
nature physics

https://doi.org/10.1038/s41567-023-02127-yArticle

High-harmonic generation driven by 
quantum light

In the format provided by the 
authors and unedited

https://doi.org/10.1038/s41567-023-02127-y


Supplementary Information:  
High harmonic generation driven by quantum light 

Alexey Gorlach†, Matan Even Tzur†, Michael Birk, Michael Krüger, 

Nicholas Rivera, Oren Cohen and Ido Kaminer 

 

This supplementary information file contains additional details about the analytical and numerical 

results presented in the main text. In Section I, we develop a general theory of high harmonic generation 

(HHG) driven by light with arbitrary photon statistics. In Section II, we derive the cutoff laws presented in 

the main text. In Section III, we provide the details of the numerical calculation of the HHG spectrum. In 

Section IV, we show that the threshold of intensity sufficient for the generation of HHG is lower by an 

order of magnitude for a BSV drive, compared to a coherent state drive. 

 

I. General formalism of light emission from a system driven by 

an arbitrary state of quantum light 

Here we develop a general theory of the interaction between strong non-perturbative quantum light 

and a bound electron, i.e. atom. As shown previously (e.g., [1]), this approach can also describe the phase-

matched HHG from many emitters, as in HHG from a strongly-driven gas. We can write a general 

Schrodinger equation for the joint density matrix of light and electron [2]: 

𝑖ℏ
𝜕𝜌0(𝑡)

𝜕𝑡
= [𝐻̂, 𝜌0(𝑡)], (I. 1) 

where the Hamiltonian is: 

𝐻̂ = 𝐻̂A + 𝐻̂F + 𝒅̂ ⋅ 𝑬̂. (I. 2) 

𝐻̂F = ∑ ℏ𝜔 𝑎̂𝑘𝜎
† 𝑎̂𝑘𝜎𝑘𝜎  is the Hamiltonian of the electromagnetic field and 𝐻̂𝐴 =

𝒑̂2

2𝑚
+ 𝑈(𝒓) is the 

Hamiltonian of the bound electron. 𝒌 is the wavevector that satisfies 𝜔 = 𝑐|𝒌|, 𝒑̂ is the operator of the 

electron's momentum, 𝑚 is the mass of the electron, 𝑈(𝒓) is the static potential of the bound electron, and 

𝒅̂ = 𝑒𝒓̂ is the dipole moment of the bound electron. 𝑬̂ = 𝑖 ∑ 𝜖(1)𝒌,𝜎 𝜺𝑘𝜎(𝑎̂𝑘𝜎 − 𝑎̂𝑘𝜎
† ) is a quantized electric 

field at the point 𝒓 = 𝟎, with 𝜺𝑘𝜎 being the unit vector of the polarization. We define the quantized single-

photon amplitude as 𝜖(1) = √
ℏ𝜔

2𝑉𝜀0
 [3]. We aim to solve this equation to describe the emission of an electron 

in an external electromagnetic field 𝑬̂ and static potential 𝑈. Henceforth, we use the term “atom” to refer 

to the bound electron system, while keeping in mind that the results are general. 



We employ the interaction picture 𝜌0(𝑡) → 𝑒−
𝑖𝐻̂F
ℏ
𝑡𝜌0(𝑡)𝑒

𝑖𝐻̂F
ℏ
𝑡
, to obtain the following Schrodinger 

equation: 

𝑖ℏ
𝜕𝜌0(𝑡)

𝜕𝑡
= [𝐻̂0(𝑡), 𝜌0(𝑡)], (I. 3) 

where 𝐻̂0(𝑡) = 𝐻̂A + 𝒅 ⋅ 𝑬̂(𝑡) and 𝑬̂(𝑡) = 𝑒−
𝑖𝐻̂F
ℏ
𝑡𝑬̂𝑒

𝑖𝐻̂F
ℏ
𝑡 = 𝑖 ∑ 𝜖(1)𝒌,𝜎 𝜺𝒌𝜎(𝑎̂𝒌𝜎𝑒

−𝑖𝜔𝒌𝜎𝑡 − 𝑎̂𝒌𝜎
† 𝑒𝑖𝜔𝒌𝜎𝑡).  

Initially, before the action of the electromagnetic field on the atom, the field and the atom are not 

entangled and can be represented as a tensor product of light and atom density matrices: 𝜌0(0) = 𝜌A(0) ⊗

𝜌F(0). Moreover, for most experimental situations of interest, the atom is initially in its ground state, and 

therefore we take 𝜌A(0) = |g⟩⟨g|. The initial state of the field can be arbitrary. However, in the 

developments that follow, we consider that all the modes of the field 𝒌𝜎 are in vacuum except driving field 

mode 𝒌0𝜎0, which can be described with positive generalized P representation 𝑃(𝛼, 𝛽∗) [4]: 

𝜌F(0) = ∫𝑑
2𝛼𝒌0𝜎0𝑑

2𝛽𝒌0𝜎0 ⋅ 𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0
∗ )

|𝛼𝒌0𝜎0⟩⟨𝛽𝒌0𝜎0|

⟨𝛽𝒌0𝜎0|𝛼𝒌0𝜎0⟩ 
⊗ ∏ |0𝒌𝜎⟩⟨0𝒌𝜎|

(𝒌𝜎)≠(𝒌0𝜎0)

. (I. 4) 

We should note that coefficients 𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0
∗ ) in Eq. (I.4) is time-independent since it represents only 

the initial state of the field 𝜌F(0) and does not describe the dynamics of the field. Furthermore, we should 

also note that the  𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0
∗ ) is positive finite and is unique for any quantum state as it is shown in 

[4], [5]. Since the Schrodinger equation Eq. (I.3) is linear, and 𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0
∗ ) is time-independent, the 

solution can be written in form: 

𝜌0(𝑡) = ∫𝑑
2𝛼𝒌0𝜎0𝑑

2𝛽𝒌0𝜎0 ⋅
𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0

∗ )

⟨𝛽𝒌0𝜎0|𝛼𝒌0𝜎0⟩ 
𝜌𝛼𝛽(𝑡), (I. 5) 

where the elements 𝜌𝛼𝛽(𝑡) satisfy the following equation (substituting in Eq. (I.3)): 

 
𝑖ℏ
𝜕𝜌𝛼𝛽(𝑡)

𝜕𝑡
= [𝐻̂0(𝑡), 𝜌𝛼𝛽(𝑡)],  

 𝜌𝛼𝛽(0) = |g⟩⟨g| ⊗ |𝛼𝒌0𝜎0⟩⟨𝛽𝒌0𝜎0| ⊗ ∏ |0𝒌𝜎⟩⟨0𝒌𝜎|

(𝒌𝜎)≠(𝒌𝟎𝜎0)

.  

Indeed, 𝜌𝛼𝛽(t) is not Hermitian because it does not represent the density matrix but rather an intermediate 

step in the derivation. However, the total density matrix 𝜌0(𝑡) is Hermitian. The solution of this equation 

can be formally written [6] as: 

𝜌𝛼𝛽(𝑡) = 𝑈(𝑡)𝜌𝛼𝛽(0)𝑈
†(𝑡), (I. 6) 

𝑈(𝑡) = 𝑇̂ exp (−
𝑖

ℏ
∫ 𝑑𝜏 𝐻̂0(𝜏)
𝑡

0

), 



where 𝑇̂ is time-ordering operator. The solution described by Eq. (I.6) is general and describes the system 

without any approximations.  

We now employ coherent shift operators [3] with coherent parameters 𝛼 and 𝛽 (denoted by 𝐷(𝛼) 

and 𝐷(𝛽)) to define a new matrix element: 

𝜌̃𝛼𝛽(𝑡) = 𝐷
†(𝛼𝒌0𝜎0)𝜌𝛼𝛽(𝑡)𝐷(𝛽𝒌0𝜎0). (I. 7) 

We substitute (I.6) into (I.7) and get: 

𝜌̃𝛼𝛽(𝑡) = (𝐷
†(𝛼𝒌0𝜎0)𝑈(𝑡)𝐷(𝛼𝒌0𝜎0)) |g⟩⟨g| ⊗∏|0𝒌𝜎⟩⟨0𝒌𝜎|

(𝒌𝜎)

(𝐷†(𝛽𝒌0𝜎0)𝑈(𝑡)𝐷(𝛽𝒌0𝜎0))
†
. (I. 8a) 

By defining |Ψ𝛼(𝑡)⟩ ≡ (𝐷
†(𝛼𝒌0𝜎0)𝑈(𝑡)𝐷(𝛼𝒌0𝜎0)) |g⟩ ⊗∏ |0𝒌𝜎⟩(𝒌𝜎) , we can rewrite Eq. (I.8) as: 

𝜌̃𝛼𝛽(𝑡) = |Ψ𝛼(𝑡)⟩⟨Ψ𝛽(𝑡)|. (I. 8b) 

The joint density matrix 𝜌0(𝑡) then equals to: 

𝜌0(𝑡) ≡ ∫𝑑
2𝛼𝒌0𝜎0𝑑

2𝛽𝒌0𝜎0 ⋅
𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0

∗ )

⟨𝛽𝒌0𝜎0|𝛼𝒌0𝜎0⟩ 
𝐷(𝛼𝒌0𝜎0)|Ψ𝛼(𝑡)⟩⟨Ψ𝛽(𝑡)|𝐷

†(𝛽𝒌0𝜎0) . (I. 9) 

Let’s prove that this matrix has the correct norm for an arbitrary 𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0
∗ ): 

Tr[𝜌0(𝑡)] = ∫𝑑
2𝛼𝒌0𝜎0𝑑

2𝛽𝒌0𝜎0 ⋅
𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0

∗ )

⟨𝛽𝒌0𝜎0|𝛼𝒌0𝜎0⟩ 
⟨Ψ𝛽(𝑡)|𝐷

†(𝛽𝒌0𝜎0)𝐷(𝛼𝒌0𝜎0)|Ψ𝛼(𝑡)⟩. 

Now, we substitute the definition of |Ψ𝛼(𝑡)⟩: 

Tr[𝜌0(𝑡)] = ∫𝑑
2𝛼𝒌0𝜎0𝑑

2𝛽𝒌0𝜎0 ⋅
𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0

∗ )

⟨𝛽𝒌0𝜎0|𝛼𝒌0𝜎0⟩ 
× 

×∏⟨0𝒌𝜎|

(𝒌𝜎)

⟨g| (𝐷†(𝛽𝒌0𝜎0)𝑈
†(𝑡)𝐷(𝛽𝒌0𝜎0))𝐷

†(𝛽𝒌0𝜎0)𝐷(𝛼𝒌0𝜎0) (𝐷
†(𝛼𝒌0𝜎0)𝑈(𝑡)𝐷(𝛼𝒌0𝜎0)) |g⟩∏|0𝒌𝜎⟩

(𝒌𝜎)

. 

We can simplify this to 

Tr[𝜌0(𝑡)] = ∫𝑑
2𝛼𝒌0𝜎0𝑑

2𝛽𝒌0𝜎0 ⋅
𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0

∗ )

⟨𝛽𝒌0𝜎0|𝛼𝒌0𝜎0⟩ 
⋅ ⟨𝛽𝒌0𝜎0|⟨g|𝑈

†(𝑡)𝑈(𝑡)|g⟩|𝛼𝒌0𝜎0⟩, 

and finally get: 

Tr[𝜌0(𝑡)] = ∫𝑑
2𝛼𝒌0𝜎0𝑑

2𝛽𝒌0𝜎0 ⋅ 𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0
∗ ) = 1. (I. 10) 

This proves that the density matrix has a well-defined norm. 

 



By the definition |Ψ𝛼/𝛽(𝑡)⟩ can be written as the solution of the following Schrodinger equation: 

{
 

 𝑖ℏ
𝜕|Ψ𝛼(𝑡)⟩

𝜕𝑡
= 𝐻𝛼(𝑡)|Ψ𝛼(𝑡)⟩

𝑖ℏ
𝜕|Ψ𝛽(𝑡)⟩

𝜕𝑡
= 𝐻𝛽(𝑡)|Ψ𝛽(𝑡)⟩

, (I. 11) 

where  |Ψ𝛼/𝛽(0)⟩ = |g⟩ ⊗∏ |0𝒌𝜎⟩(𝒌𝜎)  and 

𝐻𝛼(𝑡) = 𝐻̂A + 𝒅̂ ⋅ 𝑬𝜶(𝑡) + 𝒅̂ ⋅ 𝑬̂(𝑡), 𝐻𝛽(𝑡) = 𝐻̂A + 𝒅̂ ⋅ 𝑬𝜷(𝑡) + 𝒅̂ ⋅ 𝑬̂(𝑡), 

and the classical fields are 𝑬𝛼(𝑡) = ⟨𝛼|𝑬̂|𝛼⟩, 𝑬𝛽(𝑡) = ⟨𝛽|𝑬̂|𝛽⟩. Eq. (I.9) is exactly the equation describing 

HHG driven by a coherent light state |𝛼⟩, which were considered in details in [1], [7]. Under the same 

assumptions as in these papers the solution is a product of coherent states: 

|Ψ𝛼/𝛽(𝑡)⟩ = |𝜙𝛼/𝛽(𝑡)⟩ ⊗∏ |𝛾𝒌𝜎
𝛼/𝛽

⟩

(𝒌,𝜎)

, (I. 12) 

𝛾𝜔𝜎
𝛼/𝛽

= −
𝑖

ℏ
𝜖(1)𝒅𝛼/𝛽(𝜔) ⋅ 𝒆𝜎 , 𝒅𝛼/𝛽(𝜔) = ∫ 𝑒𝑖𝜔𝜏⟨𝜙𝛼/𝛽(𝜏)|𝒅̂|𝜙𝛼/𝛽(𝜏)⟩ 𝑑𝜏

𝑡

−∞

. 

In Eq. (I.10), the atomic state |𝜙𝛼/𝛽(𝑡)⟩ is the solution of time-dependent Schrodinger equation (TDSE): 

𝑖ℏ
𝜕|𝜙𝛼/𝛽(𝑡)⟩

𝜕𝑡
= (𝐻̂A + 𝒅̂ ⋅ 𝑬𝜶/𝜷(𝑡)) |𝜙𝛼/𝛽(𝑡)⟩. (I. 13) 

Then, the exact solution of Eq. (I.1) for HHG driven by an arbitrary light state, is given by: 

𝜌0(𝑡) = ∫𝑑
2𝛼𝒌0𝜎0𝑑

2𝛽𝒌0𝜎0  
𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0

∗ )

⟨𝛽𝒌0𝜎0|𝛼𝒌0𝜎0⟩ 
|𝜙𝛼(𝑡)⟩⟨𝜙𝛽(𝑡)| ×  

× (𝐷(𝛼𝒌0𝜎0) ∏ |𝛾𝒌1𝜎1
𝛼 ⟩

(𝒌1𝜎1),(𝒌2𝜎2)

⟨𝛾𝒌2𝜎2
𝛽

| 𝐷†(𝛽𝒌0𝜎0)) . (I. 14) 

Limit of small single-photon field amplitude 

Here we further consider the limit of 𝜖(1) → 0 (equivalent to 𝑉 → ∞), which holds in all current 

HHG experiments. Furthermore, Eq. (I.14) gives the joint density matrix of light and atom. We trace out 

the driving field mode (𝒌𝟎, 𝜎0): 

𝜌(𝑡) = Tr𝒌𝟎𝜎0(𝜌0(𝑡)).  

We can simplify Eq. (I.15) and get: 

𝜌(𝑡) = ∫𝑑2𝛼𝒌0𝜎0𝑑
2𝛽𝒌0𝜎0  𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0

∗ )|𝜙𝛼(𝑡)⟩⟨𝜙𝛽(𝑡)| ⊗  



⊗(
⟨𝛾𝒌0𝜎0
𝛽

|𝐷†(𝛽𝒌0𝜎0)𝐷(𝛼𝒌0𝜎0)|𝛾𝒌0𝜎0
𝛼 ⟩

⟨𝛽𝒌0𝜎0|𝛼𝒌0𝜎0⟩ 
) ∏ |𝛾𝒌1𝜎1

𝛼 ⟩

(𝒌1𝜎1),(𝒌2𝜎2)≠(𝒌0𝜎0)

⟨𝛾𝒌2𝜎2
𝛽

| . (I. 15) 

For an arbitrary single-mode light state, the generalized Glauber representation can be defined through the 

Husimi function 𝑄 [4]: 

𝑃(𝛼, 𝛽∗) =
1

4𝜋
exp (−

|𝛼 − 𝛽∗|2

4
)𝑄 (

𝛼 + 𝛽∗

2
). 

Eq. (I.15) is written in terms of the coherent state amplitude 𝛼, which is related to the electric field: 

𝐸𝛼(𝑡) = 𝑖𝜖
(1)(𝛼𝑒−𝑖𝜔𝑡 − 𝛼∗𝑒𝑖𝜔𝑡). 

We introduce the complex amplitude of the field 

ℰ𝛼 = 2𝜖
(1)𝛼, (I. 16) 

and have the limit 𝜖(1) → 0 and 𝛼 → ∞ in such a way that ℰ𝛼 remains constant. Then we get: 

𝑃(𝛼, 𝛽∗)𝑑2𝛼 𝑑2𝛽 = lim
𝜖(1)→0

(
1

4𝜋

1

4|𝜖(1)|
2 𝑒

−
|ℰ𝛼−ℰ𝛽|

2

16|𝜖(1)|
2

)𝑄 (
𝛼 + 𝛽

2
)𝑑2𝛼. 

Considering that 𝑄 (
𝛼+𝛽

2
) is positive and its integral is unity, we can take the limit of 𝜖(1) → 0 separately 

for the exponent: 

lim
𝜖(1)→0

1

4𝜋

1

4|𝜖(1)|
2 𝑒

−
|ℰ𝛼−ℰ𝛽|

2

16|𝜖(1)|
2

= 𝛿(2)(ℰ𝛼 − ℰ𝛽), 

and get 

𝜌(𝑡) = ∫𝑑2𝛼 𝑄(𝛼)|𝜙𝛼(𝑡)⟩⟨𝜙𝛼(𝑡)| ⊗ ∏ |𝛾𝒌1𝜎1
𝛼 ⟩

(𝒌1𝜎1),(𝒌2𝜎2)≠(𝒌0𝜎0)

⟨𝛾𝒌2𝜎2
𝛼 |. (I. 17a) 

Or in terms of electric field amplitudes: 

𝜌(𝑡) = ∫𝑑2ℰ𝛼 ⋅ 𝑄(ℰ𝛼)|𝜙𝛼(𝑡)⟩⟨𝜙𝛼(𝑡)| ⊗ ∏ |𝛾𝒌1𝜎1
𝛼 ⟩

(𝒌1𝜎1),(𝒌2𝜎2)≠(𝒌0𝜎0)

⟨𝛾𝒌2𝜎2
𝛼 |. (I. 17b) 

Eq. (I.17) gives the density matrix of the atom and light in all modes except for the drive (𝒌0𝜎0). This 

density matrix is Hermitian, positively defined (because 𝑄(𝛼) is real positive) and has well-defined norm 

for an arbitrary state: 

Tr[𝜌(𝑡)] = ∫𝑑2ℰ𝛼 ⋅ 𝑄(ℰ𝛼) ‖𝜙𝛼(𝑡)‖
2. (I. 18) 



If we assume that the TDSE solution for atoms are normalized, i.e. ‖𝜙𝛼(𝑡)‖
2 = 1, then Tr[𝜌(𝑡)] = 1.  

We should note Eq. (I.17) just describes the total density matrix as the incoherent sum of solutions 

for the coherent states with probability described by 𝑄(𝛼). This happens because in the limit of 𝜖(1)   →  0 

and 𝛼 →  ∞, the two coherent states even with slightly different field amplitude ℰ𝛼 are orthogonal, since 

𝛼 → ∞, 𝛽 → ∞ and thus 〈ℰ𝛼|ℰ𝛽⟩ → 0. We believe that this is the main reason of why only diagonal parts 

such as |𝛼⟩⟨𝛼| or equivalently |ℰ𝛼⟩⟨ℰ𝛼| are important. 

We can also find the density matrix of the atom 𝜌A(𝑡): 

𝜌A(𝑡) = TrF[𝜌(𝑡)] = ∫𝑑
2𝛼 ⋅ 𝑄(𝛼)|𝜙𝛼(𝑡)⟩⟨𝜙𝛼(𝑡)| , (I. 19a) 

𝜌A(𝑡) = TrF[𝜌(𝑡)] = ∫𝑑
2ℰ𝛼 ⋅ 𝑄(ℰ𝛼)|𝜙𝛼(𝑡)⟩⟨𝜙𝛼(𝑡)| . (I. 19b) 

The density matrix of the light 𝜌F(𝑡): 

𝜌F(𝑡) = TrA[𝜌(𝑡)] = ∫𝑑
2𝛼 ⋅ 𝑄(𝛼)‖𝜙𝛼(𝑡)‖

2 ∏ |𝛾𝒌1𝜎1
𝛼 ⟩

(𝒌1𝜎1),(𝒌2𝜎2)≠(𝒌0𝜎0)

⟨𝛾𝒌2𝜎2
𝛼 |, (I. 20a) 

𝜌F(𝑡) = TrA[𝜌(𝑡)] = ∫𝑑
2ℰ𝛼 ⋅ 𝑄(ℰ𝛼)‖𝜙𝛼(𝑡)‖

2 ∏ |𝛾𝒌1𝜎1
𝛼 ⟩

(𝒌1𝜎1),(𝒌2𝜎2)≠(𝒌0𝜎0)

⟨𝛾𝒌2𝜎2
𝛼 | . (I. 20b) 

Energy, degrees of coherence and Mandel parameter of the emitted light 

Now let’s find the energy of the emitted light: 

𝜀 =∑Tr(𝜌𝐹(𝑡 = ∞)𝑎𝑘𝜎
† 𝑎𝑘𝜎)

𝒌𝜎

= ∫𝑑2𝛼 ⋅ 𝑄(𝛼)‖𝜙𝛼‖
2 ∏ ⟨𝛾𝒌1𝜎1

𝛼 |𝑎𝑘𝜎
† 𝑎𝑘𝜎|𝛾𝒌1𝜎1

𝛼 ⟩

(𝒌1𝜎1)≠(𝒌0𝜎0)

. 

Using the properties of coherent states that ⟨𝛾𝒌1𝜎1
𝛼 |𝑎𝑘𝜎

† 𝑎𝑘𝜎|𝛾𝒌1𝜎1
𝛼 ⟩ = |𝛾𝑘𝜎

𝛼 |2, we get: 

𝜀 =∑∫‖𝜙𝛼‖
2𝑑2𝛼 𝑄(𝛼)|𝛾𝑘𝜎

𝛼 |2

𝒌,𝜎

. (I. 21) 

If now we substitute equation for 𝛾𝑘𝜎
𝛼  and take into account that ∑ …𝑘𝜎 →

𝑉

(2𝜋)3𝑐3
∫𝜔2𝑑𝜔∑ ∫𝑑Ω𝜎 …: 

𝑑𝜀

𝑑𝜔
=

𝜔4

6𝜋2𝜀0𝑐
3
∫𝑑2𝛼 𝑄(𝛼)‖𝜙𝛼‖

2 ⋅ |𝒅𝛼(𝜔)|
2. (I. 22) 

We also can find any degree of quantum coherence for each mode 𝑔𝒌𝜎
(𝑛)

: 

𝑔𝒌𝜎
(𝑛)

=
〈(𝑎𝑘𝜎

† )
𝑛
(𝑎𝑘𝜎)

𝑛⟩

〈𝑎𝑘𝜎
† 𝑎𝑘𝜎⟩

𝑛 . (I. 23) 

Using the fact that ⟨𝛾𝒌1𝜎1
𝛼 |(𝑎𝑘𝜎

† )
𝑛
(𝑎𝑘𝜎)

𝑛|𝛾𝒌1𝜎1
𝛼 ⟩ = |𝛾𝑘𝜎

𝛼 |2𝑛 = |𝜖(1)|
2𝑛
|𝒅𝛼(𝜔) ⋅ 𝒆𝜎|

2𝑛. We can substitute 

the density matrix 𝜌𝐹(𝑡) in Eq. (I.20) and we get: 



𝑔(𝑛)(𝜎, 𝜔) =
∫𝑑2𝛼 𝑄(𝛼)‖𝜙𝛼(𝑡)‖

2|𝒅𝛼(𝜔) ⋅ 𝒆𝜎|
2𝑛

(∫ 𝑑2𝛼 𝑄(𝛼)‖𝜙𝛼(𝑡)‖
2|𝒅𝛼(𝜔) ⋅ 𝒆𝜎|

2)𝑛
. (I. 24) 

For example, Eq. (I.21) gives 𝑔(𝑛)(𝜎, 𝜔) = 1 for the coherent state. 

The special case of an extremely confined photonic mode 

Let us consider emission into an optical mode with an extremely small interaction volume 𝑉 (e.g., 

inside a cavity). We now calculate for which size of an interaction volume 𝑉, Eq. (I.17) does not work and 

more general Eq. (I.15) become necessary instead. The approximation of the previous section breaks down 

when: 

|ℰ𝛼|
2

16|𝜖(1)|
2 =

𝑉𝜀0|ℰ𝛼|
2

8ℏ𝜔
=

𝑉𝐼

8𝑐ℏ𝜔
~1. (I. 25) 

For intensity 𝐼 = 1014 W/cm2 and wavelength 𝜆0 = 800 nm, we get 𝑉 =
16𝜋𝑐2ℏ

𝐼𝜆0
~10−27 m3. Such an 

interaction volume corresponds to atomic-scale distances, currently below the range of even the strongest 

nanophotonic confinements [8]. Thus, Eq. (I.17) obtained in the limit of 𝜖(1) → 0 are correct for any 

realistic experimental scenario. 

Husimi functions for different types of light 

In this subsection, we show how to express the Husimi function 𝑄 as a function of the complex ℰ𝛼 

amplitude: 

𝐸𝛼(𝑡) = 𝑖/2(ℰ𝛼𝑒
−𝑖𝜔𝑡 − ℰ𝛼

∗𝑒𝑖𝜔𝑡). 

We can use this expression to simplify the Husimi functions in many important cases. The Husimi functions 

𝑄 for coherent, Fock, thermal and BSV light states are taken from [3]. 

Coherent state light and Fock state light 

𝑄coherent(𝛼)𝑑
2𝛼 =

1

𝜋
exp(−|𝛼 − 𝛼0|

2) 𝑑2𝛼 =

exp(−
|ℰ𝛼 − ℰ̅|

2

4|𝜖(1)|
2 )

4|𝜖(1)|
2
𝜋

𝑑2ℰ𝛼 , (I. 26)
 

𝑄Fock(𝛼) =
1

𝜋
exp(−|𝛼|2) ⋅

|𝛼|2𝑛

𝑛!
=
1

𝜋
exp(− |

|ℰ𝛼|
2

4|𝜖(1)|
2|

2

) ⋅
|ℰ𝛼|

2𝑛

(4|𝜖(1)|
2
)
𝑛
𝑛!
. (I. 27) 

Both of these functions can be approximated as a delta-function in the limit 𝜖(1) → 0. 

Thermal light 

𝑄thermal(𝛼) =
1

𝜋(1 + 𝑛̅)
exp (−

|𝛼|2

1 + 𝑛̅
) . (I. 28) 



In terms of the field amplitude, we have: 

𝑄thermal(ℰ𝛼)𝑑
2ℰ𝛼 =

1

𝜋|ℰ̅|2
exp (−

|ℰ𝛼|
2

|ℰ̅|2
)𝑑2ℰ𝛼 . (I. 29) 

Bright squeezed vacuum (BSV) 

𝑄BSV =
1

𝜋 cosh 𝑟
exp (−

2𝛼𝑦
2

1 + 𝑒2𝑟
−

2𝛼𝑥
2

1 + 𝑒−2𝑟
) . (I. 30) 

The average number of photons is: 𝑛̅ = sinh2 𝑟. We assume that 𝑛̅ ≫ 1: 𝑛̅ ≈
𝑒2𝑟

4
 

𝑄BSV = exp (−
𝛼𝑦
2

2𝑛̅
− 𝛼𝑥

2) = exp (−
𝛼𝑦
2

2𝑛̅
) exp(−𝛼𝑥

2) . (I. 31) 

In terms of the field, we get: 

𝑄BSV(ℰ𝛼) =
1

2|ℰ̅|2
exp (−

Im[ℰ𝛼]
2

2|ℰ̅|2
) ⋅ 𝛿(Re[ℰ𝛼]). 

This result means that Re[ℰ𝛼] does not contribute to the ionization process if 𝑟 > 0 and if we have a fixed 

phase for the BSV state. However, we know that for many implementations of BSV, especially in ultrashort 

pulses that may contain many modes, the phase varies and both options 𝑟 > 0 and 𝑟 < 0 alternate quickly 

during the same interaction [9]. In such situations, the light has a random phase.  However, for the cut-off, 

it does not matter and we get the same result regardless of the phase: 

𝑄BSV(ℰ𝛼) ≈
1

2𝜋|ℰ̅|2
exp (−

|ℰ𝛼|
2

2|ℰ̅|2
) . (I. 32) 

This phase-independence shows that the cut-off depends on the photon statistics of the driving light state 

and not on its entire quantum state. 

  



II. Derivation of Cutoff Equations for Different States of 

Quantum Light 

In the following section, we derive cutoff formulae for HHG driven by different quantum states of 

light. We begin by recalling the ponderomotive energy of a free electron interacting with a coherent state 

of light of electric field amplitude ℰ: 

𝑈 =
𝑒2|ℰ|2

4𝑚𝜔0
2 . (II. 1) 

The probability for tunnel ionization of an atom by an electric field 𝐸 is given by the ADK formula [10] 

and is denoted by 𝑃ion(𝐸). Since the ponderomotive energy 𝑈 is expressed in terms of the electric field 

ampletude ℰ, we can reformulate the 𝑃ion(ℰ) in terms of the ponderomotive energy 𝑈(ℰ): 

𝑃ion(𝑈) ∝ (
1

𝑈
)

1
4𝐼𝑝

−
3
4
exp (−

2√2𝐼𝑝
3/2

3𝜔0𝑈
1/2
) , (II. 2) 

where 𝐼𝑝 is the ionization potential of the atom. We drop all non-exponential factors from this equation to 

approximate: 

𝑃ion(𝑈) ∝ exp (−𝑎 ⋅ 𝑈
−
1
2) , (II. 3) 

where the parameter 𝑎 is defined by 𝑎 =
2√2𝐼𝑝

3/2

3𝜔0
 and is not to be confused with the coherent state parameter 

𝛼. Eq. (II.3) is plotted in Fig. II.1 

 

Fig. II.1: The probability for tunnel ionization of an atom 𝑷𝐢𝐨𝐧 as the function of the ponderomotive 

energy of an electron 𝑼.  

 

For a quantum light state, the ponderomotive energy 𝑈(ℰ𝛼) and electric field amplitude ℰ𝛼 (or 

coherent parameter 𝛼) are no longer definite numbers of the state. Rather, the electric field amplitude 



exhibits fluctuations. Equivalently, the ponderomotive energy experiences corresponding fluctuations since 

it is a mathematical function of the field amplitude. The coherent parameter distribution of the quantum 

light state is given by the Husimi function 𝑄(ℰ𝛼), where ℰ𝛼 is a complex amplitude.  

Each coherent state in the distribution 𝑄(ℰ𝛼) results in different ponderomotive energy 𝑈(ℰ𝛼) and 

therefore, in a different ionization probability. The weighted probability that an electron undergoes tunnel 

ionization by a coherent component with ponderomotive energy 𝑈(ℰ𝛼) can be given by the product of the 

classical probability of ionization and Husimi function 𝑄, which represents the fluctuation of the amplitude: 

𝑃ion
(q)(𝑈) =

1

norm
𝑃ion
(c)
 (𝑈)𝑄(𝑈). (II. 4) 

Husimi function for different types of light 

In this subsection, we will express the Husimi function 𝑄 as the function of the ponderomotive 

energy 𝑈 and the average ponderomotive energy 𝑈̅. According to Eqs. (I.26-I.32) from section I, we get: 

Coherent state light and Fock state light 

𝑄coherent(𝑈) ≈ 𝑄Fock(𝑈) = 𝛿(𝑈 − 𝑈̅). (II. 5) 

Thermal light 

𝑄thermal(𝛼) =
1

𝑈̅
exp (−

𝑈

𝑈̅
) . (II. 6) 

Bright squeezed vacuum (BSV) 

𝑄BSV(𝑈) =
1

2𝑈̅
exp (−

𝑈

2𝑈̅
) . (II. 7) 

Therefore, BSV has a similar formula as thermal light, up to an additional coefficient of 2 in the exponent. 

Eqs. II.5-7 are shown in Fig. II.2a.  



 

Fig. II.2: Interplay between the Husimi distribution and the ADK tunneling rate as the origin of the 

modified cutoff laws for quantum HHG. (a): Husimi distributions of electric field amplitudes (or 

alternatively intensities / ponderomotive energies) for the different quantum states of light. (b) The ADK 

tunneling rate as a function of the intensity of the driving coherent state field. (c) Weighted distribution for 

an electron to undergo tunnel ionization by a particular coherent component of the quantum state of light 

(written in terms of the ponderomotive energy). The bottom row is obtained by the multiplication of the top 

and middle rows.  

 Cutoff formulas for different states of light 

We estimate the cutoff for an arbitrary quantum light state using the derivation of the 

conventional cutoff, and substituting the most probable field amplitude into the ponderomotive energy 

term 𝑈̅ → 𝑈max: 

𝐸cutoff = 𝐼𝑝 + 3.17 𝑈max, (II. 8) 

where 𝑈max is the most probable amplitude so that: 

𝑑𝑃(𝑈)

𝑑𝑈
|𝑈=𝑈max = 0. 

Let us firstly consider the coherent and Fock states, for which the Husimi function is a delta-function: 

𝑃(𝑈) ≈
1

norm
exp (−𝑎 ⋅ 𝑈−

1
2) ⋅ 𝛿(𝑈 − 𝑈̅). (II. 9) 

To differentiate Eq. (II.9) we express the delta-function as a limit: 

coherent
thermal

BSV

coherent thermal BSV

(a) Husimi functions for different light states

(b) ADK probability of ionization

(c) Probability of ionization for different light states



𝛿(𝑈 − 𝑈̅) = lim
𝜎→0

1

𝜎√𝜋
𝑒
−
(𝑈−𝑈)2

𝜎2  

Thus, we have: 

𝑃(𝑈) =
1

norm
lim
𝜎→0

exp (−𝑎 ⋅ 𝑈−
1
2 −

(𝑈 − 𝑈̅)2

𝜎2
) (II. 10) 

The maximum of this equation satisfies 
𝑑𝑃(𝑈)

𝑑𝑈
= 0, providing 𝜎2𝑎 ⋅ 𝑈max

−3/2
− 4(𝑈max − 𝑈̅) = 0. Then, in 

the limit 𝜎 → 0 the solution is: 

𝑈max = 𝑈̅ +
𝑎𝜎2

4𝑈̅3/2
+ 𝑂(𝜎4). (II. 11) 

Substituting 𝑎 from Eq. (II.3) in Eq. (II.11), we get: 

𝑈max = 𝑈̅ +
√2𝐼𝑝

3/2

6𝜔0𝑈̅
3/2

⋅ 𝜎2 + 𝑂(𝜎4). (II. 12) 

Taking the limit 𝜎 → 0 𝑈max = 𝑈̅ and we retrieve the conventional cutoff law: 𝐼𝑝 + 3.17𝑈̅, as expected in 

the cases of coherent and Fock states. As we show below, the same derivation for the thermal and BSV 

states provide different cutoff laws (Fig. II.2c). 

For a thermal and BSV states, we can write the probability function as: 

𝑃(𝑈) =
1

norm
exp (−𝑎 ⋅ 𝑈−

1
2 −

𝑈

𝑏𝑈̅
) , 𝑏BSV = 2, 𝑏thermal = 1. (II. 13) 

We can find the mist probable amplitude 𝑈max using: 

𝑑

𝑑𝑈
(−𝑎 ⋅ 𝑈−

1
2 −

𝑈

𝑏𝑈̅
) =

𝑎

2𝑈max
3/2

−
1

𝑏𝑈̅
= 0, (II. 14) 

𝑈max = (𝑎 ⋅ 𝑏𝑈̅/2)
2/3. (II. 15) 

Thus, for thermal and BSV, we have the following expressions for the cutoff respectively: 

cutoff of thermal state = 1.92𝐼p(𝑈̅/ℏ𝜔0)
2/3 + 𝐼p. (II. 16) 

Similarly, we can derive the cutoff formula for the BSV state: 

cutoff of BSV state = 3.05𝐼p(𝑈̅/ℏ𝜔0)
2/3 + 𝐼p. (II. 17) 

Summarizing these derivations, our approach provides further intuition for when the ponderomotive energy 

depends on the ionization potential: If the Husimi function 𝑄(𝑈̅) has a sharp maximum (like for Fock and 

coherent states), then there is a term independent of the ionization potential. If the Husimi function 𝑄(𝑈̅) 



does not have a sharp maximum (like for BSV and thermal states) then the ponderomotive energy may 

depend on the ionization potential. All the cutoffs are summarized in Table II.1 and are illustrated in Fig. 

II.3. 

Table II.1. Analytical cutoff formulas for different quantum states of light  

Coherent 3.17 ⋅ 𝑈̅ + 𝐼𝑝 

Fock 3.17 ⋅ 𝑈̅ + 𝐼𝑝 

Thermal 1.92𝐼𝑝(𝑈̅/ℏ𝜔0)
2/3 + 𝐼𝑝 

BSV 3.05𝐼𝑝(𝑈̅/ℏ𝜔0)
2/3 + 𝐼𝑝 

 

Figure II.3: Illustration of the cutoff laws for different states of driving light: Fock and coherent (red), 

thermal (orange), and bright squeezed vacuum (green). 

It is important to note that even though the new cutoff laws contain an explicit 𝜔0, their scaling 

with 𝜔0 did not change compared to the conventional case (due to the additional implicit dependence 

inside 𝑈̅): 

 conventional cutoff = 3.17𝑈̅ + 𝐼p = 3.17
1

𝜔0
2

𝑒2〈𝐸2⟩

4𝑚
+ 𝐼𝑝 , 

cutoff of BSV state = 3.05𝐼p(𝑈̅/ℏ𝜔0)
2/3 + 𝐼p = 3.05

1

𝜔0
2 𝐼p (

𝑒2〈𝐸2⟩

4𝑚ℏ
)

2/3

+ 𝐼p. 

Let us also calculate the Mandel parameter 𝑄M of the considered quantum light states: 

𝑄M = 〈Δ𝑛
2⟩/〈𝑛⟩ − 1. 

Table II.2. The Mandel parameter of the considered quantum light states  

Coherent 𝑄M = 0 

Fock 𝑄M = −1 

Thermal 𝑄M = 〈𝑛⟩ 

BSV 𝑄M = 2〈𝑛⟩ + 1 

 

We see that the extended cutoff is observed for the super-Poissonian states. 

in
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III. Numerical calculation of the quantum optical HHG 

spectrum 

In this section, we describe the numerical procedure employed for the calculation of the HHG 

spectrum generated by different quantum states of light. We consider a bound electron (i.e., an atom or 

another emitting system) driven by a quantum state of light with a generalized Glauber representation 

𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0
∗ )and Husimi function 𝑄(𝛼). Explicit expressions for 𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0

∗ ) and 𝑄(𝛼) of different 

states are given below. We assume that at time 𝑡 = 0, the atomic system occupies its ground state, which 

is denoted by |g⟩. Hence, the initial condition for the joint light-matter system is given by: 

{
 
 

 
 

𝜌(0) = 𝜌𝐴(0) ⊗ 𝜌𝐹(0)

𝜌𝐴(0) = |g⟩⟨g|

𝜌F(0) = ∫𝑑
2𝛼𝒌0𝜎0𝑑

2𝛽𝒌0𝜎0 ⋅ 𝑃(𝛼𝒌0𝜎0 , 𝛽𝒌0𝜎0
∗ )

|𝛼𝒌0𝜎0⟩⟨𝛽𝒌0𝜎0|

⟨𝛽𝒌0𝜎0|𝛼𝒌0𝜎0⟩ 
⊗ ∏ |0𝒌𝜎⟩⟨0𝒌𝜎|

(𝒌𝜎)≠(𝒌0𝜎0)

. (III. 1) 

Here |𝛼𝒌0𝜎0⟩, |𝛽𝒌0𝜎0⟩ are coherent states with complex-valued coherent parameters 𝛼𝒌0𝜎0 = 𝛼𝑥 + 𝑖𝛼𝑦, 

𝛽𝒌0𝜎0 = 𝛽𝑥 + 𝑖𝛽𝑦, and 𝑑2𝛼𝒌0𝜎0 = 𝑑𝛼𝑥𝑑𝛼𝑦, 𝑑
2𝛽𝒌0𝜎0 = 𝑑𝛽𝑥𝑑𝛽𝑦. A quantum-optical coherent state |𝛼⟩ 

corresponds to the emission of a laser, which is often approximated by a classical electromagnetic wave 

whose electric field is given by: 

𝑬𝛼(𝑡) = 𝑖𝜖
(1)(𝛼𝑒−𝑖𝜔𝑡 − 𝛼∗𝑒𝑖𝜔𝑡), (III. 2) 

where 𝜖(1) is known as the single-photon amplitude and is defined by 𝜖(1) = √ℏ𝜔 2𝑉𝜖0⁄ . Here, 𝜔 is the 

frequency of the mode and 𝑉 is the interaction volume. In effect, the complex-valued coherent parameter 

determines the amplitude and phase of a coherent state (also known as a semi-classical state).  

We can calculate the spectrum of the emission using Eq. (I.22) which involves only 𝑄(𝛼) and is 

correct in the limit of 𝜖(1) → 0: 

𝑑𝜀

𝑑𝜔
=

𝜔4

6𝜋2𝑐3𝜖0
 ∫ 𝑑2𝛼‖𝜙𝛼(𝑡)‖

2𝑄(𝛼)|𝒅𝛼(𝜔)|
2 . (III. 3) 

In the case of the equation with 𝑄(𝛼), we span the integrand in a 2-dimensional grid (𝛼𝑥 , 𝛼𝑦). Below, we 

construct the integrand using analytical formulae for 𝑄(𝛼).  

Analytical formulas for 𝑸(𝜶) 

𝑄(𝛼) for a squeezed coherent state |𝛾, 𝑟⟩ is given by [4]: 

𝑄SC(𝛼) =
1

𝜋 cosh(𝑟)
exp [−

2(𝛼𝑦 − 𝛾𝑦)
2

1 + 𝑒2𝑟
−
2(𝛼𝑥 − 𝛾𝑥)

2

1 + 𝑒−2𝑟
] . (III. 6) 



A coherent state is given by |𝛾, 0⟩ and a squeezed vacuum state is given by |0, 𝑟⟩. For the latter, 𝑄(𝛼) is 

given by [4]: 

𝑄SV(𝛼) =
exp(−|𝛼|2)

𝜋 cosh(𝑟)
𝑛! exp [−

1

2
tanh(𝑟) (𝛼2 + 𝛼∗2)] × 

× |∑(
tanh(𝑟)

2
)

𝑘
(𝛼∗)𝑛−2𝑘

(𝑛 − 2𝑘)! 𝑘! 
𝑘=0

× (
1

cosh(𝑟)
)
𝑛−2𝑘

|

2

. (III. 7) 

𝑄(𝛼) for a squeezed thermal state (defined by 𝑟 and by the average number of photons 𝑛̅) is given by [4]: 

𝑄ST(𝛼) =
(𝜋𝑛̅ cosh(𝑟))−1

[(1 +
1
𝑛̅
)
2

− tanh2(𝑟)]

1
2

exp [−
1

2
tanh(𝑟) (𝛼2 + 𝛼∗2) − |𝛼|2] × 

× exp [
1 cosh2(𝑟)⁄

(1 + 1 𝑛̅⁄ )2 − tanh2(𝑟)
[(1 +

1

𝑛̅
) |𝛼|2 −

1

2
(𝛼2 + 𝛼∗2) tanh(𝑟)]] , (III. 8) 

These different 𝑄(𝛼) functions (displayed in Fig. III.1) are used to calculate the spectra. 

 

Fig. III.1: Husimi functions 𝑸(𝜶) for different states. (a) 𝑄(𝛼) for the coherent state, with 𝛾𝑥 = 𝛾𝑦 = 3 

; (b) 𝑄(𝛼) for Fock state with 𝑛 = 4 photons; (c) 𝑄(𝛼) for the thermal state with the average number of 

photons 𝑛̅ = 4; (d) 𝑄(𝛼) for squeezed vacuum state with 𝑟 = 1.5; (e)-(f) 𝑄(𝛼) for squeezed Fock and 

squeezed thermal states with 𝑛 = 1 and 𝑟 = 0.5. 

Numerical calculation of the semi-classical dipole elements 

The semi-classical dipole elements 𝑑𝛼(𝜔) were obtained by numerically solving the time-

dependent Schrodinger equation (TDSE) for an atom irradiated by a classical laser field 𝐸𝛼(𝑡) as it is given 

in Eq. (III.2). The TDSE in atomic units within the dipole approximation is: 

𝑖
𝜕

𝜕𝑡
𝜓(𝑡, 𝑥, 𝑦) = [−

1

2
𝛻2 + 𝑉(𝑟) + 𝑉𝑎𝑏(𝑟) + 𝒓 ⋅ 𝑬(𝒓, 𝑡)] 𝜓(𝑡, 𝑥, 𝑦). (III. 9) 

(a) coherent state (b) Fock state (c) thermal state

(d) squeezed vacuum state (e) squeezed Fock state (f) squeezed thermal state
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𝑬(𝒓, 𝑡) is the electric field and 𝑉(𝑟) is the atomic potential, modeled as a softened Coulomb potential [11]  

𝑉(𝑟) = −
1

√𝑟2 + 𝑎2 
. (III. 10) 

The parameter 𝑎 is set to 𝑎 = 0.8160 bohr, to match the ionization potential of Ne, which is 𝐼𝑝 =

0.7924 hartree [12]. 𝑉𝑎𝑏(𝑟) is a complex absorbing potential, included in the equation to avoid 

nonphysical reflections of the wavefunction from the grid boundaries  

𝑉𝑎𝑏(𝑟) = {
−𝑖5 × 10−4(𝑟 − 𝑟0)

3, 𝑟 ≥ 𝑟0
0, otherwise

(III. 11) 

where 𝑟0 = 75 bohr. The TDSE was solved by a 3rd order split-step method [13], [14], starting from the 

ground state of the model Ne atom. The ground state was found by representing field-free Hamiltonian in 

a matrix form on the cartesian spatial grid and diagonalizing it. The time-dependent propagation employed 

a trapezoid temporal envelope of the electric field, with 5-cycle long rise and fall sections and a 15-cycle 

long flat top section. The parameters of the pulse and the atomic potential are shown in Fig. III.2. 

 

Fig. III.2: Characteristics of the driving field and of the atomic potential. (a) The time-dependent 

driving field has a trapezoid temporal envelope of the electric field, with 5-cycle-long rise and fall sections 

and a 15-cycle-long flat top section. (b) The atomic potential is modeled by 𝑉(𝑟) = −(𝑟2 + 𝑎2)−1/2, with 

𝑎 = 0.8160 bohr, to match the Ne ionization potential, 𝐼𝑝 = 0.7924 hartree [12]. 

Calculations were carried out on a 1D cartesian spatial grid, spanning from 𝑥min = −100 bohr to 

𝑥max = 100 bohr, with a grid spacing of 𝑑𝑥 = 0.06 bohr and a timestep of 𝑑𝑡 = 0.02 a. u. The dipole 

acceleration was calculated by Ehrnfest’s theorem: 

𝒂(𝑡) = −⟨𝜓(𝑟, 𝑡)|𝜵𝑉(𝑟) + 𝑬(𝑡)|𝜓(𝑟, 𝑡)⟩. (III. 13) 

From which, the harmonic spectra were obtained by a Fourier transform 

𝑬̃(𝜔) = F. T. {𝒂(𝑡)}. (III. 14) 
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Fig. III.3 presents the examples of HHG spectra numerically calculated using Eq. (III.14) for coherent, 

Fock, thermal, and BSV light for different intensities. 

 

Fig. III.3: Maps of emission spectra for driving fields of different quantum states. The spectra for 

driving coherent, Fock, thermal, and BSV light states. Each color map shows the spectrum as a function of 

intensity (vertical) and frequency (horizontal). The intensity of the emission is shown by the color (log 

scale). The solid curves are the theoretical prediction of the cut-off for different quantum states. The 

theoretical model which explains these curves is presented in the next section. The wavelength of the 

driving field is 𝜆0 =800 nm. 

 We also calculate the total yield for each state of the driving field. The total yield is defined as the 

energy of the emitted light in all harmonics higher than the ionization potential 𝐼𝑝/ℏ: 

yield = ∫
𝑑𝜀

𝑑𝜔
 𝑑𝜔

∞

I𝑝/ℏ

, 

where 𝑑𝜀/𝑑𝜔 is the spectrum of the emission calculated using Eq (I.22). The numerical results of the 

calculations are shown in Fig. III.4 
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Fig. III.4: The total yield of the emission for driving fields of different quantum states. The total yield 

for driving coherent (Fock) thermal, and BSV light states. Coherent and Fock states, have the smallest total 

yield (red curve). Thermal and BSV light states have larger total yields and saturate faster (orange and green 

curves respectively). The yield is shown in a logarithmic scale. The wavelength of the driving field in all 

the calculations is 𝜆0 =800 nm. 

BSV and thermal drivers have a larger yield than a coherent driver of the same intensity. The reason is 

exactly the same as for the extended cutoff: BSV and thermal light have extended Husimi distributions 

which leads to the strong fluctuations in the intensity and consequently higher yield. 

  



 

IV. The threshold of BSV and thermal light intensity 

sufficient for the generation of HHG 

In this section, we show that the intensity threshold for generating HHG driven by BSV is an order 

of magnitude less than for generating HHG driven by classical light (coherent state). The threshold can be 

defined by the intensity beyond which multiple pronounced high harmonic peaks appear above the 

background radiation. At the intensity threshold, these peaks start forming an approximated plateau. 

Figure IV.1 shows two HHG spectra driven by classical light pulses of intensities (a) 1014  W cm2⁄  

and (b) 2 × 1014W cm2⁄ . The latter intensity is above the threshold and generates multiple pronounced 

high harmonic peaks in the spectrum. This result is in agreement with previous experiments [15]. 

 

Fig. IV.1: The intensity threshold for the generation of HHG by classical light for a model Ne atom. 

(a,b) Comparison of the generated spectra for driver pulses of 1 × 1014 and 2 × 1014 W/cm2 peak 

intensities, showing the emergence of pronounced harmonics. The wavelength of the driving field is 𝜆0 =

800 nm. 

Figure IV.2 shows two HHG spectra driven by bright squeezed vacuum pulses of intensities (a) 

1013  W cm2⁄  and (b) 2 × 1013W cm2⁄ . The latter intensity is above the threshold and generates multiple 

well-pronounced high harmonic peaks in the spectrum. Note that this intensity is not sufficiency to generate 

HHG from classical light (as shown by the lack of high harmonic peaks in Figure IV.1a even for a higher 

intensity). Based on these simulations, we conclude that by driving HHG with BSV, instead of classical 

light, the intensity threshold is lowered by about an order of magnitude. We note that such BSV intensities 

were demonstrated in experiments [16] and thus show the feasibility of an experiment demonstrating HHG 

driven by BSV proposed in this work. 



 

Fig. IV.2:  The intensity threshold for the generation of HHG by BSV for a model Ne atom. (a,b) 

Comparison of the generated spectra for driver pulses of 1 × 1013 and 2 × 1013 W/cm2peak intensities, 

showing the emergence of pronounced harmonics. The wavelength of the driving field is 𝜆0 = 800 nm. 

We can estimate the number of generated harmonics for different light states using the cutoff laws 

in Eqs. (II.16, II.17). In all the numerical calculations, we used 𝐼𝑝 = 0.7924 hartree. Let us assume that 

the non-perturbative regime and the HHG generation is when the cutoff is around 30th harmonic (Fig. IV.1a, 

Fig. IV 2a). Then, if we want to have 30 harmonics in the spectrum, we should drive the atom with the 

intensities written in the table. 

Table IV.1. The needed drive intensities to generate 30 harmonics for each quantum light state  

Coherent 𝐼 =1.3⋅1014 W/cm2 

Fock 𝐼 =1.3⋅1014 W/cm2 

Thermal 𝐼 =1.2⋅1013 W/cm2 

BSV 𝐼 = 0.7⋅1013 W/cm2 

 

 Importantly, a BSV driving field with such an intensity (𝐼 = 0.7⋅1013 W/cm2) is experimentally 

feasible [16]. A thermal light state of intensity 𝐼 =1.2⋅1013 W/cm2 is hard to generate but may be possible 

using random lasers [17]. A Fock state of intensity 𝐼 =1.3⋅1014 W/cm2 is currently far beyond experimental 

reach. 
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