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This supplementary information file contains additional detail about the derivations and
numerical calculations presented in the main text. In section | we solve the time-dependent
Schrodinger equation (TDSE) for an electron interacting with a quantum state of light, to obtain
the density matrix of the electron (Eg. (3) in the main text). In section I1, we obtain a formula for
the electric dipole of an atom driven by a quantum state of light, derived under the SFA (Eq. (6)
in the main text). In section 111, we derive the P(a) and P (E) distributions for squeezed coherent
light (Eq. (7.a) in the main text). In section IV we derive the coupled algebraic equations for the
electronic trajectories, in case the driver is squeezed coherent. In section V we show that within
the gSFA theory, squeezing is formally equivalent to an effective photon statistics force,

presented in the main text (Eg. (10)). In section VI we derive Eg. (11) in the main text.



l. Solution of the time-dependent Schrodinger equation in a quantum-optical setting

Here we develop a general theory of the interaction between strong non-perturbative quantum
light and an initially bound electron. To do this we write general Schrodinger equation for the
joint density matrix of light and electron:

dp
ih— = Hp — pH 1.1
ih T p—p (1.1)
where the Hamiltonian is:
H=H),+Hp+d-E (1.2)

and Hp = Y, how a,‘;,aka. We aim to solve this equation to describe the emission of an electron

in an external electromagnetic field A and static potential U. We employ the interaction picture:

_Hp, Hp, _Hp, ~Hp, : ; i i
p—>e h penr H—-e r Hern ,toobtainthe following Schrodinger equation:

d
ih - = [Ho,pl (13)

where Hy=Hp+d-E and E(t) =iYy, f s(a ge ot —a,ﬁaei“’t). We consider the

following initial conditions for the density matrix:

p(0) = p4a(0) ® pr(0)
pa(0) = |[PoXtpol

(1.4)
pr® = [ @ad®p Pl ) o
Using the linearity of density matrix equation, we write:
p©) = [ d2ad’p - Pa,f) pas(® (15)
0pqp(t
22O _ 1,05 0]
pap(©) = W)l ® (0]



We now employ coherent shift operators with coherent parameters a and S (denoted by D(a)
and D(B)) to define

ﬁaﬁ = DT(“)paBD(,B) (|6)
0)0
Bas(0) = [Po)(Wol ® 1;'—;)'

0P
in =22 = DY@ HoD(@)pis — PapD " (BIHD(B),

Using DTaD = a + a (a property of coherent shift operators), we define:

0Pap - - .
ai = HoPap — PapHp + [d - E, Pag]

ih
H, = Hy +d - E,(t) (1.7)
HB == HA + d . Eﬁ(t)

where E,(t) = (al|E|a), Eg(t) =(BIE|B) and H, is the field free atomic Hamiltonian.

Assuming the density matrices of light and matter are separable throughout the process (i.e., light
and matter are not entangled):

Pap(®) = |pa(ONdp ()] ® Prignt(t) (1.8)

Here, |¢,(t)) and |¢[; (t)) are solutions of the semi-classical Schrodinger’s equation:

0 _
lhald)a) - Hald)a) (|9)

Plugging equations (1.8) and (1.9) the above definitions into equation (1.7):



i (14O bp O] ® Prgna(®)
= Ho (185 ()] @ iign(©))
~ (16a@)bp®)] ® Prgni () Hy
+|d- B, (120X s 0] ® prigne(®))]

(1.10)

e ()b (t)|m% (Biight (8)) + Hal e ()b ()| @ Biigne(©)
— 19O s () |Hp @ Prign: (t)
= Ha (162(0){05(0)] ® figne(®))
~ (162(©)d5(®)] @ Pigne(t)) Hg
+ |- E (16a(®)p(0] @ prign: ()

d
[ba(O)p (O] i~ (Pigni(0))
= dl$a() - E(® puigne(®)) (05 ()]
— e () (Brigne(®)) ($p(©)|d - E

Tracing out the electronic degree of freedom, we obtain the final equation for time propagation

of the density matrix of light:

0 Dright
ih
Mot

= doEpjight — dgPrigntE (1.11)

Perturbative solution of the time dependent Schrodinger’s equation

The electric field operator is given by

hw . .
E(t) = iz /Tgoe(akaeﬂ“’t - a,tae“"t) (1.12)
k,o



We decompose the density matrix of light into separate modes and employ equation (1.11):
Plight = ﬂﬁka (1.13)
ko

STt
Prec = — % U (do(7) - ExgPro(t) — dp(T) - ﬁka(T)Eka)dT]
0

[0)0|

The initial condition is given by j,,(0) = Bl

To first order in the light-matter coupling

strength,

ﬁkcf = ﬁka(o) - % If (da(T) ' Ekaﬁka(o) - dﬁ (T) : ﬁka(o)gka)dfl (|-14)
0

We employ the 1% order solution to obtain the 2" order solution:

Tt
Pro(T) = Pro(0) — % [f (da(T) ) Ekaﬁko(o) - dﬁ () - ﬁka(O)Eko)dTl
0

() | (e

B () [ (a2 Buo ()0 0) - dy(z7)
0

(1.15)
 Pro(0Eiq(r2)) dr; — dg(x,)
[ (e Bro 230 = i)
0
) ﬁka(O)Eka(Tz)) dt, Eko(Tl)) dz, ]
The energy expectation value is given by:
e = > hoTtlpi (Daf,ax,] = ) hoTr[D@fi D (B)al,a,]
ko ko (|.16)



>
E =
e 2Ve,

f ((da(m g,)elom f Y (dp(r) - £,)e-omdr,
0 0

+ (d/? (74) - “—'o)e—in1 frl(da(fz) : eo)eiwrde) dty ]
0

Finally, the spectrum is given by

Zfd 2(2n)3 3¢ U (Md(Tl) Sa)emlfl(dﬁ(fz)'fa)e_imzdfz

(1.17)
+ (dﬁ(T1) . Sa)e_iml f (dy(72) - Sa)eimzd72> dr, ]
0

de

w4 lj‘t T1 ) ) )
—_— = dt, f dt, (e'1d, (11) - e “"2dg(1,) + e ' “"rdg(T4)
dw 6m2c3ey|), 0 ( * g A

)

Employing the mathematical identity
t 7 t t
[ dn [ dn, (Faeng) + Fadg @) =< | drf(r)) ( | drg(w) (1.18)
0 0 0 0

We arrive at the expression E = dy(w) - dg(w) where d,(w) = [dq(t))e " dw for

611203

the emission of p,z. The total emission is given by the integration:

de
dw 6m2c3e, €o

f d?ad?BP(a, B* )(d (w) - dﬁ(w)) (1.19)

To 1% order in light-matter coupling (i.e., neglecting any radiation reaction effect), the density

matrix of the electron is given by:

20 d? la){BI
Ptotal = J d a d“f Paﬁ|¢a(t)><¢ﬁ(t)| R ——- Bla) (1.20)
puscron = T | [ €0 028 Peglo ) 35(0] ®
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Petectron = f d2ad?B P(a, B) e () bs (0|

1. Quantum-optical dipole moment under strong-field approximation

In this section, we derive the formula for the dipole moment expectation value for an electron

driven by a quantum state of light with arbitrary photon statistics.
Interaction with a coherent state |a)

We consider the interaction of an atomic system with a single bound state with a coherent state

of light. The ionization potential of this atomic system is denoted by I,. The driving light
occupies a coherent state |a) = |ax+ iay) (where a, and a, are real valued parameters),

corresponding to a classical electromagnetic wave, whose vector potential is given by

€Y} (€))
€ . ) 2€
A, (t) = T(ae‘“"t +atel®t)z =

[, cos(wt) + a,, sin(wt)]2 (11.1)

Here, Z is a unit vector parallel to the z axis. The electric field of this coherent state is denoted
E,(t) = —0A,/0t - 2, and the time-dependent Schrodinger’s equation (TDSE) of this atomic
system is given by
9] t
ih |¢“( ) [ oy 5—V?+U(z) — ezE (t)] |4 (0) (11.2)
Here, |¢,(t)) is the time dependent wavefunction of the system, and U(z) is the atomic

potential. Initially, the system is in its atomic ground state, denoted by |0). Under the standard

approximations of the SFA theory !, |¢, (t)) can be written as

9a() = e (a(10) + [ bow, 0w ) (13)

We substitute (11.3) into (11.2) and to reformulate the TDSE in terms of kinetic momentum state

amplitudes:

db, (v, t)
av, h

aa n ! ed (WEq(t) (11.4)

dbe(w,t) iV
2m

—+ Ip> b,(v,t) — eE,(t)



Here, d,(v) = (v|z|0) and we have already employed the fact that the light field is linearly
polarized, in writing E,(t) as a scalar function and deriving b, with respect to v, (the velocity
component parallel to the polarization of the driving field). Assuming that the ground state is
non-depleted (a(t) = 1), the state of the atom is completely determined by the b,(v,t)

continuum state amplitudes. The exact solution for b(v, t) is

. t
b(v,t) = if dt'eE,(t)d, (v + ey (t) — eA,(t))

h 0
(11.5)
+1

(v + eAy(t) — eAg (t)’ D
2 14

i t
exp| -4 dt"
t,

Neglecting bound-bound and continuum-continuum transitions, the dipole moment expectation

value z, (t) = (¢, (t)|z|p, (t)) is given by
Z,(t) = f d3vd;(v)b(v,t) + c.c. (11.6)
We define canonical momentum p:

p=v+ed,(t) (1.7)

This results in the final semi-classical equation for the dipole moment of an electron driven by a

coherent state |a):

i t
7@ =1 [ @ [ deB 0d,(p - eAt))d:(p - eAe(0)
0

_ (1.8)
- exp <—%Sa(p, t, t’)) +c.c.
S.(p,t,t) = ftdt” (W + 1p> (11.9)

The function S, (p, t, t") is the semi-classical action of an electron driven by a coherent state |a).
The Q frequency component of z,(t) can be evaluated semi-analytically, by employing the

saddle point approximation:



(0Sq
op
! 95 _, (11.10)
I
as,,

The system of equations (11.10) defines the three physically meaningful (and experimentally
observable) stationary parameters [p = pg,t’ = to,, t = t1,], associated with the emission of
the frequency Q. Here, p is inferred as the canonical momentum of a three-step electronic
trajectory, t, is the time of ionization, and t, is time of recombination. We emphasize that this
solution is completely semi-classical and does not include the effect of vacuum fluctuations (i.e.,

noise associated with the quantum-mechanical uncertainty principle).
Interaction with an arbitrary quantum state of light under the strong-field approximation

Next, we consider the interaction of the same atomic system with a single mode of light with
arbitrary quantum statistics. The density matrix (quantum state) of the driving light is specified

by generalized Glauber representation P(a, 8),

laXy”l

) (11.11)

pdrwe fdz dzﬁ P( ﬁ)

In the previous supplementary section, we have obtained that the density matrix of an electron

driven by p4-ive 1S given (to lowest order in light matter coupling) by

pe=f¥a¥ﬁﬂmﬁﬂ%ﬂﬁwﬂﬂl (11.12)

where |¢, (t)) solves equation (11.2). In this case the dipole moment is given by

z(t) = Trlp.(t)x] = fdza d?B P(a, B*){pp(0)|z|pa (D) (11.13)

Employing equation (11.3) in the main text, and again neglecting bound-bound and continuum-
continuum transitions (a standard assumption of the SFA theory) we have

<%@Vmﬂ»=Jmmaﬁvmmw+f@mafvwmm (11.14)
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Notably, by keeping only bound-continuum transitions, we can decompose (¢ (t)|z|¢, (¢)) into
terms that depends separately on « and . This separation is exploited to simplify supplementary

equation (11.3):

+fd2ﬁ (f dzaP(a,ﬁ*)>fb§(v, t)d3v - (v|z|0)

We employ the general property of the generalized Glauber representation P(a, 8*) = P(B,a”).

This property stems from the connection between the generalized Glauber representation and the

Husimi quasi-probability distribution Q(a) = %(alpla):

e —4ﬁ*lle(a-;ﬁ*> (11.16)

1
P(a,B) = Eexp

Through this relation, we have [ d?g P(B,a*) = [ d?B P(a, *), hence,

z(t) = fdza <f d?p P(a,ﬁ*))fba(v, t)d3v - (0|z|v) + c.c. (1.17)

By equation (I1.6) in the main text, this reduces to

z(t) = f d?aP(a)z,(t) (11.18)

Where z,(t) is the semi-classical dipole moment expectation value for a coherent drive |a), and
P(a) = [d?B P(a,B*) and is not to be confused with the standard Glauber representation.
z,(t) can be obtained either by solving the time-dependent Schrodinger’s equation, or directly

from the semi-classical SFA formula (11.8), to arrive at the final expression:

z(t) = %J d*a fd3pftdt’eEa(t)dz(P — e, (t))d;(p — eAu(®)) (1.19)
0

- P(a)exp (— %Sa(p, t, t’)) +c.c.

10



1. Derivation of P(a) for squeezed coherent light

I11. A. Integration of P(a, 8*)

In this section, we derive the distribution function P(a) = [ d?BP(a,B*) for the case of
squeezed coherent states of light. For a squeezed coherent state of light |y,r) where y is the

coherent parameter and r is the squeezing parameter, the Husimi Q () distribution is given by 2

— (ay — )/Y)Z (ax B Vx)z
Q(a) —mexp<—2 st S (111.1)

The generalized Glauber representation of this state is constructed through

P(a,pB) = %e—la—ﬁ*IZMQ (“ J;ﬁ) (11.2)

The resulting distribution is:

x = x2 x x_2x2 - ’
P(a,ﬁ*)=exp[—(a 4ﬁ) _(a 2+f2€_2:/) _(ay 4ﬁy)

(In.3)

_ (ay + 8y = ZVy)Z
2 + 2e?r

Here, a = a, + ia,, (and similarly § and y). We explicitly calculate P(a) = [ d?BP(a, B*):

(ay ,Bx)z
Pla) = 472 cosh(r) j AP exp I
(ax + ﬁx - zyx) ﬁ

T oy Udﬁy XP[ y) (111.4)

_ (ay + By = Zyy) 1 Ll

2+ 2e?" = 4n? cosh(r) 12

Ay — Py 2 x x 2 x 2

Il_fdﬁ"eXpl - 4ﬁ) - 2+f2e-2ry) l

11



2 2
- +p,—2
I, = fdﬁy exp [_ (ay 4'837) - (ay 2 f_yZBZryy)

These final expression for P(a) is

2(ay=1y)" 2(ay-y)? (111.5)
1 e 3+e?’ 3te=2r (14 e?")

7 cosh(r) V3 + 10e2” + 3e4"

P(a) =

I11. B. Infinite volume of guantization

Let us take the limit € - 0 and V — oo (these are the single-photon amplitude and
quantization volume, respectively). Within this limit, the P(a) distribution of a coherent state |y)
approaches a Dirac delta function 6(a —y), and so, |y) becomes equivalent to a classical
electromagnetic field E, (t). Additionally, taking this limit lifts the ambiguity in the relation
between dimensionless coherent parameters and electric field amplitudes E = 2e M a, which in
principle depends on the frequency and volume of quantization (¢¥) = m). Hence, we
also exploit this limit to reformulate the distribution P(a) with a distribution P(E) that does not

depend on the quantization volume.

Throughout this section, the squeezing parameter r is assumed to be real and positive. If one

wishes to change the relative squeezing phase, it can be done by changing the phase of the pump.

We consider the P(a) distribution of the state |y, r) (equation (111.5)). The number of photons in

such a state is given by
N = (y,r|dly,r) = ly|* + sinh?(r) (111.6)

The intensity of this beam is given by

chw chw _ (1.7
I=——N= 7(|V|2 +sinh? (1) = Ieon + Iyac
. chw 2 chw . 19 . . .
Where we have defined I, =7|y| and I, ZTSlnh (r), and V is the quantization

volume. The squeezing parameter r can be reformulated as » = asinh <i /%) where the sign

12



of r determines the type of squeezing (plus/minus for phase/amplitude, respectively). The electric
field of the squeezed coherent state |y, r) is given by E(t) = 26 W[y, sin(wt) + ¥, cos(wt)],
hence, we preform a substitution of integration variables in from dimensionless coherent

parameters to electric field quadratures, E, = 2eWa, and E,, = 2¢Ma,,

Let us perform the substitution:

2 2 111.8
Z(ay—yy)z 2(ate—Vyx)? Z(an_EyY) Z(E“x_EYx) ( )
e 3rerr T 3tet = ¢ (260) (B+er) (26W) (Bre?n)

- chw chw chw

. Vipae 5
o2 = eZasmh(\I chw) — 1472 Viac n 2\/<Vlvac) + Ve

2

o2 — e—z asinh VCI;:Z)C — 1472 Vipac _ 9 (Vlvac> + Viyac
chw chw chw

Plugging the single photon amplitude e = /ZZ—“’V , and taking the limit V' — oo, we have:
0

(26(1))2(3 +e ) 50 (111.9)

2 1
_)
(2eM)2(3 +e?")  2|Eyqcl?

where E, . fulfills I,,,. = %eoclEmclz. Hence, P(E,) = P (Eax + ian) becomes

(an_Eyy)z (111.10)
el 6(E,, - Ey)

P(Eq) = norm

Thus, the final equation for z(t), the SFA dipole moment of an atom driven by a squeezed

coherent state |y, r) is given by

(an_Eyy)z (111.11)

1 Y Vy)
z(t) =———| dE, e Z2lFvacl® z t
( ) mlEyacl f O_’y an,ny( )

13



V. Derivation of the coupled algebraic equations

I.V.A. Saddle point approximation

In this section, we derive the coupled algebraic equations for the dipole moment. The quantum-

optical analogue of the semi-classical action is given by

t — eA,(t")]? V.1
S,(p.t',t, @) =f dt”<[p 2“( ) +1p>+ ilog(P(a)) (v-D
quantum-optical action t’ photon statistics

semi—classical action

The emission of high-order harmonics at frequencies Q = nw will mainly originate from the
stationary points of S, (Kq) — hQt with respect to all variables x, = [p,t', t, a], which satisfy

the condition V,., (Sq(1c,) — it) = 0. For the case of squeezed coherent light |y, ), we have

S¢p,t',t,a) = —2i

2
(ax - Vx)z Y (ay - yy) + jtdt” <[p - eAa(t”)]z ny ) (IV'Z)
3+e 2" 3 +e2r ; 2 p

!

— hQt

. oS
Momentum derivative a_: =0:

t (IV.3)
dt"[edq(t")] = (t —tp

t’

. . .. 8s
lonization moment derivative a_rq = 0:

[p —eda@)]* _ (IV.4)

L ... 8s
Recombination moment derivative o—rq =0:

-y, (IV.5)

Coherent parameter derivative — x guadrature:

e® . . 2¢® (1V.6)
A (t) = - (ae™i@t 4+ g elot) = [a, cos(wt) + a,, sin(wt)]
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16&_ 4(ax_yx)

ida, = 3+e?
2ie®M (1 ,
+ —p [sin(wt) — sin(wt")]
w |w
e

1
——ea, {t —t'+ — (sin(Rwt) — sin(Za)t’))}
w 2w

e 1
+ —-ea, —[cosRwt) — cos(Zw’t’)]} =0
w 2w

Coherent parameter derivative — y quadrature:

(€Y (1)
¢ | o 2e (IV.7)
Ay (t) = — (ae™i@t 4+ grelot) = [, cos(wt) + a,, sin(wt)]

16_5’_ 4(“31_)’3/)

Taay B 3 4 e2r
2ie®M| 1 )
+ ——plcos(wt) — cos(wt")]
w w
@

+ —ea, —[cos(RQwt) — cos(Rwt")]
W 2w

e 1
- e, {t — ' = — [sin(201) - sin(zwt')]} — 0

Infinite volume of quantization

Upon taking the limit of an infinite volume of quantization V — oo the following limits apply:

e 50, 22 (34e2) 5 20E, % 22 (3+e72") > 0. With these limits, the coupled
260V ZEOV

algebraic equations take the form:

tdt"[eAa(t")] =({—-thp
[p— A _
2 -~ p

15



[p — ed, (D] (IV.8)

> =hQ -1,

1 )

=P [cos(wt) — cos(wt’)]

20 an 1

GOC(an - Eyy) = Z Lyac 4 —em{t —t' - % [sin(Rwt) — sin(Zwt’)]} g

Ax I
L +e Y [cos(2wt) — cos(2wt")] )

Eax = ny

1.VV.B. Derivation directly from P(E,) distribution

Here, we derive the coupled algebraic equations (1V.8) using the distribution

(an_Eyy)z (IV.9)

1 -
P E = ¢ 2|E17ac|2
( Oty) V21| Epq|
which corresponds to squeezing of the x quadrature, so that the amplitude of electric field

fluctuations in the anti-squeezed quadrature Eq, is E, 4. The corrected action is given by

S (pl t’, tl E(,{y) = Sa (p; tly t) + llog (P (an)) (Iv'lo)
(Eay — B,)
‘ [p — Ao (t")]? ay ~ By
S(p,t tE =Jdt”< = +I>—i#
(p “y) o 2 p 2|Evac|2
Where the vector potential A, (t") is
(IvV.11)

1
A, (") = ” (an sin(wt") + E,,_ cos(wt”))

The first three coupled equations are trivially identical to the semi-classical coupled equations

because the correction to the semi-classical action is independent of p, t’,t. The fourth equation

is given by:
. an sin(wt") + E,,_cos(wt") 2
% s f ar ’ v by =B _,
= —1 =
aan Eay ¢! 2 |Evac|2

16



Rearranging, it equates to:

— i)—e (cos(wt) — cos(wt’)) )

. |Evac|2 Eq _ Sln(Za)t) — Sin(Zwt’)

2 Y /
Eq, = Ey, +1i {—e?=Xle—t

2w 2w
L Ey, [cos(2wt) — cos(2wt")]
+e
\ 4,(‘)2 J

v~

This is precisely the fourth equation of (1VV.8), as can be seen by substituting I,,,. = %GOCIEWCIZ-

I.V.C. Yoctosecond time-delays induced by bare vacuum fluctuations.

In Figure 4, we show that vacuum fluctuations at the frequency of the pump field induce
yoctosecond time delays to the electronic trajectories in standard HHG experiments. This is
found by solving the coupled algebraic equations (11.3)(11.7) for a squeezed coherent field |a, 0),

i.e., by taking r = 0. Notably, even for a coherent state, these equations are not identical to the

semi-classical SFA equations, with deviations introduced by a nonzero value for e = /ZZ“’V.
0

For a coherent state driver, the electric field variance is given by AE? = e®”. That is, e™ is the
amplitude of electromagnetic vacuum fluctuations at the frequency of the driver. In free space,
this amplitude depends on the focusing of the beam, and was measured** to be of the order of

1-— 100& for focal spot radii in the range 100um — 1um . To obtain an upper bound for the

time delays (i.e., the ys time delays presented in the main text), we plug in e = 1500% (3e-7

a.u.).
V. Derivation of the effective photon statistics forces

In this section, we solve the coupled algebraic equations (IV.8) to show that within the qSFA,
photon statistics are formally equivalent to a time-dependent force. That is, within the
guantum-optical gSFA theory, the motion of the electron is formally governed by an
effective semi-classical theory that includes an effective photon-statistics force, in addition

to the classical electric field of the driving pulse.

17



According to equations (1V.8), the effective vector potential exerted by squeezed-coherent light
on the electron is given by A, (t) = — (Ea cos(wt) + Eq, sm(wt)) We note that in the absence

of squeezing, A, (t) = A, (t) where A, (t) is the classical vector potential carried by the driving

light. The last two equations of (1VV.8) can be solved exactly, resulting in

1 V.1
A,(t) = Z(ny cos(wt) + Eq, sin(a)t)) (V1)
an
E,, += EZ {_l — 2 - 2 }
_ vac pe [cos(wt) — cos(wt’)] + e? T —Ix Tcos(2wt) — cos(Rwt’)]
B EZ2 1 . . ,
(1 + ie? 2”“5 {t t' — 0 [sin(2wt) — sin(2wt )]})
E,, can be rearranged as
ie t "o 17; E x 12 V2
Ey, +5 EZqc [, dt" sin(wt )(p — ewycos(wt )) (V:2)
an = —r
1+ ie? 2’(’55 Jrdt" (1 = cos2wt™))
Taking EZ,./2w? « 1 and neglecting high-order terms in E,,., we have
(V.3)
2 4 "o " L Zyx " 2 nyvac "
Eq, = Ey, + Emc Jrdt" sin(wt”) (p el cos(a)t ))—ie ft, dt” (1 -

cos(Qwt'))
Using p = v(t) + eA,(t) = v(t) + %(ny cos(wt) + Eq, sin(wt)) where v(t) is the velocity

of the electron at time t, we have p — e Ewﬂcos(wt”) =v(t) + eian sin(wt). Hence

(V.4)
t ie ] i )
Eq, — By, = J- de” (; EZ, . v(t")sin(wt") + Eez Efac(Ea, — Ey,) smz(wt”)>
t,
Rearranging,
(V.5)
t " le 2 " .
ftl dt Evacv(t )Sln(wt ) e 5 t . N "
Eq, —Ey, = : ~— Ejqc | dt"v(t") sin(wt’)
(1 -z eZEEaC ft, dt”(sinz(wt”))) t’
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We plug this into the first equation of (IV.8), which describes the displacement of the electron as
a function of time:

(V.6)

t mn € " . 17 ie .o . " t " " . " _
ft, dt ;(ny cos(wt") + Ey, sin(wt'") + = Ejqc sin(wt )ft, dt""v(t"") sin(wt )) =
(t—tHp

Now, we make use of the formula

(V.7)
t T, t t
[ dn [ dn (Fadg@) + £E2g() = ( | de(T)) ( | drg(r))
0 0 0 0
To write the equality:
(V.8)
ie t t
P E5a6< t’dt” sin(wt”))( t’dt”’ v(t"") sin(wt"')) =
t ie e
t,dt” 2 EZ,. y dt'’ ((v(t”) + v(t’”)) sin(wt") sin(a)t”’))
Hence,
(V.9)
t ie e
dt'e lAy(t”) + 2 Egacf dt"’ ((v(t”) +v(t""))sin(wt”) sin(wt”’))l =({t—-t)p
t’ t’!

We now postulate the existence of an effective semi-classical action, S, ¢, which solves equation
(V.9).

t”

dSeff — ftdtll {p
dp ¢!
ie
w

—e lAy(t”) +— Egacf
t,

dt" ((v(e") + v(e")) sin(wt") sin(a)t”’))l} =0
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This is solved by the effective semi-classical action:

_ (V.10)
[p —eA, ") —— E,fac sm(a)t”)f dr v(1) sm(wr)]
Serr(p,t',t) = dt”

v 2

That is, the strong-field dynamics of the electron in the squeezed coherent field are formally
equivalent to dynamics in an effective semi-classical theory, where the electron is subject to the
classical vector potential A, (t") and an effective photon statistics force
ie _ e’ _ (V.11)
Agq(t'") = — EZ,. sin(wt") jt, dt v(7) sin(wt)

Consistency of the effective photon statistics force with the complete qSFA theory

Here, we derive the effective semi-classical coupled algebraic equations associated with the
effective photon statistics force. We show that they precisely reproduce the coupled algebraic

equations derived by the complete quantum-optical gSFA theory.

p derivative

Using the property v(7) = p — eA, (1), v(t") = p — eA, (t") we write:

ASerr (V.12)
dp
d [p eA,(t") —— Egac sin(wt"") f, dr( —eA (T)) sm(w‘r)]
dt”
dp ¢! 2

Explicitly, equates to (up to 2" order in E,,.):

dSess . R L N N (V.13)
O L dt < —eA,(t") — — Ejgcsin(wt )L dt (v(r) + v(t )) sm(wr))
This reproduces (V.9), i.e., the 3 equation of (1V.8).
t’ derivative
(V.14)

o ie? . s ot .
dS.;; d [t [p —ed, (t") — =7 Efqc sin(wt”) [, drv(z) sm(wr)]
v ar f dt 2
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[p - 4,@)]
2

ie

2 t
— E,facf dt” v(t") sin(wt")v(t") sin(wt’) —
w ¢!

This reproduces the 2" equation of (IV.8), as can be seen by substituting (IV.5) into (1V.8):

ie t V.15
Eq,—E,, = = Egacf dt"v(t") sin(wt') ( )
t,
ie? t 2
! . ! 2 " " . "
) [p — eAg ()12 ) [p —eA, (t") — sin(wt )? Efac [, dt"v(t") sin(wt")
2 B 2
2
—ed, (t' ie? t
= - [p ZY( )] + =z EZ,.v(t)sin(wt’) | dt"v(t")sin(wt")
t,
t derivative
" iez . " ! . 2 (V16)
s d rt [p —ed,(t") - =7 EZ2,. sin(wt )fto drv(r) sm(a)r)]
@ al, 2
_ _ie? g t \ i
p —eA,(t) 7 Evac sin(wt) fto dr v(7) sin(wt)
- 2
This precisely equates the third equation in (1V.8):
A ie? B2 i £ . ? (V.17)
[p — A, ()] ~ p—eA,(t) — 27 Evac sin(wt) fto T v(7) sin(wt)
2 B 2
. ewtonian trajectories in the effective photon statistics force
Vi N i ' ies in the effective ph istics f

In this section, we attribute physical meaning to the effective photon statistics force, using the
effective semi-classical SFA dipole moment:
2

F 52 "
, ¢ [p —eA,(t") - la% EZ2,.sin(wt') ftt, drv(1) sin(a)r)]
Seff(p't ,t) = dt )
t’

0= [ 405,00, 5=, 00)a (o= 10) -0 (550.)

+ C.C.
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. y 2
t [p —eA,(t")—e # EZ,.sin(wt') ftt, dtv(t) sin(w‘r)] ,
+

Sere(p, £, t") = | dt” 5 Y (V1.2)
t,
Expanding the exponent:
exp (—iSeff(p, t, t’))
~ exp (—iSy(p, t, t’)) (VL.3)
Egacez t”
X exp (— 2 v(t'") sin(wt”)f dt v(t) sin(wr))
t,
ieZ ¢! 2
t p—eA,(t") — =7 Eqc sin(wt”) [, drv(z) sin(wr)]
Seff(p! t,,t) = dt" >
t,
exp (_iSeff(p: t, t'))
¢ —eA t” 2 2 ¢!
— exp <—i de" w - % E2._v(t")sin(wt") f drv(r) sin(wr))
t! t'

Therefore, the effective photon statistics force results in exponential decay/ growth of the dipole
moment, with the rate of decay proportional to the velocity.

VII. Enhancement of multi-photon processes

Quantum states of light such as squeezed vacuum and stochastic light are known to enhance
multiphoton processes, which compete with high harmonic generation. For example, stochastic
and squeezed vacuum light enhance multiphoton ionization, which may result in bound state

depletion®*. Enhancement of multiphoton processes of order n scales as the n’th order
coherence g™ (0) of the driving light. Stochastic light enhances multiphoton ionization because
its n’th order coherence is given by g™ = n!. Squeezed vacuum light enhances multiphoton

ionization because it’s n’th order coherence is given by g™ = (2n — D!

In this paper, we explore HHG driven by squeezed coherent light, in a regime where only minute
bunching occurs and g™ =~ 1, thus multi-photon processes are not enhanced. The n’th order

coherence g™ of squeezed coherent light |ﬁ,rei¢) is given by (reference 8, equation 3.27):
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Gnn

M)+ = — _nn
g™ (=0)= GT
~ - W2 |S|EMnk
Gnn = ("!)ZZ Hi (m) 26(kD2(n — k)!

k=0
1
M= E[(4|S|2 + 12 - 1]

S = e'® cosh(r) sinh(r) = e!®(sinh?(r) + e~ " sinh(r)) = e'? sinh?(r)
wW=p

in which H, (x) are Hermite polynomials, and W,S, M are coefficients related to |5, ). In our
paper, we operate in a regime where I ., > L4, i.€., the coherent component of the light is
much brighter compared to the component originating from squeezing. In this limit |8]? =
[W|? > M, S, the element G,,,, becomes (ref” , equation 4.1):

nn—1)

Gpn = |W|2n+ >

(W|2n=t(SW*? + S*W?) + n?|W|?>""2M

For the cases discussed in the paper,

Wi = Neon = 10

W
§<101?2 =—
100
\4
M=~S<10? = —
100
Therefore,
nn—1
Gpn = |W|?" (1 + % W|=*(SW*? + s*W?) + n2|W|-2M> ~
nn—1D W™t n?W|™!
~ WZn 1+ + ~
W ( 2 100 100
nn—1) n?
~ W1+ 10714 ~ W]
W <+ <2x100+100>> W
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~ 2n (n) — Gnn _ WP
We have G,,, = [W|“", and g ¢ (wpn

enhancement of multiphoton ionization is negligible and the strong-field approximation is valid.

= 1, i.e., no bunching occurs, and therefore
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