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Supplementary Methods

Section S1: Free-electron transition radiation from a single interface

We begin with the analysis of free-electron transition radiation from a single interface, by following
Ginzburg and Frank’s theory of free-electron transition radiation (18,46,60-62,77). The interface is
between region j and region j + 1 in Fig. S1, where j is a positive integer. Both regions are
composed of isotropic materials, whose relative permittivity are e.; and .4, respectively. The
interface is at z = z; and parallel to the x-y plane. The moving electron has a charge of g and a

)

velocity of ¥ = Zv.

region j: &
- z=z
. . . Z
region j+1: ;.4 ®
electron

Fig. S1. Schematic of free-electron transition radiation from a single interface. Without loss of
generality, the interface is set to be at z = z;.
From the Maxwell equations, we have
Vx A, t) = J(F,t) + £o 3 E(F 1) (S1)
VX E(F, 1) = ~poptr 3 H(7, 1) (52)
where g, and u, is the permittivity and the permeability of free space, respectively. The induced
current density from the moving electron in equation (S1) is
J@,t) = 2qus(x)§(y)8(z — vt) (83)
By applying the Fourier transformation, equation (S3) becomes to

J0 = 2]] (7,0 = 2 [ do [ dk, i, (@)e et (S4)
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where 7, = £x + 9y and k, = £k, + Jky. By combining equations (S3-S4), we have

Ji @) = gty (S9)
Similarly, by applying the Fourier transformation to the electric field E(7,t) and the magnetic field
H(7,t) in equations (S1-S2), we have

EFt) = [dw [[ dk, Ex_,(2)e*rTre it (S6)

H(Ft) = [do [[ dk, Hy ,(2)eFrTeiot (87)

By substituting equations (S6-S7) into equations (S1-S2) and after some calculations, we have

i k2
2 (& @DE) + (S (@) — k) (@) By(2) = =29 (e (2) - 145) " (s9)
where E,(z) is the z component of the electric field Ef Lo(2); & is the relative permittivity,
&y ifz <z

~ according to Fig. S1.

and we have &.(z) = .
r(2) {sr,jﬂ; ifz > z

The solution of E,(z) in equation (S8) can be expressed as

E,(2) = E; (2) + Ef (2) (89)
where EJ(z) corresponds to the charge field induced by the motion of electrons inside a
homogeneous medium, and ER(z) corresponds to the radiation field created by the electron’s

penetration through the interface. To be specific, in region j, we have

_ T
( ) weg (27.[)3 c2 kicz ev (SIO)
AT
- — A’ ThT gikgz
Z] (2) = weo(2rr)3 1]+1 € : (S11)

where ¢ = 1/,/eou, is the speed of light in free space. Similarly, in region j + 1, we have
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q _ __—iq &pj+1v° =
EZ']'+1(Z) - 0)80(27[)3< clz klcz>elvz (812)
Erj+1— w2
_ Z=Z% ik,
Efn@ = oy Gt (S13)
2
In equations (510-S13), k,; = |=¢,; — k2 is the z component of wavevector in region j, and
J oz °rj L ]



a;jizf'i is the coefficient for radiation fields, where ‘4’ (‘=) stands for the excited waves
propagating to the +z (—z) direction.
To obtain the rigorous expression for these radiation coefficients, the boundary conditions should
be used, namely

A X (B = Ejp1)lz=z; = 0 (S14)

i x (Hj — Hj11)lz=z = 0 (S15)

where i = —2. By enforcing these boundary conditions, we have

Z=Z;i,— — i
i _— 50, +ik,;z;
a = et et (S16)
Z=Zpt 04 ik a2 i)
Ay = Qi€ ey (S17)
where
v kJ_c v zl+1
o Cwle, (5r1+1_5r1) 25r1+2 w/c
Qg = (S18)

2 k2v2 vKzj+1 kzj+1 kzj
1L ™ (42204 CEitL, o 2]
c2°T) T 2 c w/c ) w/c I+l /c

v kfc? v2 v kzj
cw? (5r1+1 Er])( ZErj+17

0+ _ Cwoerjyq cw/c
Gt = NI L (1 kz,])[ kzj+1 "zi] (S19)
Tezfrj1tT2 cw/c)|Eriw/e Tgrl'*‘lm/c
%t
If z; =0 inFig. S1, we actually have a”+1 a1

Section S2: Free-electron transition radiation from a slab

In this section, we derive the free-electron transition radiation from a slab. The slab has two parallel
interfaces, which are at the plane of z; = 0 and z, = d, respectively. As shown in Fig. S2, the
electron perpendicularly penetrates through the slab with a thickness of d and a relativity
permittivity of &,.

The whole calculation procedure here is similar to that in section S1. After some calculations

(18,46,60-62,77), one can obtain the total radiation field in each region, namely



Efi(2) = mt‘h e~ tkza” (520)
ER(2) = m [Azethn2? 4 Afetha27] (S21)
Bfa(2) = po ATees (522)

In equations (S20-S22), A]-lL is the radiation coefficient in region j, where ‘+’ (‘=) stands for the

excited waves propagating to the +z (—z) direction. To be specific, we have

- 0,+ R23T21 2ik., -d 0,— T21 “d ik .d
A7 = a? S +a —e z2% 4+ qy, ————=———pe v e'z2 S23
1 1,2 1 2 q- Ry1Ry, e2ikz2d 2,3 1—R2,1R2l36921k2'2d ( )
__ o+ Ra3 2ikypd 4 0~ 1 i2d ik, ,d
Az =a;; o RorRpseihz2d & tays 1-R, Ryse?ikzzd € " €77 (524)

A =a0t 1 0 R, idikd (S25)
1,2 1-R, 1R2'3621kz'2d 2,3 1_R2'1R2’3621k2,2d

0+ iz “d 0,+ T23 ik, ,d Ry1To3 i Y4 2ik ,d
A3 =ayze" +ap; 1-Ry Rpse¥z2d € + a23 1Ry Rppez2d € " €77 (526)
In equations (S23-S26), Rjj;1 and Rjyq;j (Tjj41 and Tjy,;) correspond to the reflection

(transmission) coefficients of p-polarized waves at the interface between region j and j + 1. Here

all reflection and transmission coefficients are defined according to the electric field E,, that is,

Erj+1kzj—ErjKzj+1
R = —R... . = Eirikei—enikajin S27
b+ WU kg tengk (527)

2€r'kzj
7'. . = ) bl B— 828
WAL e jaakgjtenhojan (528)
_ Erj+1Kzj+1

Tjpyy = ot (529)

erj+1kzjterjkzjr1

With the knowledge of the charge field and the radiation field in each region, the total field in
equation (S9) in each region can be obtained. By exploiting the inverse Fourier transformation and
after transforming the total field from the Cartesian coordinates (x,y,z) into the cylindrical
coordinates (p, ¢, z) (18,46,60-62,77), we finally have

E‘I(r t) = Zf dw —q(w_zgr,j __) H(l) <P Zgr,j _w_2>ei(%z—wt) +

8mwegerj \c? v2
.+ -q LW w? w?\ (1) w? w?\ i(%z-wt)
do——(i2)( - [Se;— % |H O —2)ely S30
p f—OO 8Twegerj \ vV cz N 2 1 \P cz 0 2 ( )

Ef (70 =2[" da)f dky —— A7 ke, (21)y (kp))ei(-Faiz=iot) 4

(2n)3



ﬁfjozo dw f0+00 dk, ——— A kZ](lzn]]_(kJ_p))el( kzjz—iwt)

wE (271:)3

Ef 0 =2[""do [" dk, —1— Ak, (2n]o(k, p))eikaiz=w1) +

weg (21t)3

P dew [F7 dley —— A¥ (—ky;) (2] (k) e (kesz=et)

weg (21t)3

More information for equation (2) in the main text

In the main text, we set

— AT
Aforward - A3

0,+ L—d
a23 =azev

+
a12 = a12T23

2
az3 —a23T23e v

Then equation (S26) can be re-expressed as

elkzzd Ry e Zlkzzd

Aforward = @33 + alZW_I_ a“W
Equation (S37) exactly corresponds to equation (2) in the main text.
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Fig. S2. Structural schematic when a moving electron perpendicularly penetrates through a

slab. (A) 3D structural schematic. (B) 2D structural schematic. To avoid the potential inelastic

scattering of swift electrons, a hole could be drilled for the slab; see Ref. (75,76) for example. The

electron trajectory is along the hole’s central line; and the hole’s radius r is much smaller than the

working wavelength Aj, namely r « A,.



Free-electron Brewster-transition radiation from relativistic electrons

The small hole along electron’s trajectory is actually not mandatory for the creation of free-electron
Brewster-transition radiation revealed in this work. For example, the highly-relativistic electrons
themselves (e.g. v/c > 0.95) can safely penetrate through the gain slab with negligible inelastic

electron scattering, and they can also enable the emergence of free-electron Brewster-transition

radiation as shown in Fig. S3.

free-electron Brewster-transition radiation from relativistic electrons
5x10-35

Ur(6¢) (J-s/sr)

eBrew

0 30 60 90
6 (degree)

Fig. S3 Free-electron Brewster-transition radiation from relativistic electrons (e.g. v/c >
0.95). For illustration, here we plot the forward angular spectral energy density Ug(fg) as a
function of the electron velocity and the radiation angle. The structural setup here is the same as Fig.

1C, except for the range of electron velocity.

Section S3: Comparison between |aZ .| and |a; .| in equation (3)

This section serves as the complementary information for equations (3-4) in the main text. The
definition of a3; and a5 are given in equations (S34&S36), respectively. According to their
definitions, we show in Fig. S4 that |aj;| and |az3| in equation (3) are in the same order of

magnitude. This way, we could have

_ 1 . : . .
a;3—| > |afs| if |R,3| = 0, which can be achieved if
23 7%, 23 2,3 )

the radiation angle is close to the Brewster angle Ogpe (see the detailed discussion in section S6).



Then in the main text, it is feasible to further reduce equation (3) to equation (4).
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Fig. S4. Dependence of |az 3| and |a33| on the forward radiation angle @¢. This figure serves

as the complementary information for equations (3-4) in the main text.

Section S4: Angular spectral energy density of forward free-electron transition radiation

This section aims to calculate the angular spectral energy density of forward free-electron transition
radiation (18,46,60-62,77). One can obtain the total radiated energy Wryrwara iNto the forward air
region (namely region 3 in Fig. S2) by integrating the emitted field energy density over all space.
For a long-enough time, the radiation field is already at the far field and well-separated from the
charge field. If the origin is moved along the z-axis into the region of the radiated wave-train, the
integration with respectto z can be taken from —co to +oo, since the radiation field is attenuated
in both directions. For freely propagating waves, the electric and magnetic energy densities are equal
in free space, and one has
Weorwara = If dxdy [ dz - &3 | Ef rara 0| (838)
where ER . ara(Fot) = EX(¥,t), and we have
ER(, O = [ dode’ [ dk, dRLEE ,1@) - [B5, 1, @] elFm-@-ad  (s39)

By integrating over dxdydzdk' dw', equation (S38) reduces to
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22
c°ki

w2

+00 = 2
Wforward =2 fo dw(2ﬂ)3808r’3 .U ko. [ “ ] ZlAforwardlzcc;;_i gr,3 - (540)

we(2m)3
For propagating waves, ks = k, + 2k, 5 is the wavevector of radiation field in region 3, and we
always have k? < k2, where k, = |k,| and k; = [e.zw/c. Since 6 is the angle between k;
and v, we actually have k, = %Jsmsinep. By changing the integration over dk, in equation
2
(S40) to the integration over 2wk, dk, = Zﬂ(g—zemsinchosHFdHF, we further have
+00 /2 s
Weorward = fo dw fO Utorward (0, @) * (21sinfg)d O (541)
where the forward angular spectral energy density Uryrward (6 @) is

3/
Er3

4m3eycsin?Op

2
q%cos?6g

Utorward (Op, w) = |Aforward | 2 (542)

The forward angular spectral energy density in equation (S42) shows the dependence of the
radiation intensity as a function of the forward radiation angle. For brevity, we use Ur(6p) =

Usorward (O, ) 1in the main text.

Section S5: Influence of the electron velocity on free-electron Brewster-transition radiation

This section serves the complementary information for Figs. 1C&4 in the main text. Here we show
the forward angular spectral energy density Ur(65) of free-electron Brewster-transition radiation
under different electron velocities in Fig. S5. Figure S5 shows that the ultrahigh directionality of
free-electron Brewster-transition radiation shows up always at the Brewster angle. Moreover, the
intensity of free-electron Brewster-transition radiation from a gain slab is four orders of magnitude
larger than that of conventional free-electron transition radiation from a transparent slab. This large
enhancement could occur at any electron velocity, even when v/c < 1, such as v/c < 10™* in

Fig. S5A.
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Fig. S5. Forward angular spectral energy density of free-electron Brewster-transition
radiation under different electron velocities. For comparison, the forward angular spectral energy
density of conventional free-electron transition radiation from a transparent slab is also given. The
structural setup here is the same as Fig. 1C, except for the electron velocity. This figure serves as

the complementary information for Fig. 1C&4.

Section S6: Insensitivity of the pseudo-Brewster angle on the optical gain/loss

This section discusses the pseudo-Brewster effect in nonmagnetic systems with an optical loss or
gain, and it serves as the complementary information for equations (3-4) in the main text.

Historically, the Brewster effect is discovered in 1815 by the Scottish physicist Sir David Brewster
10



in a nonmagnetic and transparent system (78). The Brewster effect in nonmagnetic systems (64,78-
80) corresponds to the phenomenon that the TM (or p-polarized) light is perfectly transmitted
through an interface — then the reflection is zero, namely Rty = 0 —under a specific incident angle,
which is widely known as the Brewster angle. Generally, Rty = 0 can only happen in transparent
systems. If the system has a certain loss or gain, we cannot rigorously obtain Rty = 0. But a
minimum of |Rpy| with |Rpy| — 0 is still achievable at a specific angle. Below R, 3 is adopted
as an example in Fig. S6. Figure S6 shows that this specific angle is relatively-insensitive to the
optical gain or loss, and moreover, it is very close to the Brewster angle in the transparent system.
Accordingly, this specific angle is denoted as the pseudo-Brewster angle, and the related
phenomenon is denoted as the pseudo-Brewster effect according to previous works (52-59).
Mathematically, the pseudo-Brewster angle for gain systems has  Oprewpseudo =
Re (arctan(m» , while the Brewster angle for transparent systems has Opgrew =
arctan(m). From Fig. S6, we can conclude that if Im(sr,z) is reasonably large,

Re (arctan(ﬂ/ &2 /er,3)) = arctan(ﬂ/ Re(&) /fr,3), and thus Oprewpseudo = Oprew- Therefore,

for all figures in the main text, only the value of Oppey, 1S given.

90

0.8 A gain /, C loss . gain
- -Im(g,) = 0.5 // . :
04 - -|m(£r‘2) =01 // g E
/ o 60 "0
T — 5 s
= 0 = 5 |
2 0.8 B loss / g i
T dme ) =-05 // mg 30 i
-~ -lm(g ;) =0 / i
04 ( r‘2) //; i
e QBrew,pseugﬂ" |
0 B 0 !
0 30 60 90 -0.6 -0.3 0 0.3 0.6
sincident (deQree) '|m(5r‘2)

Fig. S6. Dependence of the pseudo-Brewster angle Ogewpseudo ON the value of —Im(g,,).
(A), (B) Reflection of TM waves (e.g. |R,3]) as a function of the incident angle at different values
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of —Im(e.,). The minimum value of |R,3| appears at the angle of Ogrewpseudo - (C)
OBrew,pseudo @S @ function of —Im(e.,) . If |Im(£r12)| is reasonably large, we have
OBrew,pseudo = Uprew, Where Oprey, is the Brewster angle for transparent system. This figure

serves as the complementary information for equations (3-4) in the main text.

Section S7: Poles of the forward radiation coefficient |A¢, arql on the complex k, plane

This section discusses the poles of |Aforwaral On the complex k, plane and serves as the
complementary information for Fig. 2. In this work, both regions 1 & 3 are free space, and region 2
is a dielectric material with a certain optical gain, as shown in Fig. S2. For conceptual demonstration,
we let the electron velocity have v < vy, both inside and outside the slab so that there is no
Cherenkov radiation in our studied system, where vy, is the Cherenkov threshold.

Upon close inspection of equation (2) in the main text (namely equation (S37)), the module of
forward radiation coefficient |Agorwaral from the dielectric systems considered in this work

(namely Re(sr,j) > 0) would become infinite, if

R, 192ikz,2d

1—R2,1R2,362ik2'2d =

o (S43)

Case 1: Transparent slab

If the slab is lossless, region 2 in Fig. S2 is considered to have a relative permittivity of Re(e;.).

2iky od

For this lossless case, since the value of R, ;e is finite, the condition in equation (S43)

actually corresponds to

1 —
1-R, Rpze?iz2d —

o (S44)
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which is exactly the guidance condition for a transparent slab (64). This way, all poles for |Aforwardl
in the complex k; plane correspond to the guided modes supported by the transparent slab. In the
complex k, plane, the value of Re(k,) for all guided modes is denoted as K, gyigance- From the

guidance condition, we have kair < k) guidance < Re(kz) as shown in Fig. S7, where Re(k,) =

JRe(&)w/c.
transparent transparent transparent

A ‘ forward I B I forward ‘ C I forward ‘
O 10 O 10 O I 10

] [

lossless lossless
d/A; =03 d/A,=1.3

0 0.4 0.8 1.2 0 0.4 0.8 1.2
Re(kl)”kalr 30 Re(k.)"kair
s 80 8
. 20
g5 40 4
£s 10
= kl.Brew RE‘(K\) JU|
0 v ¥ ob—o & VL J 0 ¥ \
0 0.4 0.8 1.2 0 0.4 0.8 1.2 0 0.4 0.8 1.2
Re(k, )k Re(k ki Re(k, ) Kar

Fig. S7. Poles of |Aforwara| in the complex k, plane, if the slab is transparent. This figure

serves as the complementary information for Fig. 2D. The transparent dielectric slab has a relative

transparentl _
forward -

permittivity of Re(g;) . (A)-(C) Thickness influence on the poles of |4

transparent |

! 77,4 |» according to equation (S44). The upper panels show the values of |Ag, g

1-R; 1Rz 3e

in the complex k,; plane. The bottom panels show the dependence of |Agar'r‘:,s;r3rent| on Re(k,)
by setting Im(k,) =0 . All the poles have Re(k,) > Re(k,) =k, guidance > Kair and

correspond to the guided modes supported by a transparent slab. This way, these poles would not

contribute to the free-electron transition radiation into the far field.

Case 2: Gain slab with a relatively-thin thickness

For the gain slab, we consider the cases, here and below, that the optical gain is fixed with

—Im(er,z) = 0.1, and we consider the slab thickness is relatively thin so that the free-electron

13



transition radiation is in the conventional or intermediate phases. Due to the existence of gain in the
slab, we have Im(kz,z) < 0 and thus |e?*z24| > 1; moreover, since the thickness of the gain slab
is relatively-thin, the value of |e?¥z2¢| is finite. To fulfill the condition in equation (S43),
[R,1R5 3| should be less than one, which in principle is possible in the complex k; plane. By

2ikz2d

A Rzae s5a | inthe complex k, plane, we find in Fig. S8 that all poles

forwardI = |1—R2,1R2,3e

plotting |
show up in the fourth quadrant (and the second quadrant, not shown in the figure) of the complex
k, plane. If the slab thickness is very small (e.g. d/A, = 1.3 in Fig. S8A), the poles appear only
with Re(k,) > Re(k,) > ki and correspond to the guided modes, which are similar to the
transparent case in Fig. S7 and would not contribute to the far-field radiation. When the slab
thickness increases (e.g. d/A, = 5.3 in Fig. S8B or d/A, = 13.3 in Fig. S8C), a new type of
poles appears with Re(k,) < k,j., but the values of Re(k,) for these poles are sensitive to the
slab thickness. Since Re(k,) < kg;r, these poles correspond to some leaky eigenmodes, which can

contribute to the far-field radiation.

gain gain gain
|A B |A IA

forward I forward | forward |

[
O MEENN——— 20 O M [20 O I 20

gain
d/Ay=13.3
0 0.4 0.8 1.2 0 0.4 0.8 1.2 0 0.4 0.8 1.2
3 Re(k,)/Kair Re(k, )/Kair Re(k,)/Kair
8 40
— 2
°
%g 1 /\ 4 20
- k\ Brew ’ ‘\4 Re(kk)
0 v 0 ] 0 3
0 0.4 0.8 1.2 0 0.4 0.8 1.2 0 0.4 0.8 1.2
Re(k,)/Kair Re(k.)/Kair Re(k,)/Kair

Fig. S8. Poles of |Aforwara| in the complex k, plane, if the gain slab has a relatively-thin
thickness. This figure serves as the complementary information for Fig. 2. For the gain slab, its gain
with —Im(erlz) = 0.1 isused, and its thickness is relatively thin so that the free-electron transition

14



radiation is in the conventional or intermediate phase. (A)-(C) Thickness influence on the poles of

2ikz2d

gain R3¢ 2ik,,4» according to equation (S43). The upper panels show the values of

forward — 1-Ry 1R, se

gain

gain
|A forward

forward | on

| in the complex k; plane. The bottom panels show the dependence of |A
Re(k,) by setting Im(k,) = 0. There are two types of poles. One type of poles has Re(k,) >
Re(k,) > ki, which would not contribute to the far-field radiation. The other type of poles has

Re(k,) < k,jr, which can contribute to the far-field radiation, but the value of Re(k,) is sensitive

to the slab thickness.

Case 3: Gain slab with an infinitely-large thickness

Here we consider the gain slab with a large-enough thickness so that the free-electron transition

2ikz2d

ain R;yq € .
8 = | —2———;| in the complex

forward! ™ 1-Ry 1Ry z€

radiation is in the Brewster phase. By plotting |A
k, plane, we find in Fig. SO that all poles show up in the second or fourth quadrant of the complex
k, plane. Actually, these poles can be categorized into three types. The first type of poles has
Re(k,) > Re(k,) > kg, and the second type of poles has Re(k;) < kg with the value of
Re(k,) being sensitive to the slab thickness. These two types in Fig. S9 are similar to the ones
discussed in Fig. S8. The third type of poles is featured with Re(k,) = k prew, and the value of
Re(k,) is insensitive to the slab thickness, where k grew = KairSinOprew < kair. Actually, for
the gain slab, if d/Ay > o, since |e2*224| - oo and |R,1R,3e2*22%| » 1, equation (S43) can
be reduced to

2ikz 2d 1

2ikz2d _a (545)

. Ryqe
lim 1

d—o 1-R3 1Ry 3€

gain
forward

This way, the pole of |Aforwaral or |4 | corresponds to the solution of R, 3 = 0. According
to the pseudo-Brewster effect of gain materials, this solution has |Re(k, )| = k, prew; this way, the

15



third type of poles always appears with |Re(k,)| = k, prew- Due to its close connection with the
pseudo-Brewster effect of gain materials, the leaky eigenmode related to the third type of poles is
termed as the Brewster leaky mode in Fig. 2C, which can be efficiently excited and contribute to
the far-field radiation.

a |Aforvara b |Alorwara
O — 200 O om— 200

-0.04

VKair

Im(k

-0.08

200 200

100 100

gain
lAforwardl

Fig. S9. Poles of |Aforwaral in the complex k, plane, if the gain slab has a large-enough
thickness. This figure serves as the complementary information for Fig. 2C. For the gain slab, its
gain with —Im(sr,z) = 0.1 is used, and its thickness is large enough so that the free-electron

transition radiation is in the Brewster phase. (A), (B) Thickness influence on the poles of

2ikz2d

|Again = | Rz eI |, according to equation (S43). The upper panels show the values of

forward! = 11_pg, R,

gain

gain
|A forwar

forward! 10 the complex k, plane. The bottom panels show the dependence of |A

ql on
Re(k,) by setting Im(k,) = 0. There are three types of poles. One type of poles has Re(k,) >
Re(k,) > kair, which would not contribute to the far-field radiation. The second type of poles has
Re(k,) < kgir, but the value of Re(k ) is sensitive to the slab thickness. The third type of poles

has Re(k,) = k, grew, and the value of Re(k,) is insensitive to the slab thickness. From the

16



gain

gain
forward |

forward

comparison of |A | with Im(k,;) =0 in Figs. S8-S9, the maximum value of |A
for free-electron transition radiation in the Brewster phase in Fig. S9 is much larger than that of
free-electron transition radiation in the conventional or intermediate phase in Fig. S8. This indicates

that the Brewster leaky mode (which corresponds to the third type of poles) could be excited more

efficiently than other leaky modes (which correspond to the second type of poles).

Section S8: Dependence of the angular deviation A@ on the slab thickness under different

optical gains

This section serves as the complementary information for Fig. 3B-C and shows the dependence of
the angular deviation A6 on the slab thickness under various optical gains, where the definition of
A8 is given in Fig. 3A.

A B C
90 '

60

phase

A6 (degree)
Brewster
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0
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s . /ww,_ | ﬁ

10-39 / d 'dLiH'w !
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d/A, d/Aq d/A,

J-s/sr

) (eBrew)

Fig. S10. Dependence of the angular deviation A@ on the slab thickness d under different
optical gains. This serves as the complementary information for Fig. 3B-C. When the free-electron
transition radiation is in the Brewster phase, we have A6 < Afg..,, and its radiation intensity is

insensitive to the variation of the slab thickness, where Afg e, = 0.5°.
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Section S9: Forward angular spectral energy density of free-electron transition radiation from

a lossy slab

This section serves as the complementary information for Fig. 3C, and we show the forward angular

spectral energy density of free-electron transition radiation from a lossy slab in Fig. S11.
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Fig. S11. Forward angular spectral energy density of free-electron transition radiation from a
lossy slab. For comparison, the case from a gain slab is also added in this figure. (A) A slab with a
certain optical gain. (B) A slab with a certain optical loss. The structural setup here is the same as
that in Fig. 3C, except for the value of —Im(erjz). This figure serves as the complementary
information for Fig. 3C. When d/A4, is large enough in (B), the radiation intensity from a lossy
slab becomes insensitive to the variation of the slab thickness, but its value is orders of magnitude

smaller than that from a gain slab.
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Section S10: Influence of frequency dispersion and anisotropy on free-electron Brewster-

transition radiation

Influence of frequency dispersion on free-electron Brewster-transition radiation

In practice, the gain medium is generally dispersive, such as Rhodamine 6G (R6G) with its relative

permittivity shown in Fig. S12A. When considering the frequency dispersion, the revealed free-

electron Brewster-transition radiation would always appear at the corresponding Brewster angle,

whose value is frequency dependent; see Fig. S12B-C for example.
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Fig. S12. Free-electron Brewster-transition radiation under the consideration of frequency

dispersion for the gain medium. For illustration, here we use Rhodamine 6G (R6G) (72) as the

gain medium. The other structural setup is the same as Fig. 1C. (A) Relative permittivity of R6G as

a function of frequency, whose calculation is based on the four-level atomic model (72). The basic

setup is the same as Ref. (72). That is, the total dye concentration is No(t = 0) = 5.0 X 1023 m~3

the lifetime 7;

., for the transition from level [,

to the lower level [,

iS T3‘2 = 50 X 10_14 S

Tp1 = 5.0 X 107*? 5,and 75 o = 5.0 X 10~** s, the pumping rate from level 0 to level 3 is Ipymp =
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4.7 x 10° s71, the center frequency of the radiation is w,/2m = 10'* Hz, the coupling strength is
0, = 107* C? /kg, and the linewidth of the atomic transition is I}/2m =5 X 1012 Hz. (B), (C)
Forward angular spectral energy density Ug(6r) of free-electron radiation at different working
frequencies. The working frequency is 115 THz in (B) and 130 THz in (C). To avoid the influence
of Cherenkov radiation, the electron velocity is set to be v/c = 0.4. For comparison, the forward

free-electron radiation from each corresponding lossless medium is also provided.

Free-electron Brewster-transition radiation from_gain materials with an experimentally-obtained

permittivity

We show in Fig. S13 the free-electron Brewster-transition radiation by using gain materials with an
experimentally-obtained permittivity. According to the experimental work in Ref. [81], the
measured relative permittivity of the gain material Rhodamine 6G (R6G) under certain optical
pumping is epgg(4g) = 2.25 — 0.006i at the working wavelength A, = 532 nm. Accordingly,

this relative permittivity is used in Fig. S13.
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Fig. S13. Free-electron Brewster-transition radiation from gain materials with an
experimentally-obtained permittivity. According to the experimental work of Ref. [81], the gain

medium Rhodamine 6G (R6G) under certain optical pumping has a relative permittivity of
20



&r2(49) = 2.25 - 0.006i at the working wavelength of A, = 532 nm. This relative permittivity

and the working wavelength are used in this plot. For illustration, the slab thickness issetto be d =

5004, and the other structural setup is the same as Fig. 1C. Under this scenario, the phenomenon

of free-electron Brewster-transition radiation would also emerge. For comparison, the forward free-

electron radiation from the corresponding lossless medium is also provided.

Influence of anisotropy on free-electron Brewster-transition radiation

When region 2 is filled by a uniaxial material with a relative permittivity of &., = [& 5, €, 2, &,2],

the calculation procedure of free-electron radiation from a uniaxial system is similar to that from an

isotropic medium (62). After some efforts, the radiation coefficients a12 and az'ir in equation

(S23-S26) should be changed to:

_vkz2 ,_vkz2 Era
cw/c Cw/CSJ_,Z
K22
2.2 £ (1——8 + J— ) & (1——8 +—=— J-V)
_ Kic? v 2,2 12 wz Ezz L ri
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Accordingly, the reflection coefficients in equations (S23-S26) become to R,; =
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R, 5 = =22 Similarly, the transmission coefficients in equations (S23-S26) become to T, =

) kz2 +kz_,3
€12 ér3
kz2€7,2 kz2€z,2
2= * * * 2
£] 2& £ € w &
oo Ton = o, where k,, = &, —=2k}. Moreover, the Brewster angle should
—Lf g S R ICTE A c €z2
€12 &1 €12 €r3

now be expressed as Oprey = arctan(Re ’M ).
Er,l(gz,z_sr,l)

When considering the gain medium with anisotropy, such as a uniaxial gain medium, we show in

Fig. S14 that the revealed free-electron Brewster-transition radiation also exists.

A 10% anisotropic medium B isotropic medium
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Fig. S14. Free-electron Brewster-transition radiation from a gain uniaxial slab. Here, we show
the forward angular spectral energy density Up (6g) of free-electron transition radiation from a
uniaxial slab. The structural setup is the same as Fig. 1, except for the relative permittivity. (A) A
uniaxial slab with a relative permittivity of &., = [1.5,1.5,2 — 0.1{]. (B) An isotropic medium with
a relative permittivity of &., = 2 — 0.1i. For comparison, the free-electron transition radiation

from a lossless uniaxial (&, = [1.5,1.5,2]) or isotropic (g, = 2) medium slab is also provided.

Section S11: Free-electron Brewster-transition radiation from a gain slab with a fixed finite

thickness
This section serves as the complementary information for Fig. 3. We show in Fig. S15 that for a

gain slab with a fixed finite thickness, there would be an optimal non-zero value of —I m(srlz) to
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achieve the free-electron Brewster-transition radiation with the strongest intensity

(e.g. —Im(sr,z) = 0.053 for the case of d/4, = 40).
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Fig. S15. Forward angular energy density at the Brewster angle Ug(0g.,) as a function of
—Im(g,,) when the gain slab has a fixed finite thickness d. For illustration, here the gain slab
has a finite thickness of d/A, = 40. There is an optimal value of —Im(sr,z) to achieve the free-
electron Brewster-transition radiation with the strongest intensity. For example, if d/1, = 40, the

free-electron Brewster-transition radiation with the strongest intensity appears at —Im(srjz) =

0.053.

Section S12: Free-electron Brewster-transition radiation from ultralow-energy electrons

This section serves as the complementary information for Fig. 4, and we show the forward angular
spectral energy density Ug(6r) of free-electron radiation under the condition of v/c = 1075 in

Fig. S16A and 10~7 in Fig. S16B.
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Fig. S16 Forward angular spectral energy density Ug(0g) of free-electron radiation when the
electron velocity is v/c « 1. The structural setup here is the same as Fig. 1C, except for the
electron velocity. For comparison, the forward angular spectral energy density of free-electron
radiation from a transparent slab is also given. (A) The electron has a velocity of v/c = 107°. (B)

The electron velocity is v/c = 1077,

Section S13: Free-electron transition radiation from a Gaussian electron beam

In practice, an electron beam with a certain current density, instead of a single moving electron,

would be applied for potential experimental demonstration. Once the current density of electron

beam is low enough (e.g. in the order of nA or pA in scanning electron microscope (SEM) and

transmission electron microscope (TEM)), the space charge and nonlinear effects are generally weak

and can be neglected. Under this condition, the electromagnetic radiation from an electron beam

can be readily considered as the interference of radiation from each moving electron. In other words,

the model of single moving electron used in this work can well characterize the main feature of

electromagnetic radiation from an electron beam. For example, if an electron beam with a relatively-
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low current density and a Gaussian shape in z-direction is used, the induced current density

J(7,t) = 2qud(x)8(y)6(z —vt) in equation (S1) should be changed to J(7,t) =

(z—ul%)2

ZNqs(x)6(y) ﬁ e 202  where o is the standard deviation of Gaussian function and N is the

electron number. By applying the Fourier transformation, each Fourier component of the current

0'20.)2
. .q _q Lz . : iq = —qu_? iz
density Jx,, 0@ = o€ in equation (S5) should be changed to Jr,, w(@) = 5E

Accordingly, the factor of g in the expression of radiation field in equations (S10-S13) and the

a2 w?

angular spectral energy density in equation (S42) should also be replaced with Nge ™ 2v2 .

Coherence of free-electron Brewster-transition radiation

The revealed free-electron Brewster-transition radiation in this work results from the interference
process of transition radiation induced by the electron’s penetration through two parallel interfaces.
This interference process directly reflects the coherent nature of free-electron Brewster-transition
radiation, since the coherence is a necessary condition for interference. To be specific, we would
like to point out that by following Ginzburg and Frank’s theory of free-electron radiation, the
moving electron is treated as a point source in the theoretical analysis, and its emitted waves are TM
(i.e. p-polarized) waves when the electron perpendicularly crosses these interfaces. Then for a given
frequency, the free-electron Brewster-transition radiation fulfills the interference conditions (i.e.
same frequency, same polarization, and a constant phase difference between emitted waves at two
points in space) and is thus essentially coherent.

In addition, we note that in practice, when considering the free-electron Brewster-transition
radiation within a certain frequency range, instead of a given frequency, the corresponding temporal
coherence would be sensitive to the frequency bandwidth. When considering the free-electron
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Brewster-transition radiation from an electron beam, instead of a moving electron, the
corresponding spatial coherence would be sensitive to the beam shape (e.g. the transverse beam

size). Under these practical scenarios, the free-electron Brewster-transition radiation might become

partially coherent or even incoherent.
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