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This supplementary information file contains additional details about the analytical and numerical
results presented in the main text. In Section I, we develop a general theory of high harmonic generation
(HHG) driven by light with arbitrary photon statistics. In Section 11, we derive the cutoff laws presented in
the main text. In Section 111, we provide the details of the numerical calculation of the HHG spectrum. In
Section 1V, we show that the threshold of intensity sufficient for the generation of HHG is lower by an

order of magnitude for a BSV drive, compared to a coherent state drive.

General formalism of light emission from a system driven by
an arbitrary state of quantum light

Here we develop a general theory of the interaction between strong non-perturbative quantum light
and a bound electron, i.e. atom. As shown previously (e.g., [1]), this approach can also describe the phase-
matched HHG from many emitters, as in HHG from a strongly-driven gas. We can write a general

Schrodinger equation for the joint density matrix of light and electron [2]:
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where the Hamiltonian is:
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Hp = Y, hw a,taa,m is the Hamiltonian of the electromagnetic field and Hy, =2p—m+ U(r) is the

Hamiltonian of the bound electron. k is the wavevector that satisfies w = c|k|, p is the operator of the
electron's momentum, m is the mass of the electron, U(r) is the static potential of the bound electron, and
d = ef* is the dipole moment of the bound electron. E = i 3, € £, (ks — @) is a quantized electric

field at the point = 0, with &, being the unit vector of the polarization. We define the quantized single-
photon amplitude as e = ;lv—“; [3]. We aim to solve this equation to describe the emission of an electron
0

in an external electromagnetic field E and static potential U. Henceforth, we use the term “atom” to refer

to the bound electron system, while keeping in mind that the results are general.
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We employ the interaction picture py(t) = e~ & ‘py(t)e  *, to obtain the following Schrodinger

equation:
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where Ay(t) = Ay +d-E(t) and E(t) = e~ n ‘Ee n ' = i Ny o €D ggq(agpe @ket — af _el@kat),

Initially, before the action of the electromagnetic field on the atom, the field and the atom are not
entangled and can be represented as a tensor product of light and atom density matrices: p,(0) = po(0) &
pr(0). Moreover, for most experimental situations of interest, the atom is initially in its ground state, and
therefore we take p,(0) = |g)(g|. The initial state of the field can be arbitrary. However, in the
developments that follow, we consider that all the modes of the field ko are in vacuum except driving field
mode k,a,, which can be described with positive generalized P representation P(«a, 8*) [4]:
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We should note that coefficients P(akoao,ﬁ,ﬁodo) in Eq. (1.4) is time-independent since it represents only
the initial state of the field pp(0) and does not describe the dynamics of the field. Furthermore, we should
also note that the P(akoao,ﬁ,toao) is positive finite and is unique for any quantum state as it is shown in
[4], [5]. Since the Schrodinger equation Eq. (1.3) is linear, and P(akoao,ﬁ,ﬁodo) is time-independent, the

solution can be written in form:
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where the elements p,(t) satisfy the following equation (substituting in Eq. (1.3)):
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Indeed, pgp(t) is not Hermitian because it does not represent the density matrix but rather an intermediate

step in the derivation. However, the total density matrix p,(t) is Hermitian. The solution of this equation

can be formally written [6] as:

Pap(t) = U(t)pap(0)UT (D), (1.6)

. it
U(t) =T exp <_Ef dt HO(T)>,
0



where T is time-ordering operator. The solution described by Eq. (1.6) is general and describes the system

without any approximations.

We now employ coherent shift operators [3] with coherent parameters a and 8 (denoted by D (a)

and D(B)) to define a new matrix element:

ﬁaﬂ (t) = DT(akoao)paB (t)D(ﬁkoao)- (I- 7)

We substitute (1.6) into (1.7) and get:

Pap(®) = (DF (@uyo,JUOD (k) ) 1881 @ | [104) Ok (04 (Buyo)UOD (Brs)) -+ (1.80)
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By defining |¥,(t)) = (D’f(ako,,o)U(t)D(akogo)) Ig) @ [Tkoy|Oko), We can rewrite Eq. (1.8) as:

Pap(®) = [P (D)W (®)]- (1.8b)
The joint density matrix p,(t) then equals to:
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Let’s prove that this matrix has the correct norm for an arbitrary P(ax, s, Br, o, ):
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Now, we substitute the definition of |W,(t)):
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We can simplify this to

p (ako g’ ﬂl:o oo )
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and finally get:

Tr[po(8)] = f 308 Brro - P (@i Broo,) = 1. (1.10)

This proves that the density matrix has a well-defined norm.



By the definition |lPa/ﬁ (t)) can be written as the solution of the following Schrodinger equation:
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where |¥,,5(0)) = |8) @ (k)| Oko) and
Hy(®) =Hp+d-Eo(t) +d-E(t), Hg(t) =Hpa+d Eg(t)+d-E(t),

and the classical fields are E, (t) = (a|E|a), Ep(t) = (BIE|B). Eq. (1.9) is exactly the equation describing
HHG driven by a coherent light state |a), which were considered in details in [1], [7]. Under the same

assumptions as in these papers the solution is a product of coherent states:

e 5(0) = |pa/p(®)) @ 1_[ |V,g,/ﬁ> (1.12)
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In Eq. (1.10), the atomic state |¢a/ﬁ(t)) is the solution of time-dependent Schrodinger equation (TDSE):

iha|¢aa/f(t)) _ (ﬁA td. Ea/ﬁ(t)) b5 (0))- (1.13)

Then, the exact solution of Eq. (I.1) for HHG driven by an arbitrary light state, is given by:
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Limit of small single-photon field amplitude

Here we further consider the limit of ¢ — 0 (equivalent to V = o), which holds in all current
HHG experiments. Furthermore, Eq. (1.14) gives the joint density matrix of light and atom. We trace out

the driving field mode (ky, oy):

p(t) = Trige, (P ().

We can simplify Eq. (1.15) and get:

p(6) = f A 50 8By P (g Bio) |0 (DN (0)] @
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For an arbitrary single-mode light state, the generalized Glauber representation can be defined through the
Husimi function Q [4]:
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Eq. (1.15) is written in terms of the coherent state amplitude «, which is related to the electric field:
E (t) = ieW(ae™@t — g el®t),
We introduce the complex amplitude of the field
Ey = 2eWq, (1.16)
and have the limit e - 0 and @ = o in such a way that £, remains constant. Then we get:
Jea—tpl”
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Considering that Q (#) is positive and its integral is unity, we can take the limit of () — 0 separately
for the exponent:

_|5a—55|2

1 P
e 161U = 5@ (g, - &),

e(lli)rEOE‘l_lE(l)F

and get

b0 = [ e 0@pt@l ® [ W) Vnl 017
(k101),(k202)#(ko0o)
Or in terms of electric field amplitudes:
p(t) = f d2Eq - Q(E|Pa () a ()] ® [ Ve o) (VE o, . (.17b)
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Eq. (1.17) gives the density matrix of the atom and light in all modes except for the drive (kyo,). This
density matrix is Hermitian, positively defined (because Q(a) is real positive) and has well-defined norm

for an arbitrary state:

Tr[p(8)] = f 2, - Q€ b (DI (1.18)



If we assume that the TDSE solution for atoms are normalized, i.e. ||¢, (£)||?> = 1, then Tr[p(t)] = 1.

We should note Eq. (1.17) just describes the total density matrix as the incoherent sum of solutions
for the coherent states with probability described by Q(«). This happens because in the limit of e — 0
and ¢ — oo, the two coherent states even with slightly different field amplitude £, are orthogonal, since

a — oo, B — co and thus (€, |Eg) — 0. We believe that this is the main reason of why only diagonal parts

such as |a){a| or equivalently |E,){E,| are important.

We can also find the density matrix of the atom p, (t):

pa() = Trelp(®)] = f 42 - Q(a)|ba (DN (D], (1.192)

pa(D) = Trlp(D)] = f 26, - Q(ED b (D) da(®)]. (1.19b)

The density matrix of the light pg(t):

pr(t) = Tralp(®)] =fd2a Q(@)llpa (OII? 1_[ Vi ) Vi, | (1.20a)
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Energy, degrees of coherence and Mandel parameter of the emitted light

Now let’s find the energy of the emitted light:

e = Tr(pe(t = afyai) = [ e Q@lgel® [ (ioilalsorolrits)
ko (k101)#(ko0o)

Using the properties of coherent states that (v 5, |al,axs V.o, ) = Vi |2, we get:

e= Y [IoalPd?a e@lysy . 1.21)
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If now we substitute equation for yy.. and take into account that )} ... = (Zﬂl)/aca [w?dwY, [dQ...
de w*
— = 2 . 2, [.22
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We also can find any degree of quantum coherence for each mode g,({';):
n
o ((@l) @)
Iro = " — (1.23)
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Using the fact that (y,?lal|(a,to)n(aka)"|y,‘§101) = y& 12" = |e®]™"|dq (@) - e4]2". We can substitute
the density matrix pg(t) in Eq. (1.20) and we get:
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For example, Eq. (1.21) gives g™ (o, w) = 1 for the coherent state.

g™ (o, w) (1.24)

The special case of an extremely confined photonic mode

Let us consider emission into an optical mode with an extremely small interaction volume V (e.g.,
inside a cavity). We now calculate for which size of an interaction volume V, Eqg. (1.17) does not work and
more general Eg. (1.15) become necessary instead. The approximation of the previous section breaks down

when:

|£a|2 _V‘Solgcxlz_ Vi -
16|e(1)|2  8hw  8chw

1. (1.25)
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For intensity I = 10'* W/cm? and wavelength 1, = 800 nm, we get V =

interaction volume corresponds to atomic-scale distances, currently below the range of even the strongest

nanophotonic confinements [8]. Thus, Eq. (1.17) obtained in the limit of ¢ - 0 are correct for any

realistic experimental scenario.

Husimi functions for different types of light

In this subsection, we show how to express the Husimi function @ as a function of the complex &,

amplitude:
E () = i/2(Eqe™ 10t — £gel@t).

We can use this expression to simplify the Husimi functions in many important cases. The Husimi functions

Q for coherent, Fock, thermal and BSV light states are taken from [3].

Coherent state light and Fock state light

|ga_g|2
ex —_——
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1
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Both of these functions can be approximated as a delta-function in the limit e — 0.

Thermal light

= 1 |a|2 [.28
Qthermal (@) = T+ P <— m) (1.28)



In terms of the field amplitude, we have:

1 |Eq|?
chermal(ga)dzga = n_lglz exp <_ |g|2 >d28a' (I- 29)
Bright squeezed vacuum (BSV)
2a2 2a2
y X
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The average number of photons is: 7 = sinh? r. We assume that 7 > 1: 71 ~ eT

a o, ay 2
(psv = exp <_ o ax) = exp <— ﬁ) exp(—ay) . (1.31)

In terms of the field, we get:

1 Im[&,]?
Ex) =——== ————=——]-6(Rel[ELD.
This result means that Re[€,,] does not contribute to the ionization process if » > 0 and if we have a fixed
phase for the BSV state. However, we know that for many implementations of BSV, especially in ultrashort
pulses that may contain many modes, the phase varies and both options r > 0 and < 0 alternate quickly
during the same interaction [9]. In such situations, the light has a random phase. However, for the cut-off,

it does not matter and we get the same result regardless of the phase:

Qpsv(Ey) = ! €l (1.32)
BSVACa) ~ HniE P\ T 21812 ) '

This phase-independence shows that the cut-off depends on the photon statistics of the driving light state

and not on its entire quantum state.



I1. Derivation of Cutoff Equations for Different States of
Quantum Light

In the following section, we derive cutoff formulae for HHG driven by different quantum states of
light. We begin by recalling the ponderomotive energy of a free electron interacting with a coherent state
of light of electric field amplitude &:

62 |£|2

dmw;

(IL 1)

The probability for tunnel ionization of an atom by an electric field E is given by the ADK formula [10]
and is denoted by P,,,(E). Since the ponderomotive energy U is expressed in terms of the electric field

ampletude &, we can reformulate the P;,, (€) in terms of the ponderomotive energy U(€):

1 3
1\3,% V2L
pion(U)oc(ﬁ) e | ~5o 7 ) (IL.2)

where I, is the ionization potential of the atom. We drop all non-exponential factors from this equation to

approximate:

Pion(U) x exp (—a . U_%), (I1.3)

3/2

. . V21 . .
where the parameter a is defined by a = . P and is not to be confused with the coherent state parameter

wWo

a. Eq. (11.3) is plotted in Fig. 1.1

'Pion

Fig. 11.1: The probability for tunnel ionization of an atom P;,, as the function of the ponderomotive
energy of an electron U.

For a quantum light state, the ponderomotive energy U(E,) and electric field amplitude &, (or

coherent parameter «) are no longer definite numbers of the state. Rather, the electric field amplitude



exhibits fluctuations. Equivalently, the ponderomotive energy experiences corresponding fluctuations since
it is a mathematical function of the field amplitude. The coherent parameter distribution of the quantum

light state is given by the Husimi function Q(&,), where &, is a complex amplitude.

Each coherent state in the distribution Q (€,) results in different ponderomotive energy U(&,) and
therefore, in a different ionization probability. The weighted probability that an electron undergoes tunnel
ionization by a coherent component with ponderomotive energy U(E,) can be given by the product of the

classical probability of ionization and Husimi function Q, which represents the fluctuation of the amplitude:

QW) = —— 9 W)eW). 11.4)

ion mon
Husimi function for different types of light

In this subsection, we will express the Husimi function Q as the function of the ponderomotive

energy U and the average ponderomotive energy U. According to Egs. (1.26-1.32) from section I, we get:

Coherent state light and Fock state light

Qcoherent(U) =~ QFock(U) = 5(U - U) (H- 5)
Thermal light
1 U
Qunermai (@) = Fexp (- ). 1L.6)
Bright squeezed vacuum (BSV)
W) = (- v =) (1.7)
Qpsv(U) = exp 5T/ :

Therefore, BSV has a similar formula as thermal light, up to an additional coefficient of 2 in the exponent.

Egs. 11.5-7 are shown in Fig. 11.2a.



(a) Husimi functions for different light states

Q | e 0
' coherent ) BSV
‘ : thermal
(b) ADK probability of ionization
Pion
U
(c) Probability of ionization for different light states
P P, P
coherent ‘,‘"‘ thermal BSV
U b "”." | :1 U

Fig. 11.2: Interplay between the Husimi distribution and the ADK tunneling rate as the origin of the
modified cutoff laws for quantum HHG. (a): Husimi distributions of electric field amplitudes (or
alternatively intensities / ponderomotive energies) for the different quantum states of light. (b) The ADK
tunneling rate as a function of the intensity of the driving coherent state field. (c) Weighted distribution for
an electron to undergo tunnel ionization by a particular coherent component of the quantum state of light
(written in terms of the ponderomaotive energy). The bottom row is obtained by the multiplication of the top
and middle rows.

Cutoff formulas for different states of light

We estimate the cutoff for an arbitrary quantum light state using the derivation of the
conventional cutoff, and substituting the most probable field amplitude into the ponderomotive energy

term U — Upax:

Ecutofr = Ip + 3.17 Umax (H 8)

where Up,.x IS the most probable amplitude so that:

drP(U)

W |U=Umax =0.

Let us firstly consider the coherent and Fock states, for which the Husimi function is a delta-function:

P(U) ~ ——exp (—a : U‘%) S - . (IL.9)

norm

To differentiate Eq. (11.9) we express the delta-function as a limit:
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1 1 (U-U)>
PU) = lim exp <—a U2 — #) (II.10)
norm o—0 o
. . . . e dP(U) _ - 2 -3/2 N .
The maximum of this equation satisfies =0 providing ¢a - Up,5" — 4(Upax — U) = 0. Then, in
the limit ¢ — 0 the solution is:
_  ao? .
UmaX =U+ 4[7—3/2 + 0(0’ ) (H 11)
Substituting a from Eq. (11.3) in Eqg. (11.11), we get:
\/513/2
— i 14 2 4
UmaX—U'l'W‘O' + 0(a*). (I1.12)

Taking the limit ¢ — 0 Uy,x = U and we retrieve the conventional cutoff law: I, + 3.17U, as expected in
the cases of coherent and Fock states. As we show below, the same derivation for the thermal and BSV

states provide different cutoff laws (Fig. 11.2c).

For a thermal and BSV states, we can write the probability function as:

1 U
PU) = exp (—a U2 — —), bgsy = 2, bihermal = 1. (1. 13)

norm bU

We can find the mist probable amplitude Uy, using:

d 10U a 1
_(_a.U 2___) _ = (1. 14)

Upax = (a - bU/2)?/3. (I1.15)
Thus, for thermal and BSV, we have the following expressions for the cutoff respectively:
cutoff of thermal state = 1.921,(U/hw)?/? + I,. (11.16)
Similarly, we can derive the cutoff formula for the BSV state:
cutoff of BSV state = 3.051,(U/hwg)?/® + I,,. (11.17)

Summarizing these derivations, our approach provides further intuition for when the ponderomotive energy
depends on the ionization potential: If the Husimi function Q(U) has a sharp maximum (like for Fock and

coherent states), then there is a term independent of the ionization potential. If the Husimi function Q(U)



does not have a sharp maximum (like for BSV and thermal states) then the ponderomotive energy may
depend on the ionization potential. All the cutoffs are summarized in Table 11.1 and are illustrated in Fig.
11.3.

Table 11.1. Analytical cutoff formulas for different quantum states of light

Coherent

Fock

Thermal 1.921,(U/hwo)?/? + I,

BSV 3.051,(U/hwo)?/® + 1,

coherent/Fock

intensity

thermal

BSV

harmonic order

Figure 11.3: Hlustration of the cutoff laws for different states of driving light: Fock and coherent (red),
thermal (orange), and bright squeezed vacuum (green).

It is important to note that even though the new cutoff laws contain an explicit w,, their scaling
with w, did not change compared to the conventional case (due to the additional implicit dependence
inside U):

. _ 1 e%(E?)
conventional cutoff = 3.17U + Ip =317 —5——+1,,
wi 4m

1 e?(E?) 2/3
ff of B = 3.051,(U 23 41, =3.05—1I, | —— L.
cutoff of BSV state = 3.051,(U/hwo)*/° + I, 305w§ p<4mh) + 1,
Let us also calculate the Mandel parameter Qy; of the considered quantum light states:

Qm = (An?)/(n) — 1.
Table 11.2. The Mandel parameter of the considered quantum light states

Coherent

Fock

Thermal Qm = (n)
BSV O = 2(n) + 1

We see that the extended cutoff is observed for the super-Poissonian states.



I11.  Numerical calculation of the quantum optical HHG

spectrum

In this section, we describe the numerical procedure employed for the calculation of the HHG
spectrum generated by different quantum states of light. We consider a bound electron (i.e., an atom or
another emitting system) driven by a quantum state of light with a generalized Glauber representation
P(@iys,: Bieyo, )and Husimi function Q(a). Explicit expressions for P(a, o, Bi,s,) @nd Q(a) of different
states are given below. We assume that at time ¢t = 0, the atomic system occupies its ground state, which

is denoted by |g). Hence, the initial condition for the joint light-matter system is given by:

p(0) = p4(0) ® pr(0)
pa(0) = |g)gl

Pr® = f dZako%dZﬁko%-P(akoao,ﬁ,to%)w@ [ 10)00!

<'8ko ) | Cleyoo ) (ko)#(kooy)

(111. 1)

Here |atk,q, ). |Bi,0,) @re coherent states with complex-valued coherent parameters ay, 5, = a, + iay,
Bryo, = Bx + 1By, and d*ay o, = dayda,, d*By ., = dBxdBy. A quantum-optical coherent state |a)
corresponds to the emission of a laser, which is often approximated by a classical electromagnetic wave

whose electric field is given by:
E,(t) = ieW(ae @t — grel®t), (111. 2)

where € is known as the single-photon amplitude and is defined by €™ = \/hw/2Ve,. Here, w is the
frequency of the mode and V is the interaction volume. In effect, the complex-valued coherent parameter

determines the amplitude and phase of a coherent state (also known as a semi-classical state).

We can calculate the spectrum of the emission using Eq. (1.22) which involves only Q(a) and is

correct in the limit of e - 0:

de w?*

dw 6m?c3¢,

fdzalld)a(t)IIZQ(a)Ida(w)IZ- (111.3)

In the case of the equation with Q(a), we span the integrand in a 2-dimensional grid (a,, a,,). Below, we

construct the integrand using analytical formulae for Q(a).

Analytical formulas for Q(a)
Q(a) for a squeezed coherent state |y, r) is given by [4]:

2
C2(ay—1y)” 2@ —y)?
1+ e?" 1+e2r

Qsc(a) = exp (11L. 6)

7 cosh(r)



A coherent state is given by |y, 0) and a squeezed vacuum state is given by |0, ). For the latter, Q(«) is

given by [4]:

exp(—|al?)
1 cosh(r)

tanh()\*  (a*)"2k 1
% Z( 2 > (n—2k)' k! ><(cosh(r))

k=0

Qsy(a) = n! exp [—%tanh(r) (a? + a*z)] X

n—-2k 2

(111.7)

Q(a) for a squeezed thermal state (defined by r and by the average number of photons 7) is given by [4]:

- -1
Qst(a) = (w2 cosh () T exp [—%tanh(r) (a? + a*z) - |a|2] X

[(1 + %)2 — tanh? (r)r

1/cosh?(r)
(1 + 1/7)? — tanh?

X exp

) [(1 * %) lal® ‘%(“2 +a?) tanh(r)]], (111.8)

These different Q () functions (displayed in Fig. 111.1) are used to calculate the spectra.

(a) coherent state (b) Fock state (c) thermal state

Fig. 111.1: Husimi functions Q(a) for different states. (a) Q(a) for the coherent state, with y,, = y,, = 3
; (b) Q(a) for Fock state with n = 4 photons; (c) Q(a) for the thermal state with the average number of
photons n = 4; (d) Q(a) for squeezed vacuum state with r = 1.5; (e)-(f) Q(a) for squeezed Fock and
squeezed thermal states withn = 1 and r = 0.5.

Numerical calculation of the semi-classical dipole elements

The semi-classical dipole elements d,(w) were obtained by numerically solving the time-
dependent Schrodinger equation (TDSE) for an atom irradiated by a classical laser field E, (t) as it is given
in Eq. (111.2). The TDSE in atomic units within the dipole approximation is:

i%lp(t, X,y) = —%\72 + V() + Vp(r) + 7 E(r, t)] P(t,x, ). (1IL.9)



E(r, t) is the electric field and V () is the atomic potential, modeled as a softened Coulomb potential [11]

1

The parameter a is set to a = 0.8160 bohr, to match the ionization potential of Ne, which is I, =

0.7924 hartree [12]. V,,(r) is a complex absorbing potential, included in the equation to avoid
nonphysical reflections of the wavefunction from the grid boundaries

Vo () = {—iS X 1074 (r —rp)53, r=>10

.11
0, otherwise ( )

where 1, = 75 bohr. The TDSE was solved by a 3" order split-step method [13], [14], starting from the
ground state of the model Ne atom. The ground state was found by representing field-free Hamiltonian in
a matrix form on the cartesian spatial grid and diagonalizing it. The time-dependent propagation employed
a trapezoid temporal envelope of the electric field, with 5-cycle long rise and fall sections and a 15-cycle
long flat top section. The parameters of the pulse and the atomic potential are shown in Fig. 111.2.
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Fig. 111.2: Characteristics of the driving field and of the atomic potential. (a) The time-dependent
driving field has a trapezoid temporal envelope of the electric field, with 5-cycle-long rise and fall sections
and a 15-cycle-long flat top section. (b) The atomic potential is modeled by V(r) = —(r? + a?)~/2, with
a = 0.8160 bohr, to match the Ne ionization potential, I, = 0.7924 hartree [12].

Calculations were carried out on a 1D cartesian spatial grid, spanning from x,,;, = —100 bohr to
Xmax = 100 bohr, with a grid spacing of dx = 0.06 bohr and a timestep of dt = 0.02 a.u. The dipole

acceleration was calculated by Ehrnfest’s theorem:

a(t) = —W@ )|V () + E@Q)|y(r,t)). (II1.13)

From which, the harmonic spectra were obtained by a Fourier transform

E(w) = F.T.{a(t)}. (11. 14)



Fig. 111.3 presents the examples of HHG spectra numerically calculated using Eq. (111.14) for coherent,
Fock, thermal, and BSV light for different intensities.
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Fig. 111.3: Maps of emission spectra for driving fields of different quantum states. The spectra for
driving coherent, Fock, thermal, and BSV light states. Each color map shows the spectrum as a function of
intensity (vertical) and frequency (horizontal). The intensity of the emission is shown by the color (log
scale). The solid curves are the theoretical prediction of the cut-off for different quantum states. The
theoretical model which explains these curves is presented in the next section. The wavelength of the
driving field is A, =800 nm.

We also calculate the total yield for each state of the driving field. The total yield is defined as the
energy of the emitted light in all harmonics higher than the ionization potential I, /A:

where de/dw is the spectrum of the emission calculated using Eq (1.22). The numerical results of the
calculations are shown in Fig. 111.4
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Fig. 111.4: The total yield of the emission for driving fields of different quantum states. The total yield
for driving coherent (Fock) thermal, and BSV light states. Coherent and Fock states, have the smallest total
yield (red curve). Thermal and BSV light states have larger total yields and saturate faster (orange and green
curves respectively). The yield is shown in a logarithmic scale. The wavelength of the driving field in all
the calculations is 4, =800 nm.

BSV and thermal drivers have a larger yield than a coherent driver of the same intensity. The reason is
exactly the same as for the extended cutoff: BSV and thermal light have extended Husimi distributions
which leads to the strong fluctuations in the intensity and consequently higher yield.



IV. The threshold of BSV and thermal light intensity

sufficient for the generation of HHG

In this section, we show that the intensity threshold for generating HHG driven by BSV is an order
of magnitude less than for generating HHG driven by classical light (coherent state). The threshold can be
defined by the intensity beyond which multiple pronounced high harmonic peaks appear above the
background radiation. At the intensity threshold, these peaks start forming an approximated plateau.

Figure 1V.1 shows two HHG spectra driven by classical light pulses of intensities (a) 101* W/cm?
and (b) 2 x 10 W/cm?. The latter intensity is above the threshold and generates multiple pronounced

high harmonic peaks in the spectrum. This result is in agreement with previous experiments [15].
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Fig. IV.1: The intensity threshold for the generation of HHG by classical light for a model Ne atom.
(a,b) Comparison of the generated spectra for driver pulses of 1 x 10'* and 2 x 10'* W/cm? peak

intensities, showing the emergence of pronounced harmonics. The wavelength of the driving field is 4, =
800 nm.

Figure 1V.2 shows two HHG spectra driven by bright squeezed vacuum pulses of intensities (a)
1013 W/cm? and (b) 2 x 103 W/cm?. The latter intensity is above the threshold and generates multiple
well-pronounced high harmonic peaks in the spectrum. Note that this intensity is not sufficiency to generate
HHG from classical light (as shown by the lack of high harmonic peaks in Figure 1V.1a even for a higher
intensity). Based on these simulations, we conclude that by driving HHG with BSV, instead of classical
light, the intensity threshold is lowered by about an order of magnitude. We note that such BSV intensities

were demonstrated in experiments [16] and thus show the feasibility of an experiment demonstrating HHG
driven by BSV proposed in this work.
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Fig. IV.2: The intensity threshold for the generation of HHG by BSV for a model Ne atom. (a,b)
Comparison of the generated spectra for driver pulses of 1 x 1013 and 2 x 103 W/cm?peak intensities,
showing the emergence of pronounced harmonics. The wavelength of the driving field is 4, = 800 nm.

We can estimate the number of generated harmonics for different light states using the cutoff laws
in Egs. (11.16, 11.17). In all the numerical calculations, we used I, = 0.7924 hartree. Let us assume that
the non-perturbative regime and the HHG generation is when the cutoff is around 30" harmonic (Fig. IV.1a,

Fig. IV 2a). Then, if we want to have 30 harmonics in the spectrum, we should drive the atom with the
intensities written in the table.

Table IV.1. The needed drive intensities to generate 30 harmonics for each quantum light state
Coherent I =1.3-10" W/cm?
Fock [ =1.3-10% W/cm?
Thermal 1 =1.2-10" W/cm?
BSV I =0.7-10" W/cm?

Importantly, a BSV driving field with such an intensity (I = 0.7-10" W/cm?) is experimentally
feasible [16]. A thermal light state of intensity I =1.2-10% W/cm? is hard to generate but may be possible
using random lasers [17]. A Fock state of intensity I =1.3-10* W/cm?is currently far beyond experimental
reach.
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