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High-harmonic generation driven by 
quantum light

Alexey Gorlach    1,5, Matan Even Tzur    2,5, Michael Birk    1,2, Michael Krüger    2, 
Nicholas Rivera3,4, Oren Cohen2 & Ido Kaminer    1 

High-harmonic generation (HHG) is an extreme nonlinear process in which 
intense pulses of light drive matter to emit high harmonics of the driving 
frequency, reaching the extreme ultraviolet and X-ray spectral ranges. So 
far, HHG has always been generated by intense laser pulses that are well 
described as a classical electromagnetic field. However, the role of the 
quantum state of light in non-perturbative interactions of intense light with 
matter has remained unexplored. Here we show that the defining spectral 
characteristics of HHG, such as the plateau and cutoff, are sensitive to the 
quantum state of light. While coherent and Fock light states induce the 
established HHG cutoff law, thermal and squeezed states substantially 
surpass it, extending the cutoff compared with a coherent light state of 
the same intensity. Shaping the quantum state of light thus enables the 
production of far higher harmonics. We develop the theory of extreme 
nonlinear optics driven by squeezed light, and more generally by arbitrary 
quantum states of light, introducing the quantum state of the driving field  
as a degree of freedom.

When an intense laser field interacts with matter in the form of 
gases1,2, liquids3 or solids4, an extreme nonlinear process known as 
high-harmonic generation (HHG) may occur. Within this process, 
high-order harmonics (integer multiples) of the laser frequency are 
emitted. The HHG process is a tabletop source of extreme UV radiation 
and attosecond pulses that has found a broad range of applications, 
including high-resolution imaging5 and ultrafast spectroscopy6–13, 
ultimately giving birth to the field of attosecond science14,15.

HHG can be described classically via the three-step model16, where 
a point-like electron is driven by a classical field: (1) the driving light 
frees the electron from the atomic nucleus through tunnel ionization; 
(2) free acceleration of the electron occurs; and (3) the electron recom-
bines with its parent ion. More accurate models17 of HHG describe the 
electron quantum mechanically by the time-dependent Schrödinger 
equation (TDSE). However, both these models and all other approaches 
used thus far still consider the driving light as a classical electromag-
netic field.

In fact, a classical theory of light was so far sufficient to correctly 
predict the key observed features of HHG, including the plateau in 
the spectrum (where the intensities of successive harmonics remain 
approximately constant) and the cutoff (beyond which the harmonic 
intensities sharply drop). The classical theory of light is successful 
because HHG experiments require light with very high intensity, which 
up to now was generated only by laser-like pulses, for which the quan-
tum theory of light is considered unnecessary. Even a laser pulse of 
just 1 nJ contains billions of photons, a number so high that quantum 
properties can typically be regarded as unimportant.

For many years, light states with quantum properties such as 
squeezing and entanglement were thought to be limited to a small num-
ber of photons. The entire field of quantum optics has been perceived 
as solely relevant to low-intensity light, where the number of photons 
can be resolved. Squeezed light with billions of photons has been seen 
as impossible experimentally due to the low efficiency of the genera-
tion process. However, recent developments in experimental quantum 
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Interaction of an atom with an arbitrary quantum 
light state
In this section we present an analytical formalism that describes the 
non-perturbative interaction of an atom with an arbitrary light state. 
We use the term ‘atom’ to concisely refer to a general quantum mechani-
cal system, as our approach is also applicable to other systems such 
as electrons in solids undergoing solid-state HHG. Even though the 
theory considers a single atom, the results also apply to the case of many 
equivalent atoms (as explained in ref. 36). We derive analytical expres-
sions for the time-dependent density matrix of a joint light–matter 
system with arbitrary initial conditions for both the interacting material 
and the incident light. Before discussing the interaction of the atom 
with an arbitrary light state, it is instructive to revisit its interaction 
with classical field (a coherent state), which our formalism builds on.

Consider an electron initially in the state |ϕi〉 interacting with a 
classical electromagnetic field. The electric field is given  
by Eα (t) =

i
2
εkσ f (t) (ℰαe−iω0t − ℰ∗αeiω0t), where f(t) describes the pulse 

 envelope which depends on time t; ω0 is the central frequency of the 
driving light; εkσ  is the unit vector of the polarization which depends 
on the wavevector k and the polarization index σ of the electric field. 
ℰα is the complex classical electric field amplitude (ℰ∗α is the complex 
conjugate of the amplitude), which we denote by a dimensionless 
complex parameter α that represents the field strength (later defined 
as the coherent state parameter). The state of the electron |ϕα(t)〉 driven 
by this field satisfies the TDSE, given in the dipole approximation by:

iℏ ∂|ϕα(t)⟩
∂t

= ( ̂HA + d̂ ⋅ Eα (t)) |ϕα (t)⟩ , (1)

with the initial condition |ϕα (t = 0)⟩ = |ϕi⟩. Here, ̂HA is the Hamiltonian 
of the field-free atom, d̂ = e ̂r is the dipole moment operator and Eα (t) 
is the classical field defined above.

The power spectrum of the dipolar emission of |ϕα(t)〉 is propor-

tional to the square of the second derivative of the dipole ||d̈α (ω)||
2

, 
where ω is the emission frequency and dα(ω) is the Fourier transform 
of the dipole moment expectation value dα (t) = ⟨ϕα (t) |d̂|ϕα (t)⟩. Both 
|ϕα(t)〉  and dα(ω) were obtained here by numerically solving  
equation (1) (for example, using a third-order split-step operator 
method41,42). Below we show that the semi-classical dα(ω) found using 
equation (1), which are numerically accessible17,41,42, are important assets 
for the computation of the dipolar emission of an atom driven by the 
intense arbitrary quantum light state. All the details of the numerical 
calculations are discussed in more detail in Supplementary Section III.

Now we consider the interaction of the atom with an arbitrary light 
state; that is, represented by an arbitrary density matrix. The main idea 
was to decompose the initial driving light state into a sum of coherent 
(classical) light states and then apply the semi-classical approach 
described above for each coherent state separately. Finally, we 
employed the linearity of the Schrödinger equation to formulate the 
density matrix and emission of the complete system as a sum over 
semi-classical solutions. We considered all the equations in the interac-
tion picture with respect to free-field Hamiltonian ̂HF = ∑kσℏωkσa†kσakσ, 
where a†kσ and akσ are the creation and anihilation operators of the light 
mode (k,σ) (Supplementary Section I).

The initial density matrix of the incident light can be written using 
the generalized Glauber distribution P (αk0σ0 ,β∗k0σ0) (refs. 43,44):

ρF (0) = ∫d2αk0σ0d2βk0σ0P (αk0σ0 ,β∗k0σ0)
||αk0σ0 ⟩⟨βk0σ0

||
⟨βk0σ0

||αk0σ0 ⟩
⊗∏(kσ)≠(k0σ0)

|0kσ⟩ ⟨0kσ| .
(2)

Here, ||αk0σ0 ⟩ and ||βk0σ0 ⟩ are coherent states with complex param-
eters αk0σ0 and βk0σ0 for the driving field mode (k0,σ0) and frequency 
ω0. We assumed that all the other light modes (k,σ) were initially in the 
vacuum state |0kσ⟩ (this can be directly generalized). We note that here 

optics have changed the picture completely18–24, demonstrating sources 
of intense thermal and squeezed light that are already intense enough 
to excite nonlinear optical processes. For example, a bright squeezed 
vacuum (BSV) state generated by spontaneous parametric downcon-
version was employed for second-, third- and fourth-harmonic gen-
eration25, and thermal light generated by superluminescent diodes or 
optical amplifiers was shown to enhance two-photon fluorescence21 
and second-harmonic generation18, respectively.

Driving HHG with light states such as BSV is within reach with cur-
rent technology. HHG was demonstrated using femtosecond pulses 
with energies as low as 200 nJ in optical fibres26, and with approxi-
mately the same energies in solids4. When accounting for the typical 
pulse durations (tens of femtoseconds26), the required intensities for 
HHG are already accessible with pulses of BSV. For example, BSV pico-
second pulses with energies of more than 10 μJ were experimentally 
demonstrated20, as well as shorter femtosecond BSV pulses with ener-
gies of 350 nJ (ref. 23). These advances suggest that driving HHG with 
quantum light (that is, not a coherent state) is within reach. However, a 
theory for such an effect is absent. More generally, the non-perturbative 
interaction between matter and light with non-classical properties has 
remained unexplored, both theoretically and experimentally.

There are studies that consider quantizing light in the HHG pro-
cess27–40. However, all these works consider the driving light to be a 
Glauber coherent state, which is the quantum optical description of a 
conventional laser field. In other words, the input driving field was still 
considered to be the same field produced by classical high-intensity 
pulsed lasers. Specifically, ref. 37 made a notable contribution, present-
ing a theory for HHG driven by arbitrary states of light and analysing the 
case of a coherent state, whereas the implications for other quantum 
states remain to be explored. The assumption of the input driving field 
as a coherent state so far excluded the possibility of driving HHG by 
squeezed light, or more generally by an arbitrary quantum state of light.

Here we present the concept of HHG driven by squeezed light 
and take it a step further, developing the theory of HHG driven by any 
quantum state of light. Specifically, we find that the HHG spectrum 
is strongly dependent on the quantum state of the driving light and 
particularly on its Husimi distribution. We show that squeezing of the 
driver’s photonic state drastically extends the most pronounced fea-
ture of the HHG spectrum: its cutoff. For Fock states of light, we show 
that the well-known cutoff remains unchanged, as in HHG driven by 
coherent states of light. There, the cutoff frequency scales linearly with 
the intensity of the driving light, as expected from all current (classical 
or quantum) theories of HHG16,17,29,31,36. However, for thermal light and 
BSV, the linear cutoff scaling is replaced by a power law ∝I2/3 of the light 
intensity, I; hence the spectrum may reach much higher frequencies 
than with coherent light of the same average intensity (Fig. 1).

To derive these results, we developed a formalism that treats HHG 
driven by an arbitrary quantum light state in a non-perturbative man-
ner. As we elaborate below, the cutoff law for an arbitrary state is deter-
mined by the interplay between tunnel ionization rates and intensity 
fluctuations. While the tunnelling rate determines the probability of 
ionization and consequently the HHG cutoff for a fixed classical field 
intensity, the quantum fluctuations determine the probability of each 
given intensity. Note that because squeezed and thermal light exhibit 
a ‘heavy tail’ in the photon number distribution, the cutoff of the 
high-harmonic spectrum is substantially extended compared with a 
narrower distribution of the same average intensity (such as from a 
coherent or Fock state). For different light states, we formulated ana-
lytical formulae that replace the well-known cutoff formula 3.17Up + Ip 
(where Up the ponderomotive energy and Ip is the ionization potential) 
that describes HHG driven by classical fields (that is, coherent states). 
For example, for HHG driven by BSV, we found a formula 
3.05Ip(Up/ℏω0)

2/3 + Ip  (where ℏω0 is the energy of a single driving 
photon), which is in good agreement with numerical calculations of 
the spectrum using a full quantum theory that we outline below.
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and below, P (αk0σ0 ,β∗k0σ0) is time-independent, only describing the 
initial field state ρF (t = 0) . We employed the generalized Glauber 
distribution because it is unique for each quantum state, positive and 
finite for all values of complex α and β (refs. 43,44). This is in contrast 
with the standard Glauber distribution P(α), which is not a finite and 
continuous function for some light states (such as squeezed states). 
The diagonal terms of the Glauber distribution P(α, α*) are connected 
with the Husimi distribution Q(α) by P (α,α∗) = 1

4π
Q (α) (ref. 44). We 

will show below that Q(α) is the key function to determine the outcome 
of the HHG process.

To obtain the time-dependent density matrix of the joint light–
matter system, we needed to solve a more general TDSE with the quan-
tized field Ê (t):

iℏ ∂ρ(t)
∂t

= [ ̂HA + d̂ ⋅ Ê (t) ,ρ (t)] , (3)

where ρ(t) is the joint density matrix of the light–matter system at  
time t. The initial density matrix is given by ρ (0) = ρF (0) ⊗ ρA (0) , 
where we chose for the examples below ρA (0) = |g⟩ ⟨g|, where |g〉 is the 
ground state of the atomic system (this can be directly generalized to 
any density matrix). ρF (0) is defined in equation (2) and can contain 
any arbitrary driving field state. The quantized electromagnetic field 
operator in the interaction picture with respect to ̂HF is defined as 

Ê(t) = i∑k,σϵ(1)εkσ ( ̂akσe−iωkσt − ̂a†kσeiωkσt). Here, ϵ(1) = √ℏ/(2ωkσVε0) is 
the so-called single-photon amplitude that appeared in equation (1), 
V is the quantization volume, εkσ  is the unit vector of the polarization, 
which depends on the polarization index σ and the wavevector k that 
satisfies ωkσ = c|k|.

To solve equation (3) we used the linearity of the Schrödinger 
equation with respect to the density matrix and solved it separately 

for each term 
|αk0σ0 ⟩⟨βk0σ0 |
⟨βk0σ0 |αk0σ0 ⟩

 from the decomposition in equation (2). We 

combined the separate solutions with weights P (αk0σ0 ,β∗k0σ0). More 
details are presented in Supplementary Section I.

We now connect the classical electric field amplitude ℰα  to the 
coherent state parameter ℰα = 2ϵ(1)α . Interestingly, equation (3) 
depends on V. However, for typical experimental scenarios, the limit 
V→∞ (or ϵ(1) → 0) should be applied (Supplementary Section I). In the 
limit V→∞, the average number of photons 〈n〉 must also go to infinity 
for the electric field amplitude ℰα to remain constant. Consequently, 
in all cases except for extremely small volumes (~1 nm3 according to 

Supplementary Section I), ℰα is the only parameter necessary to deter-
mine the dynamics.

We derived the joint density matrix of light and the atom in the 
limit V→∞ without any additional assumptions. The full mathematical 
derivation is provided in Supplementary Section I. We considered all 
modes except the driving field mode (k0,σ0), which we traced out in 
the density matrix and obtained:

ρ (t) = ∫d2ℰαQ (ℰα) |ϕα (t)⟩ ⟨ϕα (t)|

⊗∏(k1σ1),(k2σ2)≠(k0σ0)
||γαk1σ1⟩ ⟨γ

α
k2σ2

|| ,
(4)

where Q (ℰα) is the Husimi distribution for the complex field amplitude 
ℰα, and ||γαk1σ1⟩ is the coherent state in the mode (k1,σ1) with amplitude 

γαk1σ1
=− i

ℏ ϵ(1)dα(ω1)⋅εk1σ1. Equation (4) can be interpreted as the incoherent 

sum of different coherent solutions with probabilities described by 
the (always positive) Husimi distribution Q (ℰα). We note that equation 
(4) defines a density matrix that is always positive, Hermitian and has 
a well-defined norm. From equation (4) we can easily find the field 
density matrix ρF(t) and the density matrix of the atom ρA(t):

ρF (t) = TrA [ρ (t)] = ∫d2ℰαQ (ℰα)

||ϕα (t) ||
2∏(k1σ1),(k2σ2)≠(k0σ0)

||γαk1σ1⟩ ⟨γ
α
k2σ2

|| ,
(5)

ρA (t) = TrF [ρ (t)] = ∫d2ℰαQ (ℰα) |ϕα (t)⟩ ⟨ϕα (t)| , (6)

where ||ϕα (t) ||2 = ⟨ϕα (t) |ϕα (t)⟩ is the squared norm of the electronic 
wavefunction |ϕα (t)⟩.

The time evolution of each |ϕα (t)⟩ can directly rely on conventional 
methods for TDSE simulations (equation (1)), developed for HHG driven 
by classical laser fields. The TDSE for each |ϕα (t)⟩ also accounts for satu-
ration (ground state depletion). Specifically, the TDSE includes an 
absorbing boundary condition, causing the wavefunction norm to 
decay as a function of time. Hence, after several laser cycles (depending 
on the intensity), the electron is depleted and there is no longer any 
emission; that is, our formalism accounts for ionization saturation by 
relying on the conventional methods that were developed in HHG for 
this purpose. Equation (5) would allow analysis of the full quantum state 
and all the properties of the emitted light during the HHG process.
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Additionalharmonics

Gas cell
Grating
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Fig. 1 | An extended spectral cutoff for HHG driven by quantum light states. 
Schematic illustration of an example emitting system, a gas cell, driven by strong 
light to produce HHG. The HHG spectrum depends strongly on the quantum 
state of the driving field. When the system is driven by a BSV state (shown in 

green), the system emits more harmonics than it would when illuminated by 
classical coherent light (shown in red), even when that field has the same average 
intensity, frequency and polarization.
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Importantly, equation (4) shows that the joint density matrix is 
not separable, although the correlations between the atomic and light 
subspaces are classical. The absence of entanglement between the 
atom and light or between different light modes arises from the initial 
conditions being separable: ρ (0) = ρF (0) ⊗ ρA (0)  and from the  
driving field being a single mode. We expect entanglement in the emis-
sion in cases where the initial conditions contain quantum correlations 
between the emitting atoms45 or between multiple modes of the  
driving field.

The P(α, β*) distribution transforms into the Q(ℰα) distribution 
for V→∞ and finite field amplitudes (see Supplementary Section I for 
details). To see why this transformation happens, note that the limit of 
finite field amplitudes ℰα ≠ ℰβ  and large volume V→∞ implies 

|α|, |β| → +∞, and then ⟨ℰα|ℰβ⟩ = lim|α|,||β||→+∞ ⟨α|β⟩ = lim|α|,||β||→+∞ exp 

 (− 1
2
|α|2 − 1

2
||β||2 + α∗β) = 0. The orthogonality of states with different 

field amplitudes |ℰα⟩ , ||ℰβ⟩ is the main reason of why the case of V→∞ 
and finite field amplitudes leads to the Q(ℰα) distribution.

Figure 2 illustrates the concept captured by the formalism we 
developed, focusing on the special case of HHG. This concept is pre-
sented by comparing the case of a coherent (classical) drive (top row) 
and a non-coherent (quantum) drive (bottom row). The Q (ℰα) of the 
driving field is imprinted on the electron dynamics, and consequently 
alters the emission spectrum. This Q (ℰα)  creates a distribution of 
electron trajectories, each corresponding to a different field amplitude. 
The resulting HHG radiation is substantially modified by Q (ℰα). This 
concept applies regardless of how we treat the electron wavefunction, 
either classically as a point particle in the three-step model16 (left col-
umn) or semi-classically as a wavefunction in the TDSE17 (right column). 
In other words, it does not matter whether we quantize the electron or 
not, our results show that the quantum light state and particularly 
Q (ℰα) become imprinted on its dynamics.

Our formalism enables us to treat the electrons as quantum wave-
functions; however, it should also be possible to treat the electrons 

semi-classically using complex trajectories, while still keeping the 
driving light quantized (as shown in a recent paper37 for the case of a 
coherent state drive). We expect the electron trajectories to be strongly 
dependent on Q (ℰα). Interestingly, for BSV and thermal light states, 
the average electric field is ⟨ℰ⟩ = 0 and thus the electron trajectories 
are expected to be completely different from the conventional trajec-
tories of a coherent drive.

The spectrum of HHG from quantum driving
The general equation (5) allows the spectrum dε/dω to be calculated. 
To this end, we just calculated ε = ∑k,σTr (ρF (t)a

†
kσakσ), substituting 

equation (5) for ρF (t) (Supplementary Section I):

dε
dω

= ω4
6π2c3ε0

∫d2ℰα||ϕα||
2Q (ℰα) |dα (ω) |

2, (7)

Equation (7) allows us to numerically calculate the HHG spectrum 
for an arbitrary light state by spanning semi-classical dipoles moments 
dα(ω). The results of the numerical calculations (Supplementary Sec-
tion III) for coherent, Fock, thermal and squeezed vacuum light states 
are shown in Fig. 3, demonstrating striking differences between the 
different light states. The spectra for parameters that are experimen-
tally accessible at present are discussed in Supplementary Section IV.

According to equation (7), the shape of the spectrum is dependent 
on the Husimi distribution Q (ℰα) (Fig. 3a). Interestingly, a Fock state 
does not extend the cutoff despite being strongly non-classical, 
whereas a thermal state does alter the cutoff. While the coherent and 
Fock light states lead to approximately the same HHG spectrum, cor-
responding to their narrow Husimi distributions, thermal and BSV 
states generate much higher harmonics for the same intensity. This 
feature shows that for HHG, broad Husimi distributions (for example, 
thermal and BSV) are preferable over narrow ones (for example, coher-
ent and Fock) for the generation of high frequencies. This preference 
is surprising, given their vanishing (average) electric field amplitudes, 
which are usually required to explain the dynamics in the three-step 
model. We note that the predicted spectral broadening due to thermal 
and BSV drives is a microscopic effect that arises at the level of each 
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(b). In this case, we can assume that the electric field E(t) is classical and defined 
as a function of time. c,d, In the case of quantum light (for example, BSV), it is 
impossible to assign the classical E(t). Instead, we consider a distribution Q (ℰα) 
of complex fields ℰα and calculate the electron dynamics for each case. The 
high-harmonic emission results in the statistical average from different electron 
trajectories, associated with the different electric field amplitudes, as shown in 
equation (2). In b and d the electron wavefunction is denoted as |Ψ〉.
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Fig. 3 | Spectra of HHG for different driving light states. a, Husimi distribution 
Q (α) of the light state, which is sufficient to determine the entire HHG emission 
spectrum. The Husimi distribution is displayed here for a coherent state (red), 
Fock state (blue), thermal state (orange) and BSV state (green). b, The high-
harmonic spectra on a logarithmic scale for the coherent, Fock, thermal and BSV 
states. The intensities, frequencies and polarizations for all of the driving light 
states are the same. The spectra are shifted vertically to enhance visibility. 
Additional spectra for each quantum state are presented in Fig. 4a. In the 
numerical calculation, the intensity of the driving field is 1014 W cm−2 and the 
wavelength of the driving field is λ0 = 800 nm.
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single atom. This prediction can then be combined with the known 
macroscopic effects in HHG-like phase matching.

It is also interesting to note that the larger the Mandel parameter 
of the driving field QM (ref. 46), the more extended the resulting HHG 
cutoff is: super-Poissonian thermal light and BSV (QM = 〈n〉 and 
QM = 2〈n〉 + 1, respectively) have an extended cutoff, whereas Pois-
sonian coherent light (QM = 0) and sub-Poissonian Fock light (QM = −1) 
have the conventional cutoff. Moreover, the spectra in the cases of 
thermal and BSV drives have more pronounced peaks, more uniform 
in height (Fig. 3), than the spectra in the cases of coherent and Fock 
drives. The reason is the averaging of different HHG spectra  
(equation (7)) over a wide range of ℰα  with smooth weights Q(ℰα) in 
the case of thermal and BSV. This averaging eliminates the blurry and 
seemingly random features in the individual spectra of each coherent 
state component ℰα . Furthermore, the strength of fluctuations 
⟨Δn2⟩ /⟨n⟩2 ⋅ 100% for thermal light (~100%) and BSV light (~200%) is 
much larger than classical shot-to-shot fluctuations in experiments 
with classical (coherent state) light, which is typically on the order of 
a few per cent. Thus, experiments with thermal and BSV light are 
expected to yield considerably different spectra to previous HHG 
experiments done. To put our results into a broader context, it would 
be interesting to make a comparison with other nonlinear processes 
driven by thermal light, such as multiphoton transitions in black-body 
radiation39.

The cutoff of HHG from quantum driving
Next we derive analytical cutoff formulae for the HHG spectrum driven 
by different quantum light states. To do this, we focus on the first step 
of the three-step model (that is, tunnel ionization). Equation (7) shows 
that HHG driven by an arbitrary quantum light state can generally be 
viewed as an incoherent sum of semi-classical HHG processes driven 
with different complex amplitudes, weighted by the Husimi distribu-
tion of the driving light. Broad Q (ℰα) distributions that characterize 
thermal and squeezed vacuum states extend to extremely high electric 
field amplitudes but with a monotonically decreasing probability  
(Fig. 4a). On the other hand, the probability of tunnel ionization by a 
coherent component |α〉, and subsequently, HHG, monotonically 
increases with |α| (|ℰα| = 2ϵ(1) |α| ) and can be described by the ADK 
tunnelling rate PADK (ℰα) (ref. 47) (Fig. 4b). Overall, the weighted prob-
ability of a coherent state component |α〉 with electric field amplitude 
ℰα  initiating tunnel ionization and HHG is given by the product 
PADK (ℰα)Q (ℰα) /norm, where norm = ∫PADK (ℰα)Q (ℰα)d2ℰα is a nor-
malization factor (Fig. 4c). This probability obtains a maximum for a 
particular coherent component αmax or ℰαmax = 2ϵ(1) |αmax| , and this 
coherent component approximately determines the cutoff. That is, 
the cutoff harmonic is given by ℏω = Ip + 3.17Umaxp , where 
Umaxp = e2ℰ2αmax /4mω20  is the ponderomotive energy associated with 
this dominant component |αmax⟩.

This approach allowed us to find analytic cutoff formulae for the 
coherent, Fock, thermal and BSV light states (Supplementary Section II).  

The narrow Husimi distributions of Fock states yield the same cutoff as 
for the classical (coherent state) light with the same intensity:

cutoff of coherent/Fock states = 3.17Up + Ip, (8)

In the case of thermal and BSV states:

cutoff of thermal state = 1.92Ip(Up/ℏω0)
2/3 + Ip, (9)

cutoff of BSV state = 3.05Ip(Up/ℏω0)
2/3 + Ip. (10)

In equations (8)–(10), the ponderomotive energy equals to 
Up = e2 ⟨ℰ2⟩ /4mω20, where ⟨ℰ2⟩ = ∫d2ℰαQ (ℰα) ℰ2α. It is important to 
note that ⟨ℰ2⟩ ≠ ⟨ℰ⟩2, and indeed, for both thermal and BSV states the 
average field is zero ⟨ℰ⟩ = 0, and yet the ponderomotive energy is 
non-zero. This fact shows the inherent limitation of the semi-classical 
approach17,41,42, where only the amplitude of the field ⟨ℰ⟩ is important. 
We also note that such a definition of the ponderomotive energy is 
consistent with the conventional results of HHG because for intense 
coherent states, ⟨ℰ2⟩ ≈ ⟨ℰ⟩2.

The equation for the BSV cutoff differs from the thermal cutoff 
only by the multiplicative coefficient. However, both of them are very 
different from the semi-classical cutoff equation (8). Notably, for ther-
mal and BSV distributions, the cutoff energy depends on Ip and scales 
nonlinearly with Up. However, the cutoffs in equations (9) and (10) have 
the same frequency dependence as the conventional cutoff: all of them 
are proportional to ω−2

0 . This scaling shown in Supplementary Section 
II by substituting the definition of Up in equations (9) and (10). Figure 
5 shows relatively good correspondence between the derived cutoff 
formulae (equations (8)–(10)) and the numerical simulations.

Discussion
In this work we showed that the spectrum of HHG depends on the 
Husimi distribution of the driving light. We have demonstrated that 
the interplay between the Husimi distribution Q(α) and the ADK tun-
nelling rate determines the cutoff law, which we showed numerically 
and verified by qualitative analytical calculations.

As it is the most accessible experimental observable, we focused 
on presenting the HHG emission spectrum in this work. However, our 
theory allowed us to find the entire density matrix of the atom and the 
emitted light, as shown in equation (4). Thus, the density matrix of each 
mode (k,σ) is:

ρkσ (t) = ∫d2ℰαQ (ℰα) ||ϕα||
2 ⊗ ||γαkσ⟩ ⟨γ

α
kσ
|| . (11)

When the driving field has quantum features, the emitted light in 
the mode (k,σ) will also have some quantum features, directly inherited 
from the Husimi distribution Q (ℰα) in equation (11). However, it is 

Coherent
Thermal
BSV

Coherent
Thermal
BSV

×

U

Q

U

P

U

Umax

Pion

Umax Umax

=

a b c

Fig. 4 | The physical origin of the extended cutoffs for thermal and squeezed 
light states. a, Husimi distribution as a function of the ponderomotive energy 
Up, denoted Q(U). b, ADK probability of the ionization of an electron in the HHG-

emitting system, Pion(U). c, Multiplication of Q(U) on Pion(U) gives the effective 
distribution P(U) of ponderomotive energy that we observe in HHG with an 
arbitrary light state.
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important to note that the density matrix of the emitted light in equa-
tion (11) is different from the density matrix of the driving field 
ρk0σ0 (t) = ∫d2ℰαQ (ℰα) ⊗ |ℰα⟩ ⟨ℰα| . The reason is that the coherent 
state components of the emitted light ||γαkσ⟩ (with γαkσ ∝ dα (ω) ⋅ εkσ ) 
strongly differ from the coherent state components of the driving field 
|ℰα⟩. In fact, ℰα determines γαkσ  via dα(ω), which is highly nonlinear in 
ℰα. The farther this relation is from linear, the more different is the 
quantum state of the emitted light from to the quantum state of driving 
field. If the driving field is a coherent state ρk0σ0 (t) = |ℰα⟩ ⟨ℰα|, then 

the emission is also a coherent state ρkσ (t) = ||γαkσ⟩ ⟨γ
α
kσ
||, as expected in 

conventional HHG and shown in previous works36,38,40.
The main predictions of our work concern the HHG spectrum, 

showing that the quantum nature of the drive, as described by the 
Husimi function, can affect the classical properties of the radiation. 
Thus, these predictions can be measured by the same techniques used 
in conventional HHG experiments—for example, using a spectrometer 
for the high-frequency spectral range. However, we note that the emis-
sion spectrum may not be enough to reconstruct the quantum state 
of the driving field and, instead, higher-order correlations should be 
measured to enable full reconstruction. From equation (11), we also 
expect HHG driven by quantum light to also have non-classical prop-
erties, such as non-trivial degrees of coherence of the emitted light 
(Supplementary Section I). Measuring such properties would require 
quantum optical techniques such as homodyne tomography48. It would 
also be interesting to investigate how the quantum state of the driving 
field changes the classical electron trajectories, as well as the times of 
ionization and recombination. We expect substantial dependence of 
the electron dynamics on the quantum state of the driving field, which 
could be measured with methods similar to those used in ref. 49.

Our prediction of an extended cutoff for HHG driven by BSV qualita-
tively agrees with the experimental results for third- and fourth-harmonic 
generation using BSV50. Specifically, ref. 50 demonstrated enhancement 

in the generation of optical harmonics, showing that the enhancement 
increases for higher harmonics. Our findings conform with such experi-
ments and generalize them to the non-perturbative regime, predicting 
an increase in generation efficiency of higher frequencies. Consequently, 
the control of quantum light states may provide a degree of freedom 
with which to control the extent of the HHG spectrum. For example, 
driving with a BSV state generates the same number of harmonics as a 
coherent state drive with an intensity that is an order magnitude larger 
(Supplementary Information).

Our predictions are within reach of current experimental capabili-
ties in HHG. In particular, the cutoff behaviour equations (9) and (10) for 
thermal and BSV light can be observed using classical measurements, 
such as conventional spectrometry of HHG. In this case, the main obsta-
cle is to generate intense enough pulses of thermal or BSV light. For com-
parison, classical femtosecond laser pulses with energies as low as 200 nJ 
and pulse durations of 30 fs were shown to be sufficient for driving HHG 
in optical fibres26 and in solids4. These pulses correspond to an intensity 
threshold on the order of 1014 W cm−2. Current pulses of BSV generated 
by spontaneous parametric downconversion20,23,26 reach approximately 
10% of this intensity. Examples include 18 ps BSV pulses with energies of 
10 μJ (ref. 20) and shorter femtosecond BSV pulses with energies of 350 nJ 
(ref. 23). Although stronger BSV pulses are expected to be within reach, 
we show that even existing BSV pulses should be sufficient for the genera-
tion of HHG, because the intensity threshold is lowered by an order of 
magnitude (Supplementary Information); that is, the quantum statistics 
extends the cutoff so that lower pulse intensities are sufficient. Intrigu-
ingly, even more intense pulses of non-coherent light can be generated 
by amplification of weaker BSV pulses in solid-state or fibre amplifiers 
and still maintain the Husimi distribution that extends the HHG cutoff.

Outlook
Looking at the bigger picture, our work sheds light on a fundamental 
question of how macroscopically quantum light interacts with matter. 
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Fig. 5 | Simulations of the high-harmonic spectra for different driving 
intensities. Numerical simulations of high-harmonic spectra for several 
different intensities and the analytical cutoff on the same plot for coherent 

(top), thermal (bottom left) and BSV (bottom right) light states. In the numerical 
calculation, the wavelength of the driving field is λ0 = 800 nm. Thick solid curves 
in all the plots show the theoretical cutoff predicted by equations (8)–(10).
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It was generally believed that the quantum state of light would not 
affect the emission spectrum and polarization, only quantum opti-
cal observables such as high-order correlations. On the contrary, our 
work shows that classical characteristics of the HHG process strongly 
depend on the quantum light state, and particularly on the Husimi 
distribution Q(α).

We emphasize that the approach described here is applicable far 
beyond the HHG process. For example, the formalism that we present 
here can be applied for such effects as above-threshold ionization51, 
emission from tips52,53 and nonlinear Compton scattering54,55. It would 
also be interesting to understand the electron dynamics in all these 
processes and how it is affected by the quantum state of the driving 
field. The electron dynamics is fully described by equation (6), where 
|ϕα(t)〉 corresponds to the electron dynamics of the considered process. 
Specifically, in case of the above-threshold ionization, we expect that 
the photoelectron spectrum will be extended for thermal and BSV 
driving field, similar to the HHG spectrum considered here. Together 
with our results for HHG, these examples hint at a novel research field 
to explore: extreme nonlinear quantum optics. Extreme nonlinear 
quantum optics presents exciting opportunities for quantum metrol-
ogy in X-ray spectroscopy and femtosecond chemistry.

From a fundamental perspective, the quantum optical description 
of non-perturbative interactions may serve as a guide to harnessing 
the drive’s quantum properties (for example, squeezing and entangle-
ment) to generate attosecond pulses in the XUV spectral range with 
controllable quantum properties. We envision systems strongly driven 
by quantum light as new sources of macroscopically entangled light, 
introducing ideas from quantum information into attosecond science.

Online content
Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information, 
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tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41567-023-02127-y.
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