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S1. Interference in quantum electrodynamic processes
The purpose of this section is to elucidate the physics of interference arising from electron
waveshaping, and how it leads to the enhancement of radiative processes such as atomic
Bremmstrahlung (Fig. 2 of the main text) and undulator bremsstrahlung (Fig. 3 of the main text). The
ability to control quantum electrodynamical (QED) processes through electron waveshaping arises
directly from the wave-like nature of the input and output particles in QED processes. This wave-like
nature of input and output allows the quantum mechanical transition amplitudes of the processes
themselves to constructively or destructively interfere, where each process is associated with exactly
one input momentum state. As the emission rate is the square of the total amplitude, this enables
interference to play a decisive role in the overall emission rate. As such, the shaping of an input
electron wavepacket, which consists of multiple momentum states, can be used to control and
engineer interferences in the processes for which the electron wavepacket is an input. A more
quantitative description of this phenomenon for the case of two input momentum states | ⟩ and | ⟩

is given via Eqs. (1-3) of the main text. There, we see that the right choice of shaped electron input
can change the cross section from an incoherent cross section ∝ |
cross section ∝ |
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| (Eq. (2)) to a coherent

are the scattering amplitudes for the respective
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input momentum states modulo the delta distributions. The difference between the coherent and
incoherent cross sections is the cross term 2Re{
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substantial compared to the incoherent cross section.

}, which is generally nonzero and can be

Figs. S1 and S2 illustrate this phenomenon using the atomic bremsstrahlung example in Fig. 2g-j,
and the undulator bremsstrahlung example in Fig. 3c-f. By breaking down the overall cross section
| + | into the constituent terms | | , | | and cross term 2Re{
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the cross term in bringing about the enhancement in the final output.

}, we see the important role of
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Figure S1. Illustration of quantum interference arising from a two-state electron input,
resulting in enhanced atomic bremsstrahlung. The parameters of this study are exactly those used
in Fig. 2g-j of the main text. (a) shows Fig. 2i rendered in a different colormap, where quantum
interference between the constituent processes results in an output cross section | + | ( and
correspond to the transition amplitudes from the two input states respectively). To understand the
contrast between the coherent output | + | vs. the incoherent output | | + | | , we break
| + | = | | + | | + 2Re{ ∗ } down into its constituent terms in (b-d). We see that the cross
term shown in (d) is instrumental in the suppression of off-axis radiation, as well as in the
enhancement of on-axis radiation, in the final result (a). This represents destructive interference offaxis, but constructive interference on-axis between the processes and .
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Figure S2. Illustration of quantum interference arising from a two-state electron input,
resulting in enhanced undulator bremsstrahlung. The parameters of this study are exactly those
used in Fig. 3c-f. (a) shows Fig. 3e rendered in a different colormap, where quantum interference
between the constituent processes results in an output cross section | + | ( and correspond to
the transition amplitudes from the two input states respectively). To understand the contrast between
the coherent output | + | vs. the incoherent output | | + | | , we break | + | = | | +
| | + 2Re{ ∗ } down into its constituent terms in (b-d). We see that the cross term shown in (d) is
instrumental in the suppression of low-frequency radiation in the final result (a). This represents
destructive interference at lower frequencies, but not at higher frequencies near the desired peak,
between the processes and .

S2. Proposed scheme for experimental realization of quantum interference in bremsstrahlung
The purpose of this section is to present calculations towards the design of experimental
demonstrations for control of radiative processes via electron waveshaping. Both examples of atomic
bremsstrahlung and undulator bremsstrahlung, presented in Figs. 2 and 3 respectively in the main text,
can be experimentally verified based on the schematic shown in Fig. S3. In Fig. S3, an electron plane
wave impinges on a biprism, which consists of two parallel grounded plates with a fine filament
between them. The filament has a positive potential, resulting in an electrostatic field that splits the
3

incident plane wave into two deflected plane waves. The use of the electrostatic biprism for this very
purpose was demonstrated in Refs. [1, 2], where the interference fringes of the resulting electron wave
superposition were measured. The generation of crossed electron beams using biprisms is also wellknown in electron holography [3], where carrier fringe spacings on the order of several picometers
have been achieved [4].
Electron
wave

Biprism

Photon
detector

Sample

Figure S3. Experimental schematic for demonstrating control of bremsstrahlung processes via
quantum interference from shaped electron wavepackets. An electron plane wave impinges on a
biprism, which consists of two parallel grounded plates with a fine filament between them. The
biprism converts the plane wave into two deflected plane waves, which is the input assumed in the
multi-state electron wave examples in Figs. 2 and 3 of the main text. The sample is placed within the
region of overlap between the two deflected plane waves, and photons emitted (brown wiggly line)
from the bremsstrahlung process are collected by a photon detector.

Instead of an electrostatic biprism, one may shape the electron wavepacket using single crystal
thin films [5], binary amplitude masks [6,7], patterned thin SiN membranes [8], electron-photon
interactions [9], electrostatic elements [10,11], or magnetic vortices [12] and needles [2]. Many of
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these schemes go beyond the simple deflection of an electron wave, and testify to the wide range of
electron wavepackets and waveshaping methods available.
One may theoretically estimate the deflection of the electron beam by the biprism when the fields
of the positive filament are well-approximated by that of an infinitely long charged wire, and the
deflection of the electron beam in the transverse direction

(perpendicular to its direction of original

travel, which we denote ) is nonrelativistic. As a result, the electron beam originally traveling at a
momentum ℏ
momentum ℏ

in the z-direction, where ℏ is the reduced Planck’s constant, is deflected by a

in the x-direction, whose magnitude is given by [1]

|
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is electron mass,
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the electron in z. The second equality is achieved using a potential
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at the surface of the filament ( = ± , = 0), and the

potential being 0 at the grounded plates ( = ± , = 0). For a 20 keV electron beam, Eq. (S1) shows
that a deflection angle
0.5 m,

= arctan (

/ ) of 8.7 × 10

rad is achieved with

= 5 mm. Under the small angle approximation, Eq. (S1) shows that

= 10 ,

=

scales linearly with

, allowing larger deflection angles to be achieved with higher filament potentials. Still larger

deflections may be obtained through the use of an appropriate focusing element placed after the
5

biprism. The focusing element will compress the interference pattern fringes, effectively increasing
the value of

and hence the deflection angle

.

Fig. S4 shows the differential cross sections for a 5 keV electron wavepacket incident on a
Tungsten (W) atom, for a spin-polarized (Fig. S4a-e) [13-16] and unpolarized (Fig. S4f-j) electron
source. In the spin-polarized case, we notice a distinct change in emission pattern when going from
the incoherent case in Fig. S4b, to the coherent case in Fig. S4c. Furthermore, the cross section drops
dramatically, indicating the destructive interference that occurs when the electron waves of opposite
phase generate atomic bremsstrahlung at such low incident angles. When the electron waves are of
the same phase (Fig. S4d), we see a constructive interference effect taking place, that enhances the
radiation cross section to levels beyond the unshaped and shaped incoherent cases in Figs. S4a and b
respectively. The relative phases of the electron waves can be controlled, for instance, through more
sophisticated designs that use the Aharanov-Bohm effect [2,17,18]. However, regardless of the
relative phases between the two input electron states, we predict a distinctive and measurable change
in the emitted photon rate and emission profile, which occurs when going from the unshaped (or
shaped incoherent) to the shaped coherent cases. In the unpolarized case (Figs. S4f-j), the shapes of
the emission profile are similar in all cases, but the measured photon emission rate are substantially
different. Due to destructive (constructive) interference, the shaped coherent case Fig. S4h (Fig. S4i)
has a markedly different photon emission rate compared with the unshaped as well as shaped
incoherent cases. These comparisons provide strong evidence for the ability to control radiative
processes through quantum interference arising from electron waveshaping.
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Figure S4. Atomic bremsstrahlung in a Tungsten (W) atom subject to a 5 keV electron
wavepacket at low deflection angles. In the typical atomic bremsstrahlung scenario, a single
momentum state electron scatters off a W atom and emits radiation. (a) shows the output photon
differential cross section from this process for a 5 keV electron, with a single z-directed input electron
state. (b)-(d) show the differential cross sections for the case of two input electron states oriented at
= 26.2 rad with respect to the z-axis. Quantum interference between the constituent processes
in (c) causes a near-cancellation of the output profile, as well as a change in its shape to become more
directional and peaked on-axis. In (c), the electron states are of opposite phase. Making the electron
states of the same phase in (d) leads instead to an enhanced emission. The on-axis profile of (a-d) is
shown in (e). In (a-e), the input electron states are spin-polarized in the same direction (upwards).
The results in (f-j) correspond to the same scenarios in (a-e) respectively, except (f-j) considers an
unpolarized electron source by averaging over all input spin combinations. A significant change in
the cross section, which can be experimentally measured, still occurs when going from the unshaped
to shaped coherent scenarios. In (e,j) the blue and red curves overlap exactly. Unless otherwise stated,
all parameters are the same as Fig. 2 of the main text.
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The total cross sections in the photon energy range shown in Figs. S4a-d are 4.29 × 10

4.29 × 10

m , 8.77 × 10

m and 8.58 × 10

m ,

m respectively, for electron interaction with

a single atom. Using the Kanaya-Okayama formula [19] to estimate the penetration depth of a 5 keV
electron beam into Tungsten (about 80 nm), we estimate that the average electron fired normally into
the sample would encounter about 300 atoms. We consider an electron beam radius of 0.5 m and an

average current of 1 nA, and calculate for Figs. S4a-d the following photon emission rates (note the
plunge in the bremsstrahlung output in panel c): 1 × 10 photons/s, 1 × 10 photons/s, 2 × 10

photons/s, and 2 × 10 photons/s, respectively. The total cross sections in Figs. S4f-i are
4.29 × 10

m , 4.29 × 10

m , 2.14 × 10

m and 6.43 × 10

m respectively, for a

single atom. For a 5 keV electron beam of radius 0.5 m and average current 1 nA, this corresponds
to photon emission rates of 1 × 10 photons/s, 1 × 10 photons/s, 5× 10 photons/s and 1.5 × 10

photons/s respectively. These X-ray photons can be measured via energy dispersive X-ray
spectroscopy (EDX) or wavelength dispersive X-ray spectroscopy (WDX).
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