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Supplementary Note 1: Scattering cross section and scattering width

As schematically shown in Supplementary Fig. 1, the two-dimensional (2D) cylindrical scatterer
considered consists of a dielectric core and an ultrathin metasurface coating surrounded by free
space. The ultrathin metasurface can be described by its surface impedance Z; [S1]. As a
conceptual demonstration, we assume that a TE plane wave is incident on the scatterer,
propagating along the +x direction, with its electric field occurring along the z direction. In
cylindrical coordinates (p, ¢, z), the TE incident plane wave can be represented by an infinite sum
of cylindrical waves. According to the Mie scattering theory in cylindrical coordinates, the field

components of E, and Hy in the dielectric and air regions can be expressed as follows [S2]:

E;i = Xm=—oo im]m(k1p)eim¢T21,m (s1)
0 —k1 .m Jm(k1p)
Hp1 = Zm=_ooiw”10 i aplp elm¢T21,m
E;p = Xm=—co ier(nl)(kzp)eimd)Rsz + im]m(kzp)eim¢
S2)
Cvo ks (i 0HLU20) imo - Jm(Kkz2p) imd,) (
Hp, = Dm=—co Lo (l ap e PRyym +1 ap e

where [, and Hr(nl) are Bessel and Hankel functions, respectively, of the first kind with order m,
kq =%\/§, k, =%\/§, and &4 and g, are the relative permittivity values of region 1
(dielectric) and region 2 (air), respectively. In Eq. (S2), the Hankel component represents the
scattering waves, and the Bessel component represents the incident waves. By enforcing the
boundary condition at p = p;:

Epr = Egp, (Hpz — Hp1) = Ez2/Zs (s3)

we obtain:

Jm(k1p)T21m = Hr(nl)(kzp)Rsz + Jm(k2p)

o ._ (54
L (M 0P) o+ 2lbatd) _ 2 OnaD) o (1D (k) Ry + K2 ) /2

Wi ap ap wpy  0p

By solving the above two linear equations, the two unknown factors, R,;,, and T;,,, can be

determined. R,;,, (denoted as §,,) is the scattering coefficient of the mth angular momentum

channel. With the choice of Hy = meizter%’ the total scattering cross section, i.e., the total

scattered power over the intensity of the incident wave, can be reduced to Cset = Xm=—-oo Csctms

with Cseem = % |S,|?. Typically, in a passive system, |S,,| < 1 (referred to as the single-channel

e . 21 .
scattering limit), and thus, one always obtains Cgcpy < — in the 2D case.
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Supplementary Figure 1 | Cross-sectional view of a 2D cylindrical scatterer. A TE plane wave with
the electrical field along the z direction impinges on the scatterer encircled by an ultrathin
metasurface. The radius of the scatterer is denoted as p4, and the metasurface is described via a

surface impedance Z;.

Apart from the total scattering, more specifically, we also consider the cross section per azimuthal
angle as a function of the azimuthal angle ¢ to characterize the far-field radiation pattern [S3].
Given a 2D object, this scattering parameter is also referred to as the scattering width or

alternatively as the radar cross section per unit length, which takes the following form:

= |i @ — 2 m=oo 2 — 1; m=20
Cres = gl_r)lgo 21p Ef o w IXm=y €mSmeos(me)|* and g, = {2' m=0 (S5)
The relationship between the scattering cross section and scattering width can be expressed as:
1 p2m
Csct = Efo Crcs d¢ (56)

This equation helps us rigorously derive the scattering of a 2D layered cylindrical scatterer and

characterize and measure the scattering in the following experiment.

Supplementary Note 2: Temporal coupled-mode theory for light scattering

The temporal coupled-mode theory has successfully modelled a variety of systems, such as optical
waveguides and cavities [S4]. The temporal coupled mode can provide an intuitive theoretical
framework to model the resonant characteristics of weakly coupled objects. In this section, we
provide a general view of resonant scattering based on the temporal coupled-mode theory. As
shown in Supplementary Fig. 2, incoming wave h* can couple into the resonator or be reflected
into outgoing wave h~ (or both). Moreover, energy originating from the resonator must also flow
into the outgoing wave h™. For an obstacle supporting the mth channel, its time-invariant
equation relating these quantities in regard to the amplitude A (giving both the magnitude and
phase) of the resonance is:

T=

dt _in — Yloss — Vleak)A + kh* (57)
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h™ =Bh* +nA (S8)
where w, is the resonant frequency, y),ss is the intrinsic loss rate, yjeax is the external leakage
rate, B is the background reflection coefficient, and k¥ and 7 denote the coupling strength
between the resonator and incoming and outgoing waves, respectively. Note that we have

suppressed the subscript m in all variables for notation simplicity.

Supplementary Figure 2 | Temporal coupled-mode theory diagram.

With the application of energy conservation and time-reversal symmetry, we can derive the
coupling constants k and 7. Considering a simplified case, lossless (i.e., ¥10ss = 0) and no input
energy (i.e., h* = 0), the resonant amplitude decays exponentially, A(t) = A(0)e i®ot~Vieak?,
According to energy conservation, the energy |A|? leakage rate must be equal to the power of the
outgoing wave, i.e.:

dAE _ o A% = —|h7|2 = —nn*| A 59
7__Vleak - = ——7771| | ( )

which requires that nn* = 2y. Furthermore, time-reversal transformation can help us solve the
other parameters. Assume the resonator is fed with an exponentially growing wave amplitude
A(t) = A(0)e~'@ot+Vieakt without an outgoing wave. Substituting this equation into Egs. (57) and
(58), we obtain:
KN" = 2Vleak (S10)
Bn*+n=20 (S11)

Thus, k = 7. If the system is lossless, the background reflectionis B = e'® and k and 7 are:

O N 4
K=7n=4 Zyleakel(?'-g_nn) (512)

where n is an arbitrary integer. The reflection coefficient R can be straightforwardly obtained as:

R. = E — pip _2V3i¢ — i(wo_w)‘H/loss_yleakeid) (513)
m ht i(wo—w)+Y10ss HV1eak i(wo—w)+Y10sstVleak

As expected, in the lossless case (i.e., y10ss = 0), the amplitude of R is unity. For a 2D cylindrical

scatterer, the scattering coefficient is defined as:

_1 _ _1 (i(wo_w)+Vloss)(ei¢_1)_yleak(1+ei¢)
Sm T2 (R 1) T2 i(wo—w)+Y10ss+Vieak (514)
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Therefore, we obtain the scattering cross section for an individual channel as:

. i i 2
C = 24 l(l(wo—CU)"'Vloss)(el¢_1)_yleak(1+el¢)
sct,m T 12 {(wo—w)+Y10sstYleak

(S15)

In terms of very weak background scattering, ¢ = 0, the only contribution to the scattering

process is that of the resonance. Hence, Eq. (515) can be written as:

2

21 Yleak
Co 2| 516
sct,m 7 li(wo—w)+Y10ss+Yleak ( )

Supplementary Note 3: Physical mechanism of the microwave gain medium

According to Maxwell’s equation, in a causal system, energy conservation can be described by the
complex Poynting theorem [S2]:

V- (ExH)=H"+-(VXE)—E-(VxH") (517)
where VX H* = J* + iwD* and V X E = iwB. After simplifications, we obtain:

V-S+iwE - (e(w)E)* —iwH* - (uW(w)H) = —]*-E (518)
where £(w) and p(w) are the dispersive permittivity and permeability, respectively, and V- S =
V- (E x H*) is the divergence of the complex Poynting vector, whose real part represents the total
power flowing out of an infinitesimally small, closed volume. In a lossy medium, Re(V-S) is
always negative. J is the bulk current density, and it can be expressed as | =], + J; = o.(w)E +
os(w)E, where ], is the conductive current density, J; is the free current density, o.(w) and
os(w) denote the causally dispersive conductivity, and J; = 0. Hence, Eq. (518) can be written as:

V-S+iwE - (seff(w)E)* —iwH* - (uW(w)H) =0 (S19)
where e.rr(w) = g5 (W) +igr () = e(w) + i[oc(w) + o5(w)]/w can be regarded as the
effective permittivity of an artificial EM medium. For any passive medium, o,(w) = 0 and J; = 0.
In a general case, as shown in Supplementary Fig. 1, we assume E = 2E,e™** and H = $E,e™**/n,
where k = w,/&fru and n = \/W are the complex wavenumber and wave impedance,

respectively. These equations are substituted into Eq. (S19) to obtain:

e | err  u’ . 2'f'eff_u_’ 512
Vs ‘[ “’(|seff|+|m)+”“ (|eeff| m)]'geff“E | (520)
_ s” " —
Re(V-S) = [—a) (Ie:;;l + %)] |eesr|IE1? (S21)

where e.rr(w) = [0.(w) + og(w)]/w, and typically, o.(w) > 0. Therefore, for a sufficiently

negative a5, &.rp(w) <0, and thus, Re(V-S) >0, i.e., the energy flowing out of an
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infinitesimally small, closed volume is higher than the energy flowing into it. In this case, the

effective medium described by eeff(w) can be macroscopically considered a gain medium.

To satisfy the causality law, the physical basis of realizing an artificial gain medium depends on a
negative conductance oy or negative resistance. In the microwave regime, we can embed
negative-resistance components, such as tunnel diodes (TDs) and amplifiers, into metamaterials
and metasurfaces [S5-57]. In conjunction with the optimization algorithm, we can obtain the

desired gain medium via artificial metamaterials and metasurfaces.

Supplementary Note 4: Design of the multi-channel superscatterer

A multi-channel superscatterer is a kind of EM device that can greatly boost the total scattering
cross section [S8-S14]. By deliberately designing its geometric structure, a superscatterer can
engineer an overlap of resonances originating from different plasmonic modes. This device was first
theoretically proposed by Fan et al. [S8] and recently experimentally demonstrated by our group in
the microwave regime [S9]. Here, as a comparison, we also design a simple multi-channel
superscatterer to reveal its transient response. The superscatterer comprises a dielectric cylinder
with a relative permittivity of 2.1 coated with an ultrathin metasurface (described by the surface
conductivity in a lossy case). The radius of the multi-channel superscatterer is the same as that of
the one-channel superscatterer in the main text. Through optimization of the metasurface structure,
we realize resonance of the two surface wave modes, as shown in Supplementary Fig. 3. The

transient response shown in Fig. 2 in the main text is analysed for this multi-channel superscatterer.

1
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Supplementary Figure 3 | Scattering cross section of the multi-channel superscatterer. The

degenerate resonance of confined surface waves emerges simultaneously at 2.2, 3.73, and 5.5 GHz.
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Supplementary Note 5: Loss/gain influence on multi-channel/single-channel superscatterer

In the main text, we have clarified that gain is a necessary but insufficient condition for breaking the
single-channel scattering limit. Here we take a homogeneous silver rod (with a diameter of 0.2231,,)
under transverse magnetic (TM) waves as a demonstration, where 4, is the free-space wavelength
at plasmon frequency w, and ef:lp is the imaginary part of the permittivity using experimental
data [S15]. As shown in Supplementary Fig. 4a, for conventional multi-channel superscatterer, it is
very vulnerable to the material losses. In a gain system (Supplementary Fig. 4b), the total scattering
cross section of single-channel superscatterer can be highly boosted by breaking single-channel
scattering limit. However, we would like to especially notice that, adding gain does not mean that

the single-channel scattering limit (total scattering cross section) is bound to be broken (improved),

as exemplified in Supplementary Fig. 4b.
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Supplementary Figure 4 | Influence of loss/gain variation on multi-channel/single-channel
superscatterer. a and b, Scattering cross section related to (a) loss and (b) gain for conventional

multi-channel superscatterer and single-channel superscatterer, respectively.

In addition, based on the single-channel superscatterer (Fig. 3), we vary the gain/loss component to
check the scattering cross section (Supplementary Fig. 5). In a lossy system with Re(Z;) > 0, the
scattering strength is inversely proportional to the loss. However, in a gain system with Re(Z;) < 0,
the scattering strength could increase remarkably. In principle, an infinitely large scattering cross

section could be anticipated.
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Supplementary Figure 5 |Scattering cross section related to loss/gain. The five-pointed star
represents the working point for our single-channel superscatterer. Z2 represents the surface
impedance provided by the gain metasurfaces in the single-channel superscatterer. Re(Z9) =
—10.85 Q at the working frequency of 3.733 GHz. Here we vary Re(Z;)/Re(Z?) to change the

loss/gain state.

Supplementary Note 6: Mathematic model of the transient response

According to the signal theory [S16], a time-domain signal g(t) (Supplementary Fig. 6a) can be

typically expressed into the frequency domain by virtue of a Fourier transform as follows:
9(t) = [ Glw)e ™ dt (522)
Based on the above transformation, for another time-domain signal f(x,y,t) = g(t — (x — 1) /c),
its Fourier transform satisfies:
flx,y,t) = if_oooo G(w)elwE—l)/co-intge — if_oooo G(w)etkxe=iklop—iwt gy (S23)

where k = w/c. When [, = —a/2, it means that f(x,y,t) propagates from the left boundary
x = —a/2 to the right side (Supplementary Fig. 6b). It should be mentioned that component e*¥*

exactly corresponds to a monochromatic plane wave. Hence, we can rewrite Eq. (523) as:

flx,y,t) = %f_woo G(w)EDC(x, y, w)e klog=iwt gt (S24)

After the incident wave EI"¢ passes through a scatterer, scattered waves are generated denoted

as E3¢@. Therefore, the time-domain scattered waves can be expressed as:
s(x,y,t) = i I G(@)ES?(x, y, w)e e i@t dt (S25)

where E;? can be rigorously solved based on Mie scattering (Supplementary Note 1).
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Supplementary Figure 6 | Simulation setup for the transient response. a, Random time-domain
signal. b, Simulation setup, where a time-domain signal impinges on the yellow object from the left

boundary x = —a/2. The overall simulation area exhibits a dimension of a X b.

. .TT
As a demonstration, we consider a modulated window signal e *®°**z(u(t) — u(t — 2T;)) to

impinge the cylindrical scatterer, which satisfies the following Fourier transform:
. LT ; _ . LT
e G (u(t) —u(t — 2Ty)) - —25"(15)‘*’ w“’;)Tl el(@=00Ti 5 (526)
—Wo

where u(t) is a step function. In particular, we consider w, = 2m-3.733 GHz, T, =i—”=
0

0.268 ns, and T; = 75T, = 20.09 ns. Supplementary Fig. 7 shows its Fourier transform and
inversely recovered signal. Obviously, the recovered signals are in very high accordance with the

original signal, which lays a fundamental basis for the following complicated time-domain

calculation.
a x 1078 b
i [i Real part of the original signal 11
= - ' 10
o
p L 41
g, ; . - : : 1 : : : . }
F= i Imaginary part of the original signal |/ | 11
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é L 10
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Supplementary Figure 7 | Fourier transform example. a, Fourier transform of a modulated window

signal. b, Original and inversely recovered signals. FFT, fast Fourier transform.
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Supplementary Note 7: Details on the transient response of the one-channel superscatterer

We calculated a series of frequency-domain scattered fields (Supplementary Note 1) and converted
them into time-domain scattered fields according to Eq. (525). Figure 2 in the main text is obtained
in this manner. To better understand the one-channel superscatterer, we selected more points
around the scatterer and plotted their time-varying signals (Supplementary Fig. 8) as a supplement
of Fig. 2a. Here, we define that when the received signal at a spatial point remains almost
unchanged, its scattered field reaches a stable state [S17]. As shown in Supplementary Fig. 8, at the
different points, the time to achieve the steady state varies. Therefore, to precisely judge the
energy buildup time of the resonator, we should observe more points and choose the longest time

as the final standard.
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Supplementary Figure 8 | Time-varying signal at eight spatial points around the one-channel
superscatterer. a, Schematic of the incident wave (time and frequency domains) and the locations
of the eight observation points. b, Time-varying signals, one-to-one corresponding to the eight

points in a. The different points attain different energy buildup and release times.
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Supplementary Note 8: Transient response of a homogeneous dielectric rod

In the main text, we analysed the transient response of one-channel and multichannel
superscatterers. As a supplement, here, we also analyse a homogeneous dielectric rod with the
same radius (14 mm) and relative permittivity (2.1). This dielectric rod achieves a much smaller
scattering (Supplementary Fig. 9b), and the time to reach a stable state is extremely short, namely,

Atz = 0.8 ns.

a b
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Supplementary Figure 9 | Transient response of a homogeneous dielectric rod. a, A window signal
passes through a homogeneous dielectric medium. b, Analytical scattering cross section of the

dielectric rod. ¢, Time evolution of the electric field at point C. d, Time evolution of the spatial

electric field.

Supplementary Note 9: Experimental description

Before the experiment, we measured the current-voltage curve of the TDs, as shown in
Supplementary Fig. 10. All eight TDs are generally consistent, exhibiting a negative differential
resistance from 0.08 V to 0.39 V (manufacturer data). However, a slight shift is observed in the
experiment. On this foundation, we welded the TD inside the meta-atom to form a flexible and
ultrathin inclusion (with a relative permittivity of 3.4) and coated a subwavelength dielectric

cylinder (with a relative permittivity of 2.1), denoted as a multichannel superscatterer.
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We experimentally demonstrated the scattering effect of the one-channel superscatterer within a
microwave planar waveguide in an anechoic chamber [S18]; see Supplementary Fig. 11. Two
metallic plates separated by absorption layers with thicknesses of h = 18 mm are adopted to
form a parallel plate metallic waveguide. The designed one-channel superscatterer is sandwiched
between the upper and lower plates of the waveguide. The length, width and thickness of the
upper and lower plates are both 10.00 x 10.00 x 2 mm?3. Before the experiment, we measured the
near-field for the pure dielectric rod without gain metasurfaces to check the border effects
(Supplementary Fig. 12). A monopole antenna is applied to probe the electric field inside the
waveguide (a rectangular window of 272 x 182 mm?2), with a step of 5 mm. The probe antenna and
the plate are mounted to a computer-controlled translational stage. The emitting horn antenna is
located 2 m away from the waveguide to guarantee a flat wavefront of the incident wave at the
entrance of the waveguide. Both the probe antenna and horn antenna are connected to a

vector-field network analyser (Ceyear 367cC) for data acquisition.

Current (mA)

Voltage (V)

Supplementary Figure 10 | Experimentally measured current-voltage curve of the eight TDs.

Computer

XYZ scanning
system

Waveguide

Supplementary Figure 11 | Experimental setup.
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Supplementary Figure 12 | Experimental result of the pure dielectric rod without the gain
metasurface. For conceptual demonstration, the measured frequency is 3.55 GHz. a, Near-field
simulation and measurement of the total field in a region close to the dielectric rod. b, Simulated

and measured radar cross sections.
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