron physics are where the electron wave function is manipu-
lated, which is an area of relevance due to recent experimental
advances.69,89,223–227 As we shall demonstrate below, another important
regime for transition currents is the recoiled regime of free-electron light
emission,141 which has recently become experimentally accessible.178

A. Electron interaction with a nanoparticle:
Cathodoluminescence and energy-loss spectroscopy

To describe coherent cathodoluminescence light emission from a
polarizable nanoparticle [Fig. 14(a)], we apply Eq. (48) for the case
where the free electron travels aloof with respect to a nanoparticle of
polarizability a xð Þ located at r0 ¼ 0 in vacuum. We use the Dyson
expansion for the dyadic Green function, Eq. (32). By taking the non-
retarded near-field approximation [Eq. (30)] for G 0ð Þ 0; r0;xð Þ on the
right, and the far-field approximation [Eq. (39)] for G 0ð Þ r; 0;xð Þ on
the left, we find the CL probability per unit frequency (see the supple-
mentary material Sec. SI10 for derivation)

dpCL
dx
¼ 1

4p�0ð Þ3
8e2x5

3pc3�hv4

ð
d2rT wi;T rTð Þ

�� ��2 a xð Þ � F rT ;xð Þ
�� ��2; (129)

where

F rT ;xð Þ ¼ K1
x
v
rT

� �brT þ iK0
x
v
rT

� �bz; (130)

and Kn denotes the modified Bessel function of the second kind. Up to
relativistic corrections (i.e., for c!1), the result derived in Ref. 74 is
recovered for wi;T rTð Þ

�� ��2 ¼ d rT � rT0ð Þ.
To calculate the energy loss rate, we again employ the Dyson

expansion for the dyadic Green function, Eq. (32), but this time take
the nonretarded near-field approximation of Eq. (30) for G 0ð Þ on both
sides. This gives

ImGS r; r0;xð Þ ¼ 1

4p�0ð Þ2
�0c2

x2

3brbr � I
r3

� Ima xð Þ � 3br0br0 � I
r03

: (131)

We use Eq. (85) to calculate the EELS probability, giving (see the sup-
plementary material, Sec. SI15 for derivation)

dpEELS
dx

¼ 1

4p�0ð Þ2
4e2x2

p�hv4

ð
d2rT wi;T rTð Þ

�� ��2F� rT ;xð Þ � Im a xð Þ� �
� F rT ;xð Þ: (132)

Again, up to relativistic corrections, the result derived in Ref. 74 is
recovered for wi;T rTð Þ

�� ��2 ¼ d rT � rT0ð Þ.

B. Interference of cathodoluminescence
with external light

In this subsection, we show how the TCF can capture experimen-
tal scenarios in free-electron light emission where an external, classical
laser field interferes with the spontaneously emitted light. Whenever
two or more sources of electromagnetic field are coherently coupled to
the same system, interference effects start playing a role as a result of
the simultaneous stimulation of absorption and emission processes
between the levels constituting the sample. Practical examples are
given by pump-probe scenarios in which a laser and an electron pulse
illuminate simultaneously a sample87,188 [Figs. 14(b) and 14(c)] as well
as by situations when several electrons are sent together to interact
with the same specimen74,86 [Figs. 8(c) and 8(d)]. Recently, this con-
cept was extended to include interference between a free-electron CL
emission at two consecutive samples.228

From a theoretical point of view, the exploration of such phenom-
ena can be readily performed by assuming that the total current is com-
posed of a sum of a classical component jlaserðr;xÞ, responsible for the
production of a classical external laser pulse, and a quantum current

operatorbje�ðr;xÞ, whose second-quantized form is able to directly cap-
ture the presence of multiple electrons,74,86,188 as discussed in Sec. III F:bj r;xð Þ ¼bje� r;xð Þ þ jlaser r;xð Þ: (133)

This line of thought was first adopted in the context of homodyne
detection to study the interference between the cathodoluminescence
light emission produced by an electron compressed via the so-called
photon-induced near-field electron microscopy (PINEM) interaction
and a reference laser87 (a component of the same laser used for
PINEM). A similar approach explored the possibility to retrieve the
quantum coherence of the shaped electron wave function through

FIG. 14. Coherent light emission from free electrons interacting with a polarizable nanoparticle. (a) Depiction of coherent cathodoluminescence—spontaneous light emission by
a free electron, here passing close to a nanoparticle of polarizability a xð Þ. (b) Proposal for an experimental setup in which a free electron wave function, pre-modulated by a
laser field, interacts with a sample driven by the same laser pulse, leading to coherent interference that alters the cathodoluminescence emission.188 (c) Calculation of the light
emission and scattering for the interaction depicted in panel (b), showing inhibition of the total field below the incoherent summation of the scattered and spontaneously emitted
fields188 (parameters are shown in the inset). Reproduced with permission from Di Giulio et al., ACS Nano 15, 7290 (2021). Copyright 2021 Authors, licensed under a Creative
Commons Attribution (CC BY) License.
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spectral shear interferometry of the emitted light85 [Figs. 7(c) and
7(d)]. In a related development, the possibility of performing pump-
probe measurements with synchronized electron and laser pulses was
explored as an approach to reach a combination of meV-nm-fs resolu-
tions.188 In these works, the probability of measuring a photon is
obtained by multiplying Eq. (42) by the time of interaction T and
dividing it by the emitted photon energy �hx, yielding

d2pcl
dXdx

¼ r2�0c
p�hx

bE†
rbn;xð Þ � bE rbn;xð Þ

D E
: (134)

As we have seen in Eq. (12), the evaluation of this expression demands
the calculation of the expectation value of the current correlations,
which in our case becomes

bj† r;xð Þbj r0;x0ð Þ
D E

¼ bje�† r;xð Þbje� r0;x0ð Þ
D E
þ bje�† r;xð Þ
D E

jlaser r0;x0ð Þ

þ jlaser� r;xð Þ bje� r0;x0ð Þ
D E

þ jlaser� r;xð Þjlaser r0;x0ð Þ; (135)

involving two- and one-current operator expectation values,bje�† r;xð Þbje� r0;x0ð Þ
D E

and bje� r;xð Þ
D E

respectively. Remarkably, the

TCF can reproduce the same results (see Refs. 87 and 188 for a proof
based on macroscopic QED that the current formalism applies to this
configuration). In particular, terms coming from the two-current aver-
ages account for photons that are incoherently emitted from every
individual electron as well as for the coherent emission from each elec-
tron pair (as discussed in Sec. III F), while the remaining one-current
terms include the effect of signal suppression or enhancement pro-
duced by the destructive or constructive interference of the emission
coming from each electron and the external laser pulse.

The above result becomes more interesting when N electrons are
involved: as we have seen in Eq. (60), the incoherent signal is propor-
tional toN , while the mutual electron–electron emission leads to a coher-
ent amplification of the total signal proportional to N2 if the electrons
are in phase,74,147,229 an effect known as super-radiance. The amount
of achievable modulation is determined by the so-called coherence

factor,87,188 defined in Eq. (57) as Mj
x ¼

Ð1
�1 dz /j zð Þ

�� ��2eixzv dz for an
electron labeled by j. The absolute value of the coherence factor is con-

strained to 0 � Mj
x

�� �� � 1 due to wave function normalization, with the
lower bound applying to unsynchronized electron beams with a well-
defined momentum /jðzÞ / eikz , and the upper limit of one reached for

classical-point particle electrons /j zð Þ
�� ��2 ¼ dðzÞ. Interestingly, the inter-

action of an electron with light, either close to an interface in a PINEM
setup230,231 or in free space via stimulated Compton scattering,232,233 fol-
lowed by a macroscopic propagation of the order of millimeters, can pro-
duce a substantial coherence factor at multiple harmonics of the
modulating laser frequency, while a combination of several PINEM inter-

actions and macroscopic propagation leads to Mj
x

�� �� 
 1, as in Ref. 234.

C. Smith–Purcell radiation and quantum-recoil
corrections

This subsection shows that transition currents can be applied to
also capture quantum-optical phenomena that directly arise from the

quantized nature of the photon—as in the recoil of a free electron due to
the emission of a photon. This result helps to emphasize that despite not
having to handle the electromagnetic field using second quantization, the
transition-current approach does not miss such quantum effects.

As a representative type of radiation emission from free electrons,
we consider Smith–Purcell radiation,71 which is obtained whenever a
free electron traverses a periodic structure (Fig. 15). This radiation
emission is characterized by a distinctive dispersion relation connect-
ing the emission angle with respect to the electron direction of motion,
h, the emitted wavelength, k, and the period of the structure,K:

k hð Þ ¼ K
n

b�1 � cosh
	 


: (136)

Here, n is the diffraction order and b ¼ v=c the normalized electron
velocity. We utilize this effect to exemplify both the use of numerical
solvers for the calculation of SP radiation patterns and spectra, as well
as for quantum corrections that go beyond the nonrecoil approxima-
tion.64,141,178 As discussed in Sec. IID, these corrections are all encap-
sulated in the transition current.

We begin with a conventional case of SP radiation, employing the
transition currents under the nonrecoil approximation, which is valid for
most experimental conditions. Given an initial electron wave function
envelope /i rð Þ, the paraxial and nonrecoil approximations can be
employed as in Eq. (22), giving the expression for the power spectrum as
in Eq. (48). An FDTD solver could be used to calculate the Fourier inte-
gral over the far-field Green function, by placing an array of dipole emit-
ters pointing along z, with a phase lag of ei

x
v z between them235,236 and

recording the far field. An incoherent summation over different lateral
positions of the dipole lines—weighted by the modulus squared of the
transverse electron wave function /i;T rTð Þ

�� ��2—is then required. The lat-
ter procedure is valid when only the light is measured, and the electron
final state is traced out. This independence of coherent cathodolumines-
cence on the electron wave function (i.e., just a trivial dependence on the
probability density, but not on the phase of the wave function) has been
investigated and confirmed both theoretically and experimentally.69,74

Equivalently, one may choose to take advantage of the periodicity
of the system and perform the simulation over a single unit cell instead.
Owing to the periodicity of the structure, the far field Green function sat-

isfies G1 rbn; r0 � bznK;xð Þ ¼ ei
x
cbn�bznKG1 rbn; r0;xð Þ, and we can write

Eq. (48) as (see the supplementary material, Sec. SI24 for derivation)

d2P
dXdx

¼
sin

x
c
cosh� x

v

� �
NK
2

� 

sin

x
c
cosh� x

v

� �
K
2

� 

���������

���������
2 ð

d2rT /i;T rTð Þ
�� ��2 d2P rTð Þ

dXdx

� 

UC
;

(137)

where d2P rTð Þ=dXdx
� �

UC
is the recorded far-field power spectrum

for a portion of the electron beam current inside a single unit cell:

d2P rTð Þ
dXdx

� 

UC
¼ r2x2e2

pc3�0T

ð
UC
dzei

x
v zG1 rbn; rT ; z;xð Þ � bz���� ����2; (138)

where
Ð
UC� denotes integration over the (longitudinal) unit cell, and N

is the number of periodicities traversed by the electron.
Having established the non-recoil result, we now proceed to employ

the TCF considering quantum recoil effects. In this manner, the
transition-current approach can incorporate “quantum corrections” even
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when used as a source current for classical electromagnetic numerical
solvers. To demonstrate this, we derive the transition current for a slow
ðc 
 1Þ Schr€odinger free electron without neglecting quantum recoil
and dispersion effects. In this case, we have, using Eqs. (18) and (21),

jfi r;xð Þ ¼ ev0ffiffiffiffi
V
p

ð
d3dki

2pð Þ3
~/i dkið Þei qþdkið Þ �r

� 2pd x� q � v0 � dki � v0 � �h
2m

dk2i þ
�h
2m

q2
� �

; (139)

with q ¼ k0 � kf . Using the recoiled transition current of Eq. (139), we
obtain the quantum-corrected power spectrum of a localized transverse
wave function [i.e., /i;T rTð Þ

�� ��2 
 d rT � rT0ð Þ for focused electron
beams] as (see the supplementary material, Sec. SI24 for derivation)

d2P
dXdx

¼
ð
dqz ~/iz

x
v
� qz

� ����� ����2

�
sin

x
c
cosh� x

v
� �hx

2E
qz þ �hx

4E
x
v

� �
NK
2

� 

sin

x
c
cosh� x

v
� �hx

2E
qz þ �hx

4E
x
v

� �
K
2

� 

���������

���������
2

� d2P rT0ð Þ
dXdx

� 

UC

; (140)

where E ¼ mv2=2 is the kinetic energy of the incident electron.
Remarkably, Eq. (140) suggests that the quantum limit can be obtained by
simulating the classical unit-cell power spectrum d2P rTð Þ=dXdx

� �
UC

and multiplying it by the quantum-corrected dispersion function, origi-
nating in the recoiled transition current of Eq. (139). It is seen that both
the dependence on the longitudinal wave function, as well as the dis-
persion relation, are now changed. Specifically, there now exists a
direct dependence on the spectral content of the longitudinal wave
function, that was absent from the nonrecoil case. In the nonrecoil
limit of �hx=2E! 0 this relation recovers Eq. (138), sinceÐ
dqz ~/iz qzð Þ
��� ���2 ¼ 1. Fig. 15 compares the results of Eqs. (138) and

(140) for a slow electron emitting SP radiation, showing a clear spec-
tral redshift as well as shift in the emission angle for the more accu-
rate quantum calculation.

VII. CONCLUSIONS AND OUTLOOK

We presented a method for the calculation of spontaneous emis-
sion in arbitrary photonic media that does not explicitly use quantized
electromagnetic fields. Instead, the wave functions of quantum matter
undergoing a transition between initial and final states prescribe transi-
tion currents, which are then treated as sources to the classical
Maxwell equations. The response of the medium is contained in full in
the dyadic Green function, which connects current sources and the
resulting field amplitudes. These could then be found either analyti-
cally (upon knowledge or approximation of the Green function) or

FIG. 15. Quantum corrections to Smith–Purcell radiation from slow quantum electrons traversing a nanograting—simulated via FDTD. (a) Depiction of Smith–Purcell radiation
from a slow electron that experiences a considerable recoil, revealing quantum aspects of the electron; this results in a redshift of the emitted light spectrum. (b) Classical [Eq.
(138)] and quantum-corrected [Eq. (140)] emission patterns for k ¼ 509 nm. In this example, the far-field angular plots are defined with respect to the grating normal, i.e., a situ-
ation where a detector is placed above and parallel to the grating surface. Hence the elevation angle corresponds in the highlighted case to 90��h, where h is the observation
angle with respect to the electron trajectory. We note, however, that in some experiments involving angle-resolved measurements of CL in grazing-angle incidence,84 the detec-
tor plane is in fact perpendicular to the sample surface, and the polar angles can be defined with respect to the electron trajectory. (c) Classical and quantum Smith–Purcell dis-
persion, as a function of the observation angle h and wavelength. (d) Classical and quantum spectra for an aperture Dh ¼ 10� around h ¼ 90�. The expected redshift and
additional uncertainty are clearly visible. We consider a grating with a pitch K ¼ 10 nm, electron of energy E ¼ 100 eV and energy uncertainty DE ¼ 0:4 eV.
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numerically (by inserting the transition-current source into an electro-
magnetic solver). The former may be advantageous when the transi-
tion current spans over a continuous set of states, while the latter is
more adequate when matter undergoes transitions only between a dis-
crete subset of states. By formulating simple and intuitive sum rules
over final and initial states, one obtains the relevant observables from
the resulting classical field amplitudes without washing out quantum
optical effects—as semiclassical models often do.

The transition-current picture allows for an intuitive understand-
ing of various quantum aspects of spontaneous emission that go far
beyond the single dipolar transition. For example, we show that the
spatial structure of the transition currents holds information regarding
all multipole orders and allows one to readily calculate both emission
patterns and Purcell-enhanced rates beyond the dipole approximation.
This regime has attracted interest owing to the ability to access and
engineer forbidden transitions for emitters in the vicinity of nanopho-
tonic media hosting polaritons with ultrashort wavelengths,13,45 or
when considering mesoscopic solid-state emitters.40,98 A recurring sce-
nario where the dipole approximation is broken happens in free-
electron systems, due to the extended nature of free-electron wave
functions. We further apply the TCF to free electrons to calculate cath-
odoluminescence emission and electron energy-loss probabilities. Such
processes serve as important analytical tools in electron microscopy,
e.g., for the characterization of nanophotonic systems.

Quantum coherence transfer between an emitter and light can
also be correctly described, thus allowing for the calculation of quan-
tum beat phenomena in bound-electron systems, as well as wave
function-dependent optical coherence of cathodoluminescence in free-
electron systems. Remarkably, the TCF captures more complex phe-
nomena in spontaneous emission, such as many-body interference
effects and super-radiance of both bound- and free-electron systems
alike, in arbitrary settings, which can be appealing for recently develop-
ing fields such as waveguide QED;237 subtle quantum recoil correc-
tions to free-electron radiation; and even second-order processes such
as two-photon emission. The TCF similarly applies for situations in
which the radiation is dominated by ponderomotive terms238 or, more
generally, in any second-order process.

Albeit being vastly comprehensive, the validity of the TCF is eventu-
ally limited to the perturbative regime, which truncates the Dyson series
after a small number of photon emissions. Specifically, the formalism
assumes weak coupling between light and matter, and further neglects
counter-rotating terms in the interaction Hamiltonian (negative frequen-
cies in the dyadic Green function; see the supplementary material, Secs.
SI2–SI3 for further discussion). Thus, the transition-current description
of non-perturbative, strongly coupled dynamics (as in the Jaynes–
Cummings model) or those that go beyond the rotating-wave approxi-
mation (as in the quantum Rabi model), is not yet known to be possible.

In this respect, we note that quantum phenomena up to second
order in perturbation theory, such as photon statistics in the frequency
domain, can be captured by the two-photon correlations derived herein.
However, a full description of non-perturbative phenomena, such as ones
often necessary for certain non-Gaussian states with negative-valued
Wigner functions, is currently beyond the scope of this formalism.

It will be intriguing to investigate the extension of the formalism
beyond the perturbative regime. For free-electron systems under the
paraxial and nonrecoil approximation, one can show that since the cur-
rent operators commute, it should be readily possible to extend the

TCF to the nonperturbative regime74,188 described by the theory of
quantum photon-induced electron microscopy.88,209,216 For bound
electron systems, however, such generalizations should include time-
ordered, higher-order current-current correlations of the form of
Eq. (12), connecting the emitter dynamics with the quantum correla-
tions and photon statistics of the emitted light. Thus, complex emitter
dynamics, especially in many-body systems with arbitrary inter-atom
couplings, cannot be readily simplified by the TCF. A strategy to cover
dynamical effects in the non-perturbative regime is to integrate transi-
tion currents with the Wigner–Weisskopf method,239 or generalize the
TCF to dynamics of open quantum systems. This might be possible, for
example, using a superoperator Dyson series expansion of the Lindblad
equation in Liouville space,240 and then deriving the corresponding
form for transition currents.

We did not cover the full scope of phenomena that may be
described by the TCF, so we leave this for future work or as a challenge
for the interested reader. For example, one may consider further
second-order processes such as Lamb shifts and Casimir–Polder
forces, more complex photonic environments with nonlocal or aniso-
tropic responses, the interaction of free electrons with bound electron
systems,229,241,242 and non-perturbative approaches to recover the
quantum state of the electromagnetic field. The latter is of special inter-
est as it tackles the nonclassical nature of light sources, which is consid-
ered a hallmark of quantum optics. The ability to theoretically describe
nonclassical light generation with transition currents may provide a
different perspective to quantum optics, connecting the observed non-
classical light statistics to correlations in the emitter.86,243,244

SUPPLEMENTARY MATERIAL

See the supplementary material for elaborate derivations of the
different results contained in this paper.
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