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Section 1 | The scattering field of a free electron by a 2D crystal layer

When a free electron traverses a 2D crystal layer with Bravais lattice spanning the 𝑥 - 𝑦 plane at 𝑧 = 0, the 

electromagnetic field that accompanies the free electron is scattered by a collection of atoms modeled as a dipole array 

characterized by their linear atomic polarizability. To exploit the discrete translational symmetry of the lattice, we use 

the 2D Fourier transform [1] of a function 𝑓(𝐑) located at the lattice sites 𝐫𝑛 = (𝐑𝑛,0), 𝑓𝑛 = 𝑓(𝐫𝑛), defined as

𝑓(𝐐) = 𝐴
∞

𝑛=1
𝑒―𝑖𝐐⋅𝐑n𝑓𝑛  , 

𝑓𝑛 =
BZ

𝑑2𝐐
(2𝜋)2 𝑒𝑖𝐐⋅𝐑n𝑓(𝐐)  , 

(1)

where 𝐴 is the area of the lattice unit cell and BZ indicates that the integral over 𝐐 is performed within the first 

Brillouin zone (BZ) of the reciprocal lattice.

Fig. s1. Schematic of a free electron traversing a 2D crystal layer spanning the 𝒙 ― 𝒚 plane at 𝒛 = 𝟎. The 
electron velocity forms an incidence angle 𝜃 with respect to the crystal layer normal. 𝐑a and 𝐑e denote the in-
plane distances from the center of the unit cell to the atom and electron crossing position, respectively. 

The free electron is described as a classical point charge in 𝐫-𝑡 space, introducing its current density 𝐉(𝐫,𝑡) = ―𝑒𝐯𝛿

(𝐫 ― 𝐫e ― 𝐯𝑡), where 𝐫e=(𝐑e,0) denotes the displacement of the electron in the 𝑧=0 plane at time 𝑡=0, ―𝑒 is the 

electron charge, and 𝐯 is the electron velocity vector. The current density in 𝐪-𝜔 space is 𝐉(𝐪,𝜔) = ―2𝜋𝑒𝐯𝑒―𝑖𝐪⋅𝐑e𝛿

(𝜔 ― 𝐪 ⋅ 𝐯). The electromagnetic field that accompanies the free electron is then [2]

𝐄inc(𝐫,𝜔) = 2𝑖𝜋𝜔𝜇0𝑒
𝑑3𝐪

(2𝜋)3 I ―
𝐪𝐪
𝑘2

𝑒𝑖𝐪⋅(𝐫―𝐫e)

𝑘2 ― 𝑞2 ⋅ 𝐯𝛿(𝜔 ― 𝐪 ⋅ 𝐯)

=
𝑖𝑒

𝜀0𝑣𝑧

𝑑2𝐐
(2𝜋)2

𝑘 𝐯 𝑐 ― 𝐪
𝑘2 ― 𝑞2 𝑒𝑖𝐪⋅(𝐫―𝐫e)

=
𝑑2𝐐

(2𝜋)2 𝐄inc(𝐐,𝜔)𝑒𝑖𝐐⋅𝐑 ,

(2)

where 𝜔 and 𝑘 = 𝜔/𝑐 are the photon angular frequency and wavenumber, 𝜇0 and 𝜀0 are the vacuum permeability and 

permittivity, 𝐐 is the 𝑥 - 𝑦 component of the Fourier wave vector 𝐪 = 𝐐, 𝜔 ― 𝐐 ⋅ 𝐯∥

𝑣𝑧
 (notice that the 𝑧 component is 

determined by the 𝛿 function in Eq. (2)), 𝐑 is the 𝑥 - 𝑦 component of the position vector, and 𝐄inc(𝐐,𝜔) is the 2D 

Fourier transform of 𝐄inc(𝐫,𝜔). 



The atomic dipole moment at position 𝐫d = (𝐑𝑛 + 𝐑a,0) is denoted as 𝐩𝑛 = 𝛼(𝜔)𝐄inc(𝐫d,𝜔), where 𝐑𝑛 is the 2D 

lattice site position, 𝐑a is the position of the atom relative to the center of the unit cell, and 𝛼(𝜔) is the atomic 

polarizability that can be derived from the scattering factor [3].  The field scattered by the 2D dipole array is 

𝐄sca(𝐫,𝜔) = 𝜔2𝜇0
𝑛

G(𝐫 ― 𝐫d) ⋅ 𝐩𝑛(𝜔) , (3)

where G(𝐫 ― 𝐫d) is the electromagnetic dyadic Green function. The latter can be expanded as G(𝐫 ― 𝐫d) = 𝑖
2𝑘2

∫ 𝑑2𝐐
(2𝜋)2

𝑘2 ― 𝐤𝐤
𝑘𝑧

𝑒𝑖 𝐐⋅(𝐑―𝐑𝑛―𝐑a)+𝑖𝑘𝑧|𝑧|, where 𝐤 = (𝐐, ± 𝑘𝑧) and  𝑘𝑧 = 𝑘2 ― 𝑄2. The atomic dipole moment 𝐩𝑛(𝜔) is 

also Fourier expanded following Eq. (1) as 𝐩𝑛(𝜔) =
BZ

𝑑2𝐐
(2𝜋)2

𝑒𝑖𝐐⋅𝐑𝑛𝐩(𝐐, 𝜔)  . By making use of the identity 

𝑛
𝑒𝑖𝐐⋅𝐑𝑛 =

𝐆

(2𝜋)2

𝐴
𝛿(𝐐 ― 𝐆), where 𝐆 is the 2D reciprocal lattice vector and 𝐴 is the area to a 2D unit cell, the 

electron scattering field in Eq. (3) becomes

𝐄sca(𝐫,𝜔) =
𝑖

2𝐴𝜀0

𝑑2𝐐
(2𝜋)2

𝑘2 ― 𝐤𝐤
𝑘𝑧

⋅ 𝐩(𝐐, 𝜔)𝑒𝑖𝐐⋅(𝐑―𝐑a)+𝑖𝑘𝑧|𝑧| . (4)

It should be noted that 𝐐 is not limited to the first BZ and is periodic in reciprocal lattice space, and the identity 𝐩

(𝐐, 𝜔) = 𝐩(𝐐 + 𝐆, 𝜔) follows from the definition in Eq. (1). Under the assumption of isotropic polarizabilities, the 

dipole moment 𝐩𝑛(𝜔) is linearly polarized along the direction of the electron electric field at position 𝐫=(𝐑𝑛,0). We 

also note that the linear polarizability is 𝛼(𝜔)/(𝜀0𝑉cell) ≪ 1 (of the same order as the susceptibility) in the X-ray 

range, where 𝑉cell is the volume of one unit cell (i.e., the 2D unit cell area A times the interlayer spacing). The dipole-

dipole interaction is neglected as it is of order 𝑂(𝛼2), and therefore, we have

𝐩𝑛(𝜔) = 𝛼(𝜔)𝐄inc(𝐫d, 𝜔),

𝐩(𝐐,𝜔) = 𝛼(𝜔)
𝐆

𝐄inc(𝐐 + 𝐆 ,𝜔) 𝑒𝑖(𝐐+𝐆)⋅𝐑a , (5)

where the second equation is the Fourier transform of the first one, and 𝐄inc(𝐐 + 𝐆 ,𝜔) is the 2D Fourier transform of 

𝐄inc(𝐫,𝜔) defined in Eq. (2).  Combining Eqs. (2), (4), and (5), we have 

𝐄sca(𝐫,𝜔) =
𝑖𝛼(𝜔)
2𝐴𝜀0 𝐆

𝑑2𝐐
(2𝜋)2

𝑘2 ― 𝐤𝐤
𝑘𝑧

⋅ 𝐄inc(𝐐 + 𝐆 ,𝜔)𝑒𝑖𝐐⋅𝐑+𝑖𝐆⋅𝐑a+𝑖𝑘𝑧|𝑧|

= ―
𝛼(𝜔)𝑒
2𝐴𝑣𝑧𝜀2

0 𝐆

𝑑2𝐐
(2𝜋)2

𝑘2 ― 𝐤𝐤
𝑘𝑧

⋅
𝑘 𝐯 𝑐 ― 𝐐𝐆 ― 𝑞𝑧𝑧 

𝑘2 ― 𝐐2
𝐆 ― 𝑞2

𝑧
𝑒𝑖𝐆⋅(𝐑a―𝐑e)+𝑖𝐐⋅(𝐑―𝐑e)+𝑖𝑘𝑧|𝑧| ,

(6)

where 𝑘𝑧 = 𝑘2 ― 𝑄2, 𝐐𝐆 = 𝐐 + 𝐆 and 𝑞𝑧 = 𝜔 ― 𝐐𝐆 ⋅ 𝐯
𝑣𝑧

. Using the saddle-point approach and the Weyl identity 𝑒
𝑖𝑘𝑟

𝑟
=

𝑖
2𝜋∫ 𝑑2𝐐𝑒𝑖 𝑘𝑥𝑥+𝑘𝑦𝑦+𝑘𝑧|𝑧|

𝑘𝑧
, we arrive at the following analytical expression for the scattering field produced by a free 

electron upon interaction with the atomic array:

𝐄sca(𝐆,𝐫,𝜔) =
𝑖𝑒𝛼(𝜔)
𝐴𝑣𝑧𝜀2

0
(𝑘2 ― 𝐤𝐤) ⋅

𝑘 𝐯 𝑐 ― 𝐐𝐆 ― 𝑞𝑧𝑧 
𝑘2 ― 𝐐𝐆2 ― 𝑞2

𝑧

𝑒𝑖𝑘𝑟′+𝑖𝐆⋅(𝐑a―𝐑e)

4𝜋𝑟′
, (7)

where 𝑟′ = |𝐫 ― 𝐫e| is the far-field distance from the point where the electron transverses the 2D layer.  



It should be noted that the saddle-point approach in deriving Eq. (7) uses the far-field approximation. This is 

reasonable considering the sub-nanometer to nanometer wavelength of X-rays. However, caustics are not in the far 

zone of the material as a whole. On the contrary, it is in the prewave zone [4], where the size of the source is significant 

to the caustics. In order to incorporate the finite size and geometry of the source (along the electron trajectory) in the 

simulation, we sum up the radiation scattered by each layer fixed at different positions.

Section 2 | The dispersion of PXR emission from a bent crystal
We substitute the bent multilayers by a series of flat layers of different orientations relative to each other. Their 

positions and normal vectors are determined to match those of the bent vdW structure at the points, for example point 

S in Fig.s2, where the electron crosses the corresponding bent layers. We sketch in Fig. s2 how a bent layer (blue 

curve) can be substituted by a flat layer (dashed red line). We can image the bent layer being flattened around the 

point 𝑆 without shearing deformation, and thus, the atomic positions around point 𝑆 are the same in both layers. We 

consider that the crystal structure is cylindrically bent with mirror and translational symmetry along the radial line 𝐴𝐶, 

so that the atom positions along such line remain invariant during the bending process. The point 𝐶 on the bent layer 

is projected onto the point 𝐶′ on the flat layer with the same in-plane distance to the tangential point 𝑆, such that 𝑆𝐶′ =

𝑆𝐶. From Eq. (7), we know that when the 2D Bravais lattice sits in the 𝑧 = 0 plane and the electron passes through 

the 2D lattice at the origin point, the phase of the scattered field is 𝜙 = 𝑘𝑟 + 𝐆 ⋅ 𝐑a.  However, when the free electron 

passes through the equivalent flat layer in Fig. s2, the phase equation should be modified to include the changes of the 

electron impacting position and the atomic position 𝐑a.  

Fig. s2. Substituting flat layers for bent layers. The atomic positions along the line 𝐴𝐶 remain fixed during 
the bending process. A free electron (red arrow) traverses a bent layer (blue curve) at point 𝑆. The electron 
trajectory and the radial line 𝐴𝐶 are parallel and separated by a distance 𝐿. The blue bent layer is substituted 
by a flat layer (dashed red line) with the tangential point 𝑆. We introduce two frames: the 𝑥-𝑧 frame, in which 
the electron moves along the 𝑧-axis, and the 𝑥′-𝑧′ frame, in which the 𝑧′ axis is perpendicular to the flat layer 
located at 𝑧′=𝑅cos2 𝜃. Here, 𝑅 is the radius of the bent layer and 𝜃 is the electron incidence angle relative to 
the normal direction (shared by the flat layer and the curved one to which is substitutes). 

Vectors and their components in the 𝑥 ― 𝑦 (𝑥′ ― 𝑦′) frame are denoted without (with) prime. We repeat the scattered 

field calculation from Eqs. (1) to (6) in the 𝑥′ ―𝑧′ frame with the 2D flat layer located at 𝑧′ = 𝑅cos2 𝜃 and the electron 

passing by point 𝑂′ at time 𝑡 = 0. The phase factor in the equation is thus 𝑒𝑖𝐆′⋅𝐑′a+𝑖𝐐′⋅𝐑′+𝑖𝑘𝑧|𝑧―𝑅 cos2 𝜃|+𝑖𝑞′𝑧𝑅 cos2 𝜃, 



where 𝑞′𝑧 = 𝜔 ― (𝐐′ + 𝐆′) ⋅ 𝐯′∥ 𝑣′𝑧, 𝐯′∥ and 𝑣′𝑧 are the electron velocity components in the 𝑥′ ―𝑧′ frame, 𝐯 = ― 𝑣sin 𝜃

𝑥′ + 𝑣cos 𝜃𝑧′, and 𝐑′a is the atomic relative position in the 𝑥′ ― 𝑦′ frame. 

We need to define 𝐑′a in a way such that it maintains the match of the atomic positions between the bent layer and 

the flat layer around the tangent point 𝑆. The in-plane atomic position of the bent layer 𝐑a = 𝜎1𝑥 + 𝜎2𝑦 relative to the 

line 𝐴𝐶 is marked by the green arrow. Correspondingly, 𝐑′a in the flat layer is defined relative to the point 𝐶′ with |𝐑a|

= |𝐑′a| under the condition of plastic bending. In the 𝑥′ ― 𝑧′ frame, 𝐑′a = 𝜎1𝑥′ + 𝜎2𝑦′ ― 𝐶′𝑂′𝑥′ = 𝜎1𝑥′ + 𝜎2𝑦′ ―

(𝑅𝜃 + 𝑅 cos 𝜃 sin 𝜃)𝑥′ with the 2D origin point at 𝑂". 

Consequently, the phase of the waves in the 𝑥′ ― 𝑦′ frame becomes 

𝑒𝑖𝐆′⋅ 𝜎1𝑥′+𝜎2𝑦′ ―𝑖𝐺′𝑥𝑅𝜃+𝑖𝐐′⋅ 𝐑′+𝑅 cos 𝜃 sin 𝜃 𝑥′ +𝑖𝑘𝑧|𝑧′―𝑅 cos2 𝜃|+𝑖𝜔
𝑣

𝑅 cos 𝜃. We use the saddle point approach to derive the 

far-field phase, that is, 𝜙(𝜃) = 𝐆′ ⋅ 𝜎1𝑥′ + 𝜎2𝑦′ ― 𝐺′𝑥𝑅𝜃 +
𝜔
𝑣𝑅cos 𝜃 + 𝑘|𝐫 ― 𝑅 cos 𝜃 𝑧|. It should be noted that we 

have 𝐆′ ⋅ 𝜎1𝑥′ + 𝜎2𝑦′ = 𝐆 ⋅ (𝜎1𝑥 + 𝜎2𝑦) under the condition of plastic bending. 

The relation between the incidence angle 𝜃, its variation 𝛿 in the neighboring layer, and the interlayer distance 𝑑 

is 𝑑 =
𝐿

sin 𝜃 ―
𝐿

sin(𝜃 + 𝛿) ≃ 𝐿
cos 𝜃
sin2 𝜃

𝛿. The radius is related to the incidence angle 𝜃 through 𝑅sin 𝜃 = 𝐿. The dispersion of 

radiation from the bent layers is obtained from  𝜙(𝜃 + 𝛿) ― 𝜙(𝜃) = 2𝑛𝜋, where 𝑛 is an integer. This leads to

𝑘
𝑧 ― 𝐿 cot 𝜃

|𝐫 ― 𝐿 cot 𝜃 𝑧|
= ―

2𝑛𝜋
𝑑 cos 𝜃 +

𝜔
𝑣 + 𝐺′𝑥(sin 𝜃 ― 𝜃 cos 𝜃), (8)

which is Eq. (2) in the main text, with  𝐺′𝑥 replaced by 𝑔∥ and 2𝑛𝜋
𝑑  replaced by 𝑔⊥. 

Section 3 | The trajectory equation of the X-ray Airy beam
From ray optical theory, Eq. (8) shows the 𝜃-dependent trajectory of the rays, as shown in Fig. 1b of the main text. 

The envelope equation of the rays can be obtained by combining Eq. (8) and its derivative, that is,

𝑘
𝑧 ― 𝐿 cot 𝜃

|𝐫 ― 𝐿 cot 𝜃 𝑧|
= ―

2𝑛𝜋
𝑑 cos 𝜃 +

𝜔
𝑣 + 𝐺′𝑥(sin 𝜃 ― 𝜃 cos 𝜃), 

𝑘
∂

∂𝜃
𝑧 ― 𝐿 cot 𝜃

|𝐫 ― 𝐿 cot 𝜃 𝑧|
=

∂
∂𝜃 ―

2𝑛𝜋
𝑑 cos 𝜃 +

𝜔
𝑣 + 𝐺′𝑥(sin 𝜃 ― 𝜃 cos 𝜃) .

(9)

Indeed, combing these two equations, we obtain the envelope equation

|𝐫 ― 𝐿 cot 𝜃 𝑧| =
𝐿

― 2𝑛𝜋𝑐
𝑑𝜔 sin3 𝜃

1 ―
2𝑛𝜋𝑐
𝜔𝑑 cos 𝜃 +

𝑐
𝑣

2

, (10)

where we set 𝐺′𝑥 = 0 because our numerical results show that this component dominates over the contribution of all 

other in-plane reciprocal lattice vectors. 

The radius of the central layer is 𝑅, as indicated in Fig. s2. We also consider here another layer with radius 𝑅 + 𝑡. 

The respective electron incidence angles are 𝜃0 and 𝜃0 +δ𝜃, with sin 𝜃0 = 𝐿/𝑅 and 𝐿
cos 𝜃0

sin2 𝜃0
δ𝜃≅𝑡 under the condition 

𝑡 ≪ 𝑅. Performing a Taylor expansion on both sides of Eq. (10), we have 



|𝐫 ― 𝐿 cot 𝜃 𝑧 |

= ―
𝐿

2𝑛𝜋𝑐
𝑑𝜔

1
sin3 𝜃0

1 ― 2𝑛𝜋𝑐
𝑑𝜔

cos 𝜃0 + 𝑐
𝑣

2
+

𝐿
― 2𝑛𝜋𝑐

𝑑𝜔

1
sin2 𝜃0

4𝑐2𝑛𝜋 𝑑𝜔 + 2𝑛𝜋𝑣 cos 𝜃0
𝑑2𝜔2𝑣

― 3 1 ― 𝑐
𝑣

+ 2𝑛𝜋𝑐 cos 𝜃0

𝑑𝜔

2 cos 𝜃0

sin2 𝜃0
𝛿𝜃 ― 𝐿 2𝑛𝜋𝑐

𝑑𝜔
cos 𝜃0 + 𝑐

𝑣

𝛿𝜃
sin2 𝜃0

 

= ―
𝐿

2𝑛𝜋𝑐
𝑑𝜔

1
sin3 𝜃0

1 ― 2𝑛𝜋𝑐
𝑑𝜔

cos 𝜃0 + 𝑐
𝑣

2
+

1
― 2𝑛𝜋𝑐

𝑑𝜔

4𝑐2𝑛𝜋 𝑑𝜔 + 2𝑛𝜋𝑣 cos 𝜃0
𝑑2𝜔2𝑣 cos 𝜃0

― 3 1 ― 𝑐
𝑣

+ 2𝑛𝜋𝑐 cos 𝜃0

𝑑𝜔

2 1
sin2 𝜃0

𝑡 ― 2𝑛𝜋𝑐
𝑑𝜔

+ 𝑐
𝑣 cos 𝜃0

𝑡 

= ― 𝑑𝜔
2𝑛𝜋𝑐

𝑅3

𝐿2
sin2 𝜑0 +3 ― cos 𝜑0

cos 𝜃0
+ 𝑑𝜔

2𝑛𝜋𝑐
sin2 𝜑0
sin2 𝜃0

𝑡 

(11)

where cos 𝜑0 =
1
𝛽 + 𝑛𝜆

𝑑
cos 𝜃0 and cos 𝜃0 = 1 ― 𝐿

𝑅

2
. The first term following the last equality represents the focal 

distance of the Airy beam, while the second term stands for the caustic axial distribution.

Section 4 | Justifying the substitution of a bent layer by a flat layer
We use a flat crystal layer to substitute the bent crystal layer in our calculation. In what follows, we justify the 

approximation by comparing the phase difference of the electron excited dipoles on the flat layer and the bent layer 

within the Bohr cutoff range 𝐿Bohr = 𝑣𝛾/𝜔, where 𝛾 = 1 1 ― 𝑣2 𝑐2 is the Lorentz contraction factor. We note that 

𝐿Bohr measures the distance up to which the free electron field takes significant values (i.e., its spatial extension away 

from the electron trajectory). The Bohr cutoffs for (1) a 300 keV electron and 3 keV photon energy, (2) a 1 MeV 

electron and 3 keV photon energy, and (3) a 10 MeV electron and 10 keV photon energy are (1) 0.08 nm, (2) 0.18 nm, 

and (3) 0.40 nm, respectively. 

The phase variation of the field supplied by a free electron moving along the 𝑧 direction is 𝜔𝑧/𝑣. Therefore, the 

phase difference of the electron excited dipoles on two consecutive layers along the electron trajectory at the Bohr 

cutoff is 
𝜔
𝑣Δℎ, as shown in Fig. s3. We have Δℎ =

𝐴𝐵 ― 𝑅
cos 𝜃  by applying the approximation that 𝑂𝐵 is parallel to 𝑂𝐴 

under the condition that 𝐿Bohr ≪ 𝑅, since 𝐴𝐵 ― 𝑅 =
𝑅

cos 𝛼 ― 𝑅 = 𝛼2

2
𝑅, Δℎ = 1

2

𝐿Bohr
cos 𝜃

𝑅

2
𝑅

cos 𝜃 = 1
2

𝐿2
Bohr

𝑅 cos3 𝜃. The phase 

difference is thus 
𝜔
𝑣Δℎ = 𝛽𝛾2𝜆

4𝜋𝑅 cos3 𝜃, where 𝛽 =
𝑣
𝑐. When the phase difference satisfies 

𝜔
𝑣Δℎ ≪

𝜋
2, the substitution is 

justifiable. In the main text, the kinetic energy of the electron is set to 1 MeV, the photon energy is 3 keV, the bending 

radius is 𝑅 = 5 μm, and the incidence angle is 𝜃 ≃ sin―1 4
5

, and therefore, we have 
𝜔
𝑣Δℎ ≃ 10―4 ≪ 1. 



Fig. s3. Error produced by substituting a bent layer by a flat layer. The flat layer is tangential to the bent 
layer at point 𝑆, which is the electron impact point on the bent layer. The difference between the electron 
scattered fields in the two types of layers is estimated by discussing the phase difference of the dipoles on the 
two layers within the range of the electron Bohr cutoff (𝐿Bohr=𝑣𝛾/𝜔), where 𝑣 is the electron velocity, 𝛾 is the 
Lorentz factor, and 𝜔 is the angular frequency. 

Section 5 | X-ray Airy beam from elastically bent vdW materials 
We consider two crystal deformation mechanisms associated with bending in vdW materials: elastic and plastic 

bendings [5]. In the elastic bending regime, vdW multilayers are perfectly glued together and bend as a single plate, 

with a behavior that follows continuum mechanics plate theory. The latter is characterized by a length-invariant neutral 

surface, so that crystal layers are extended or compressed along the direction normal to such surface in proportion to 

the distance to it (Fig. s4). In the plastic bending mechanism, multilayer interfaces are ultralubricated, with each layer 

bending independently while locally maintaining in-plane atomic distances and interlayer separations nearly intact by 

shearing and slipping. Recent experimental results show that bending of vdW materials involves both types of 

mechanisms [6,7], although with a dominant contribution of the second one because the multilayers are held together 

by relatively weak vdW forces. 

Fig. s4. Lattice variation of an elastic bending multilayer structure (cross section). The red curve is the 
length-invariant neutral surface, away from which the layers are extended (e.g., the purple curved surface) or 



compressed (e.g., the blue curved surface) parallel to it by scales that are proportional to the distances from the 
neutral surface, and therefore, the magnitudes of in-plane reciprocal lattice vectors are inversely proportional 
to the radii.

We compare in Fig. s5 the X-ray Airy beam generated from a bent WSe2 multilayer structure modelled as elastic 

bending (Fig. s5a) or plastic bending (Fig. s5b). The numerical results show that there is no significant difference 

between the two results, as the specific Airy beam plotted in the image is mainly contributed by the zero 𝑔||. 

Fig. s5. Caustic X-ray beam from a cylindrically bent multilayer WSe2 heterostructure modelled in the 
elastic bending (a) and plastic bending (b) configurations. In the elastic bending model, the in-plane lattice 
constants are extended or compressed during the bending process, so the in-plane reciprocal lattices are 
correspondingly scaled down or up. In the plastic bending model, the in-plane lattice constants and reciprocal 
lattices remain invariant. The numerical results in both configurations are nearly identical because the caustic 
beam is mainly contributed by 𝑔|| = 0. 

Section 6 | X-ray Airy beam formed by 15 keV photons
In the main text, we show the Airy beams of 3 keV photons excited by 1 MeV electrons. The focal lengths are of the 

order of microns. However, longer focal lengths can be pursued for application considerations. In Fig. s6, we show 

that focal lengths of millimeters to centimeters can be achieved by increasing the bending radius and sample thickness. 

The electron energy is set to be 10 MeV, as electrons with higher energy are less likely to diverge considering the 

space charge and electron scattering. 



Fig. s6. Analysis of the generated X-ray Airy beam: quantifying its focal length, axial caustic length, and 
conditions for its formation. Panel (a) presents the focal length (left vertical axis) and axial caustic length 
(right vertical axis) as a function of the 𝐿/𝑅 ratio (see Fig. 2). The axial caustic length scales linearly with the 
thickness 𝑇 (colored dashed curves), while the focal length changes when varying the bending radius 𝑅 (colored 
solid curves), under the condition 𝑇 ≪ 𝑅. Panel (b) presents the regime in which an X-ray caustic can develop. 
Its formation is limited by wave diffraction, which sets a finite (nonzero) focal depth. The latter must be smaller 
than the focal length for a meaningful caustic to emerge. The ratio of focal depth to focal length is shown as 
the vertical axis. The regime in which caustics can (cannot) form is highlighted by a blue (red) background. 
The ratio is a function of bending radius 𝑅, thickness 𝑇, and 𝐿/𝑅 ratio. The electron kinetic energy is 10 MeV 
and the photon energy is 15 keV. 

Section 7 | Electron beam divergence from space charge and electron 
scattering.
In this section, we analyze the electron beam divergence due to the effect of space charge and electron scattering inside 

the crystal. 

The effect of space charge, i.e., the inter-electron repulsion, causes the electron beam divergence. It is much more 

significant for larger electron currents and smaller spot sizes. In general, the divergence can be obtained by considering 

an electron beam with uniform charge distribution within an elliptical cross-section [8], as shown in the inset of Fig. 

s6. The semi-major axis is 𝑋 along the 𝑥 direction, and the semi-minor axis is 𝑌 along the 𝑦 direction. The electron 

beam is moving along the 𝑧 direction with current I and velocity 𝑣.  In the electron beam rest frame 𝑥′ ― 𝑦′ ― 𝑧′, the 

electrons are repelled by the electrostatic force, which can be derived from the electrostatic potential 

Φ′(𝑥′,𝑦′) = ―
𝜌′

2𝜀0

𝑥′2𝑌 + 𝑦′2𝑋
𝑋 + 𝑌 , (12)

where 𝜌′ is the charge density in the rest frame, 𝜀0 is the vacuum permittivity, 𝑥′ = 𝑥 and 𝑦′ = 𝑦 are the position inside 

the electron beam. The charge density in the rest frame is 𝜌′ = 𝜌 𝛾,  where 𝛾 is the Lorentz factor and |𝜌| = 𝐼/(𝜋𝑋𝑌𝑣). 

The electron beam axes evolve in the rest frame due to the electrostatic force

d2𝑋
d𝑡′2

=
d2𝑌
d𝑡′2

=
𝑒𝜌′

𝑚𝜀0
 

𝑋𝑌
𝑋 + 𝑌 , (13)
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where 𝑚 is the rest mass of an electron. With the approximation that the electron beam’s longitudinal velocity 

remaining unchanged, 𝑑𝑡′ = 𝑑𝑧/(𝑣𝛾), where 𝑧 is the propagation distance of the electron beam in the lab frame. 

Therefore, we have 

d2𝑋
d𝑧2 =

d2𝑌
d𝑧2 =  

2𝐶
𝑋 + 𝑌

(14)

where 𝐶 =
1

𝑚𝛾3𝑣3
𝑒I

2𝜋𝜀0
.  The solutions to the above equations are

 𝑧 =
(𝑋0 + 𝑌0)

2𝐶
𝜋

2 Erfi ln
𝑋 + 𝑌

𝑋0 + 𝑌0

𝑋 = 𝑌 + 𝑋0 ― 𝑌0,

(15)

with 𝑧 = 0 being the point of zero beam divergence, which means 𝑋(𝑧 = 0) = 𝑋0, 𝑌(𝑧 = 0) = 𝑌0, and 𝑑𝑋
𝑑𝑧

= 𝑑𝑌
𝑑𝑧

= 0 

when 𝑧 = 0.  The beam divergence angle is defined as

𝜃 = atan
d𝑋
d𝑧 = atan 2𝐶 ln

𝑋 + 𝑌
𝑋0 + 𝑌0

. (16)

The above calculations show that the divergence is tied by the current and the electron energy, as demonstrated by 

the exemplary results in Fig. s7. The initial beam is considered collimated with a circular cross section of diameter 2𝑋0

= 2𝑌0 = 30 nm. The results show that both the divergence angles and the transverse shifts are negligible within 

hundreds nm propagation distance under the chosen parameters. 



Fig. s7. Divergence of circular electron beams induced by space charge. (a,b) The electron energy is set to 
be 1 MeV. (c,d) The current is set to be 100 μA. The initial beam width at the focal plane is chosen as 2𝑋0 = 2𝑌0
= 30 nm for all the panels. 

Next, we investigate the electron beam divergence induced by multiple scattering. Most of the deflection is due to 

Coulomb scattering from nuclei as described by the Rutherford cross section [9]. The rms divergence angle (𝜃rms) 

and the transverse shift (𝑇rms) are described by 

𝜃rms = 213.6 MeV
𝛽𝑐𝑝

𝑧
𝐿R

1 + 0.038 ln
𝑧2

𝐿R𝛽2 .

𝑇rms =
1
3 𝑧𝜃rms

(17)

where 𝑝 is the electron momentum, 𝑧 is the propagation distance, and 𝐿R is the radiation length in the medium. 

Exemplary results are plotted in Fig. s8, which show that faster electrons are more collimated with the same 

propagation distance.  
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Fig. s8. Divergence of electron beams induced by electron multiple elastic scattering. The electron 
kinematic energies are 0.1 MeV, 1 MeV and 10 MeV.  

Section 8 | Azimuthal distribution of the Airy beam
In Figs. 2 and 4 of the main text, we show the caustic phenomenon in the 2D plane. However, the caustic phenomenon 

extends in the azimuthal direction. In Fig. s9, we demonstrate the azimuthal distribution of the focusing effect at the 

caustics.  The focused X-ray beams maintain high intensity over a broad angular range from ―30° to 30°. 

Fig. s9. Azimuthal distribution of the Airy beam. The setup is the same as used to generate Fig. 4b. a) shows 
the focusing effect of the caustics along the azimuthal direction. The intensity, however, is not radially 
symmetrical. b) plots the azimuthal distribution of the field intensity at caustics. The field distribution has a 
plateau over the angular range from ―30° to 30°.

Section 9 | The photon flux of the Airy beam
The total energy traversing one infinitesimal patch 𝛔 = 𝜎𝑛 (small enough within which the flux is uniformly 

distributed) is 
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Δ𝐸 =
∞

―∞
𝑑𝑡(𝐄(𝐫,𝑡) × 𝐇(𝐫,𝑡)) ⋅ 𝛔

=  
∞

0
𝑑𝜔ℏ𝜔

2Re(𝐄(𝐫,𝜔) × 𝐇∗(𝐫,𝜔)) ⋅ 𝑛
2𝜋ℏ𝜔 𝜎 ,

(18)

where 2Re(𝐄(𝐫,𝜔) × 𝐇∗(𝐫,𝜔)) ⋅ 𝑛
2𝜋ℏ𝜔

𝜎 is the number of photons traversing the patch 𝛔 per angular frequency per electron. 

Therefore, the photon flux density along the 𝑛 direction is  

2Re(𝐄(𝐫,𝜔) × 𝐇∗(𝐫,𝜔)) ⋅ 𝑛
2𝜋ℏ𝜔 ⋅ |I

𝑒| (19)

where I is the current. 

In the following, we calculate the photon flux density of an Airy beam from an electron beam with 100 μA current 

and 1 MeV kinetic energy per electron. The diameter of the electron beam is 30 nm at the focal plane. The multiple 

electron scattering (Fig. s7) accounts for the electron beam divergence, while the space charge effect is negligible over 

a propagation distance of 300 nm. We use a Gaussian electron beam with a rms divergence angle 𝛿𝜃 = 25 mrad 

(average of the rms divergence angles for 1 MeV electrons along the 300 nm trajectory) and a rms spot size 𝛿𝑟 = 19 

nm (average of the rms spot sizes of  1 MeV electrons along the 300 nm trajectory). The photon flux density at the 

plane 𝜌 = 10.9 μm in Fig. 4b is shown in Fig. s10. 

Fig. s10. The flux density at the central position of the Airy beam in Fig. 4b from a Gaussian electron 
beam. The details are listed in the content. 

The total X-ray photon flux of the Airy beam can be calculated by combining the photon flux transverse density 

distribution in Fig. s10 and the azimuthal intensity distribution in Fig. s9. The cross-size area of the Airy beam is 2 μ

m2 at ρ=10.9 μm. Therefore, the total X-ray photon flux is 1.4× 105 photons/(sec ⋅ 0.1% BH), corresponding to 2.3×

10-10 photons/(electron ⋅ 0.1% BH).

Section 10 | Experimental design of characterizing the X-ray Airy beam
X-ray Airy beams can be characterized by the knife-edge scanning techniques [10,11]. A micron-sized pinhole or slot 

is used to both isolate the monochromatic Airy beam and block the secondary and large-angle scattered electrons.  A 
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Pb or Rh analyzer with a cross section of 5 nm ×  5 μm and 5 nm thick film is scanned by a nano positioning stage 

in the 𝑥 ― 𝑦 plane through the Airy beam with 2 nm reproducibility [12]. Silver 𝐿𝛼 and 𝐿𝛽 fluorescence lines are 

detected by the energy-dispersive spectroscopy (EDS), and scattered X-rays are collected by a scintillation counter 

(SC). Both EDS and SC are capable of charactering the X-ray Airy beam [12].  

Fig. s11. Experimental design of characterizing the X-ray Airy beam in a TEM. The details of the setup 
are discussed in the content.

Section 11 | Photon density operator 
The reduced density operator of the photons is 𝜌ph = Trele(|𝑓⟩⟨𝑓|), which is constructed from the final states of the 

joint system |𝑓⟩ = ∑𝐩′,𝐤
1
𝑉

𝜓(𝐤,𝐩′)|𝐩′⟩⨂|1𝐤⟩. We can also write 𝜌ph as

𝜌ph =
1
𝑉

𝐩′ 𝐤,𝐤′

𝜓(𝐤,𝐩′)𝜓∗(𝐤′,𝐩′)|1𝐤⟩ ⟨1𝐤′| . (20)

Section 12 | Quantum aspects of the generation of X-ray caustics 
For regular periodic crystals, the vector potential modes are written from Bloch’s theorem as [13] 

𝐀(𝐫) =
{n},𝐤

𝐀𝐠,𝐤𝑒𝑖(𝐤+𝐠)⋅𝐫 + 𝑐.𝑐. =
{n},𝐤

𝐮𝐠,𝐤𝑒𝑖(𝐤+𝐠)⋅𝐫𝑎𝐤 + c.c., (21)

where the {n} sum runs over the reciprocal lattices. The crystal structure of a bent vdW material is aperiodic because 

the crystal lattice rotates gradually along the electron trajectory, as shown in Fig. 1b of the main text. Therefore, the 

amplitude 𝐮𝐠,𝐤(𝐫) and the reciprocal lattice vector 𝐠(𝐫) are not constant but position dependent. 

pinhole

Pb analyzer

TEM

x

y



The initial electron-photon state is described as |𝑖⟩ = ∑𝐩
1
𝑉

𝜓(𝐩)|𝐩⟩⨂|0⟩, where ∑𝐩
1
𝑉

𝜓(𝐩)|𝐩⟩ is the 

superposition of electron momentum states |𝐩⟩ and  |0⟩ is the photon vacuum state. The final electron-photon state is 

|𝑓⟩ = ∑𝐩′,𝐤
1
𝑉

𝜓(𝐤,𝐩′)|𝐩′⟩⨂|1𝐤⟩. From Eq. (20), we know that the interference of different photon states relies on the 

overlap of the spectral function 𝜓(𝐤,𝐩′). From the perturbation theory of quantum electrodynamics (QED), 

𝜓(𝐤,𝐩′) = ―
𝑖
ℏ

𝑡

0
𝑑𝑡1

𝐩
𝜓(𝐩)⟨1𝐤, 𝐩′│𝑒

𝑖
ℏ𝐻(𝑠)

0 𝑡1 ―
𝑞
𝑚 𝐏 ⋅ 𝐀(𝐫) 𝑒―

𝑖
ℏ𝐻(𝑠)

0 𝑡1│0,𝐩⟩ (22)

To evaluate the above equation, we proceed as follows:

⟨1𝐤, 𝐩′│𝑒
𝑖
ℏ𝐻(𝑠)

0 𝑡1 ―
𝑞
𝑚 𝐏 ⋅ 𝐀(𝐫) 𝑒―

𝑖
ℏ𝐻(𝑠)

0 𝑡1│0,𝐩⟩ =
{n}

⟨ 𝐩′│ ―
𝑞
𝑚 𝐏 ⋅ 𝐮𝐠,𝐤𝑒𝑖(𝐤+𝐠)⋅𝐫│𝐩⟩𝑒

𝑖
ℏ ―𝐸𝑝+𝐸

𝑝′+ℏ𝜔𝑘 𝑡1 ,

where 𝐸𝑝′, 𝐸𝑝, and ℏ𝜔𝑘 are the energies of the electron final state, the electron initial state, and the emitted photon, 

respectively. The evaluation of ⟨ 𝐩′│ ― 𝑞
𝑚

𝐏 ⋅ 𝐮𝐠,𝐤𝑒𝑖(𝐤+𝐠)⋅𝐫│𝐩⟩ cannot be carried out analytically because both 𝐮𝐠,𝐤 

and 𝐠 are position dependent for aperiodic crystals. We denote it as the transition matrix element ℳ𝑘𝑝𝑝′. Then Eq. 

(16) becomes

𝜓 𝐤,𝐩′ = ― 𝑖
ℏ∑𝐩,{n} 𝜓(𝐩)⟨ 𝐩′│ ― 𝑞

𝑚
𝐏 ⋅ 𝐮𝐠,𝐤𝑒𝑖(𝐤+𝐠)⋅𝐫│𝐩⟩

∫𝑡
0 𝑑𝑡1𝑒

𝑖
ℏ

―𝐸𝑝+𝐸
𝑝′+ℏ𝜔𝑘 𝑡1 = ― 𝑖

ℏ∑𝐩,{n} 𝜓(𝐩)ℳ𝑘𝑝𝑝′𝑇𝛿𝐸
𝑝′+ℏ𝜔𝑘 ,𝐸𝑝 (23)

where the energy conservation equation 𝑇𝛿𝐸𝑝′+ℏ𝜔𝑘, 𝐸𝑝 = ∫𝑡
0 𝑒

𝑖
ℏ

―𝐸𝑝+𝐸
𝑝′+ℏ𝜔𝑘 𝑡1𝑑𝑡1 is applied and 𝑇 is the interaction 

time. 

Section 13 | The robustness of the X-ray caustic against the electron energy 

distribution

In the main text, the electron energy is fixed at 1 MeV. However, there is a finite energy distribution for a practical 

electron beam. In Fig. s12, we compare the beam widths of the Airy beam and the collimated beam excited by the 

electron beam with Gaussian energy distributions. It shows that with small energy distribution widths, such as a 

standard deviation of less than 10 keV, the Airy beams are superior to the collimated beams in terms of intensity and 

beam width. 



Figure s12. The effect of the electron energy distribution on the quality of the X-ray caustics. We test the 
robustness of the X-ray caustic concept by studying its dependence on electron beams with various Gaussian 
energy distributions. The mean of the distribution is 1 MeV, and the standard deviation is 𝜎E. The beam width 
is calculated at 𝜌 =11.3 μm, with the same setup as used in Fig. 5c. 

Semi-relativistic electrons (60 keV – 300 keV) can be found in transmission electron microscopes (TEMs), 

whereas modestly relativistic electrons (500 keV-5 MeV) are available in room-sized high-voltage transmission 

electron microscopes (HVTEMs) [14], in which a series of radio-frequency (RF) cavities are used. Highly relativistic 

electrons (5 MeV-10 MeV) require room-sized linear electron accelerators. 

Section 14 | Comparison of state-of-the-art X-ray shaping paradigms

In Table s1, we compare the performance of different X-ray shaping paradigms. The cumbersome paradigms show 

good performances in terms of focal length and spot size, but require coherent X-rays which are achievable in large 

facilities such as free electron lasers. The compact schemes suffer from large spot sizes, due to the incoherent nature 

of the X-ray sources. The parameters of our bending vdW lens listed in the table represent typical results discussed in 

the main text, incorporating the electron beam divergence inside the crystal.

Table s1| State-of-the-art X-ray shaping paradigms

cumbersome schemes compact schemes

reflection 
mirror

zone-plate 
(diffraction) refractive lens tapered waveguide

polycapillary lens 
with an 

x-ray tube

our bending 
vdW  lens

focal length 75 mm 4.2 mm 80-800 mm 4.9 mm ~3 mm ~10 μm
numerical 
aperture 0.004 0.005 10-4-10-3 10-4 0.17 0.015-0.030

spot size 7 nm 11 nm ~10s μm ~ 10 nm 11-14 μm 100 nm
coherent 
focusing? Yes Yes Yes Yes No Yes

representative 
reference

Nat. Phys. 6, 
122–125 
(2010)

Sci. Rep. 3, 
3562 (2013)

Nucl. Instrum. 
Meth. A 916, 

275–282 (2019)

PRL 91, 
204801 (2003)

Lindqvist, M. 
Thesis, Uppsala 
University, 2017
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