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Polarization Shaping of Free-Electron Radiation by Gradient
Bianisotropic Metasurfaces
Liqiao Jing, Xiao Lin, Zuojia Wang,* Ido Kaminer, Hao Hu, Erping Li, Yongmin Liu,
Min Chen, Baile Zhang, and Hongsheng Chen*
accelerators,[29–31] bioimaging, and security detection.[32] Three basic and key
features for free-electron radiation are
the angular frequency 𝜔 (or the wavelength 𝜆 = 2𝜋c∕𝜔), the radiation angle 𝜃, and the polarization of emitted
light (Figure 1), where c is the speed
of light in free space. Rapid progress in
the realm of free-electron radiation has
fuelled a quest for the ﬂexible shaping
of all these features. Nanostructured planar lenses can provide ultrafast electromagnetic radiation with tunable illumination angle and focal length.[33] Vortex
ﬁeld radiation can be generated by using photon-sieve structures[34] and helical metagratings.[35] However, the very
important polarization shaping for freeelectron radiation[36,37] remains a longstanding challenge in experiments that
is highly sought after due to its potential
to enable more advanced applications. Here, we experimentally report the polarization shaping of SP radiation, along with
the common spectral and angular shaping,[38] at the microwave
regime by using a gradient bianisotropic metasurface (Figure 1).
Ever since the ﬁrst observation in 1953,[13] SP radiation has
become a well-known phenomenon of free-electron radiation. It
has the capability of generating light in such frequency ranges as

Free-electron radiation phenomena facilitate enticing potential to create light
emission with highly tunable spectra, covering hard-to-reach frequencies
ranging from microwave to X-ray. Consequently, they take part in many
applications such as on-chip light sources, particle accelerators, and medical
imaging. While their spectral tunability is extremely high, their polarizability is
usually much harder to control. Such limitations are especially apparent in all
free electron based spontaneous radiation sources, such as the
Smith−Purcell (SP) radiation. Here, anomalous free-electron radiation
phenomenon is demonstrated at the microwave regime from gradient
bianisotropic metasurfaces, by using a phased dipole array to mimics moving
charged particles. The phase gradient and the bianisotropy in metasurfaces
provide new degrees of freedom for the polarization shaping of free-electron
radiation, going beyond the common spectral and angular shaping.
Remarkably, the observed anomalous free-electron radiation obeys a
generalized SP formula derived from Fermat’s principle.

1. Introduction
Free-electron radiation,[1] such as Cherenkov radiation,[2–8] transition radiation,[9–12] and Smith−Purcell (SP) radiation,[13–20] is
of paramount importance to fundamental science. Free-electron
radiation also enables many practical applications, including
ultracompact light sources,[21–27] particle detectors,[9,28] particle
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Figure 1. Schematic of the polarization, angular, and spectral shaping
of free-electron radiation from gradient bianisotropic metasurfaces. Here
and below, a uniform sheet of electrons moves with a velocity v̄ = ẑ v along
a trajectory parallel to the metasurface plane, where v = 0.35c. The radiation angle 𝜃 is the angle between the y axis and the wavevector of emitted
light.

terahertz, deep ultraviolet, and X-ray,[18,23,39] which are diﬃcult
to reach through other technologies. Consider a swift electron
moves with the velocity v̄ = ẑ v along a trajectory parallel to the
surface of periodic structures (e.g., the grating) with a pitch p;
the conventional SP radiation is governed by the celebrated SP
formula,[13] that is,
sin 𝜃 =

𝜆
c
−m
v
p

(1)

where m is the integer diﬀraction order, 𝜆 is the wavelength of
radiated waves. The SP formula has been well tested in numerous
experiments and provided useful guidance for on-demand design
of tunable radiation and various applications.[16,17,32,35,38,40–43] On
the other hand, it is recently theoretically shown that the advent
of gradient metasurfaces[44–48] provides new degrees of freedom
for the manipulation of free-electron radiation.[49] For example, if
we introduce the phase gradient or phase discontinuity into the
periodic structure (i.e., the gradient metasurface), Equation (1)
can be generalized into
sin 𝜃 =

𝜆
𝜆 d𝜑
c
−m +
⋅
v
p 2𝜋 dz

(2)

where d𝜑
is the phase gradient along electron’s propagation direcdz
tion. Note that the reﬂection and refraction from gradient metasurfaces follows the generalized diﬀraction laws derived from
Fermat’s principle (i.e., the trajectory between two points taken
by a ray of light is that of the least optical path);[46] such exotic phenomena are denoted as the anomalous reﬂection and
refraction in the literature.[44–46] By following such terminology,
Equation (2) is denoted as the generalized SP formula. However,
the experimental conﬁrmation of the generalized SP formula remains seldom explored, despite the intriguing potential of gradient metasurfaces in shaping the light emission.
Here, we experimentally observe the anomalous free-electron
radiation phenomenon from gradient bianisotropic metasurfaces. The excellent agreement between our experimental and
theoretical results successfully veriﬁes that the observed anomalous radiation phenomenon obeys the generalized SP formula,
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Figure 2. Experimental, numerical, and analytical study of the anomalous free-electron radiation phenomenon obeying the generalized
Smith−Purcell (SP) formula. a) Experimental sample of the gradient bianisotropic metasurface (top panel), along with the structural schematic of
its super cell consisting of eight unit cells (bottom panel). In each unit
cell of the middle layer, the symmetric split ring has an open angle 𝛼,
and the central line of the opening (red dashed line) is azimuthally rotated by an angle 𝛾 with respect to the x axis. b) Radiation angle 𝜃 as a
function of the frequency 𝜔∕2𝜋 at three typical phase gradients d𝜑∕dz,
namely d𝜑∕dz ⋅ p = ± 𝜋∕4 or 0, where p is the pitch of metasurface. The
analytical lines are calculated according to either the regular SP formula
in Equation (1) or the generalized SP formula in Equation (2), where the
diﬀraction order is m = −1; the numerical data are extracted from the
CST simulation; the experimental data are extracted from Figure 4. The
phase gradient provides an extra degree of freedom for the spectral and
angular shaping of emitted light.

instead of the regular SP formula, if the phase gradient is
nonzero (Figure 2). The phase gradient in the generalized SP
formula thus provides an extra degree of freedom to facilitate
the spectral and angular shaping of free-electron radiation. Moreover, while both Equations (1 and 2) only describe the relation between the radiation angle and the frequency of emitted light, we
ﬁnd that the bianisotropy in gradient bianisotropic metasurfaces
can also provide an extra degree of freedom to facilitate the polarization shaping. Therefore, our work indicates that the gradient bianisotropic metasurface can provide a promising powerful
platform for the ﬂexible control of free-electron radiation.

2. Results
The anomalous free-electron radiation from a gradient bianisotropic metasurface is schematically shown in Figure 1. Consider a uniform sheet of moving electrons; the induced current
density in the time domain is J̄ (̄r , t) = ẑ qv𝛿(y − y0 )𝛿(z − vt),[9,10]
where q is the charge. After the Fourier transformation, the
induced current density in the frequency domain can be ex1
̄ r , t)ei𝜔t dt = ẑ qv 𝛿(y − y0 )eikz z , where
pressed as J̄ (̄r , 𝜔) = 2𝜋
∫ J(̄
2𝜋
[9,10]
Such a form of current density in the frequency
kz = 𝜔∕v.
domain can be eﬀectively mimicked by the phased dipole array
(Figures S1–S3, Supporting Information), which can be further
eﬀectively generated for example by the slot waveguide, as
veriﬁed[9] . On the other hand, the radiated power from electrons
at the microwave frequency is generally small. To facilitate the
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experimental observation of the anomalous radiation phenomenon, the slot waveguide is used to imitate the moving
electron sheet in the microwave experiments, while the realistic
moving electron sheet is used in the analytical calculation and
numerical simulation.
Figure 2a schematically shows the structure of gradient bianisotropic metasurfaces used in the experiment. To be speciﬁc,
the gradient bianisotropic metasurface has a pitch p = 20 mm
and consists of three metallic layers. The three metallic layers are separated by two F4B dielectric slabs. For each dielectric slab, it has a thickness of 4 mm and a relative permittivity
of 𝜀r = 2.65 + 0.01i. For metal, the copper with a conductivity
𝜎 = 5.8 × 107 S/m and a thickness of 0.035 mm is adopted.
Both the top and bottom layers are one-dimensional (1D) metallic
gratings. These two sets of gratings are orthogonal to each other,
and the neighboring metal strips are separated by an air gap of
9 mm. We add the phase gradient and the bianisotropy in the
middle layer, whose super- cell consists of eight unit cells (Figure S4, Supporting Information). Each unit cell is composed of
a symmetric split ring resonator connected by a cut wire, where
𝛼 represents the open angle of the symmetric split ring and 𝛾 is
the azimuthal rotation angle of unit cell. Accordingly, the arbitrary phase gradient in the middle layer can be eﬀectively constructed by gradually varying the values of 𝛼 and/or 𝛾 (Figure S5,
Supporting Information).
We now proceed to the veriﬁcation of the generalized SP formula, by directly comparing the analytically, numerically, and experimentally obtained relations of the radiation angle and the
frequency in Figure 2b. Within the studied frequency range in
Figure 2b, the moving electron has a velocity v = 0.35c, and
its trajectory is 0.5 mm beneath the metasurface plane. Without
loss of generality, the analytical, numerical, and experimental results are given at three typical phase gradients of the metasur⋅ p = 0 or ± 𝜋4 . For the cases with d𝜑
⋅p = 0
face, namely d𝜑
dz
dz

and d𝜑
⋅ p ≠ 0, the analytical results are calculated according to
dz
the regular SP formula in Equation (1) and the generalized SP
formula in Equation (2), respectively. For conceptual demonstration, only the diﬀraction order m = −1 in Equations (1 and 2)
is considered. Numerical data are extracted from the ﬁeld distribution of emitted light via the particle-in-cell simulation through
the commercial software CST (Figure 3a-c and Figure S6, Supporting Information), by using a ﬁnite-size electron sheet. Experimental data are extracted from the ﬁeld distribution on top of
a slot waveguide via microwave measurements. All cases in Figure 2b show the excellent agreement between the experimental,
numerical, and analytical results. Importantly, Figure 2b shows
⋅ p ≠ 0, the SP radiation would not obey the regular SP
that if d𝜑
dz
formula but is governed by the generalized SP formula.
Figure 3 numerically shows the ﬁeld distribution of emitted
light at 5.25 GHz, where the ﬁeld propagation direction is governed by the generalized SP formula. In order to clearly demonstrate the inﬂuence of phase gradient on the light emission, we
set the pitch of metasurface to be p = −mv𝜆∕c at 5.25 GHz,
where m = −1. This way, Equation (2) is simpliﬁed to sin𝜃 =
𝜆
⋅ d𝜑
. That is, if d𝜑
= 0, the propagation direction of emitted
2𝜋
dz
dz
light would be perpendicular to the metasurface plane (Figure
> 0, the emitted light propagates to the +̂z direction
3b). If d𝜑
dz

(e.g.,

d𝜑
dz

⋅p = +

𝜋
4

in Figure 3a). In contrast, if
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d𝜑
dz

< 0, the prop-

Figure 3. Numerical simulation of the anomalous free-electron radiation
phenomenon at 5.25 GHz. The trajectory of the electron sheet (green line
in each panel) is 0.5 mm beneath the metasurface plane (yellow line).
a) Gradient bianisotropic metasurface with d𝜑∕dz ⋅ p = + 𝜋∕4. b) Metasurface without gradient and bianisotropy, namely the grating. c) Gradient bianisotropic metasurface with d𝜑∕dz ⋅ p = − 𝜋∕4. The simultaneous existence of phase gradient and bianisotropy in the metasurface provide extra degrees of freedom for the polarization, spectral, and angular
shaping of free-electron radiation.

agation direction of emitted light becomes to the −̂z direction
⋅ p = − 𝜋4 in Figure 3c).
(e.g., d𝜑
dz
Moreover, Figure 3 numerically shows the polarization of emitted light can be modulated by the gradient bianisotropic metasur= 0, one may use the three-layered metaface. For the case of d𝜑
dz
surface by setting its middle layer to have 8 same unit cells in
the super cell. Alternatively, one can directly use the 1D metallic
grating (e.g., the bottom layer of the three-layered metasurface)
for simplicity (Figure 3b). For the grating (or periodic direction)
along the z direction, the conventional SP radiation has its electric ﬁeld always polarized along the z direction (Figures 3b and
Figure S7, Supporting Information). The underlying mechanism
is that the spatially extended interaction between moving electrons and the grating along the z direction can eﬀectively create
a bunch of electric dipoles only oscillating along the z direction.
≠ 0, the anomalous SP radiaIn contrast, for the cases of d𝜑
dz
tion has the electric ﬁeld mainly polarized along the x direction
(Figure 3a,c) and Figure S7, Supporting Information). In other
words, the polarizations of emitted light in Figure 3a,b,c are almost perpendicular to each other. Such an exotic polarization
shaping phenomenon of emitted light is enabled by the bianisotropy in the middle layer of the designed three-layered metasurface. That is, the bianisotropic middle layer can eﬃciently
transform the emitted Ez ﬁelds from the bottom layer to their
cross-polarized ones (i.e., Ex ), when the emitted light passes
through the middle layer. We highlight that the top or bottom
grating layer is specially designed to behave like a non-perfect
polarization ﬁlter within the studied frequency range (Figure S8,
Supporting Information). In other words, the two perpendicular
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gradient d𝜑
⋅ p in the metasurface varies from + 𝜋4 , 0 to − 𝜋4 . To
dz
facilitate the direct comparison, the relation of the radiation angle and the frequency is extracted from the measurement in Figure 4b-j and added in Figure 2b. From Figure 2b, these measured
results are in very good agreement with the theoretical prediction. As such, our microwave observation successfully proves the
validity of the generalized SP formula.
Regarding the polarization shaping of emitted light, the measured electric ﬁeld is polarized along the z direction if the 1D grating is used (Figure 4e-g), and it would be dominantly polarized
along the x direction if the gradient bianisotropic metasurface is
used (Figure 4b-d, h-j). These measured results are in very good
agreement with the simulation results in Figure 3 and Figure S6,
Supporting Information. Our experiment thus proves the capability of gradient bianisotropic metasurfaces in the polarization
shaping of free-electron radiation. Note that the phase gradient is
not a necessary condition to realize the polarization shaping.[36]

3. Conclusion
Figure 4. Experimental observation of the anomalous free-electron radiation phenomenon. a) Experimental measurement setup (Figure S9, Supporting Information). In the microwave experiment, a slot waveguide is
used to eﬀectively generate the phased dipole array, which can mimic the
evanescent ﬁelds carried by the electrons moving along the +̂z direction
at the studied frequency (Figures S1–S3, Supporting Information). b–j)
Measured ﬁeld distributions of emitted light in the yz plane. The metasurface is located at the y = 0 plane. The working frequency is 5.1 GHz
in (b,e,h), 5.25 GHz in (c,f,i), and 5.4 GHz in (d,g,j). The phase gradient
is d𝜑∕dz ⋅ p = + 𝜋∕4 in (b–d), d𝜑∕dz ⋅ p = 0 in (e–g), and d𝜑∕dz ⋅ p =
− 𝜋∕4 in (h–j). The measured electric ﬁeld of emitted light is mainly polarized along the x direction in (b–d, h–j), while it is polarized along the z
direction in (e–g).

gratings cannot induce the polarization shaping. As a clear evidence, if the middle layer in Figure 3a,c is removed, the emitted
light in the y > 0 region would possess the negligible Ex ﬁeld (but
weak Ez ﬁeld) (Figure S8, Supporting Information), due to the
negligible coupling of cross-polarized light between the two perpendicular metallic gratings. Therefore, the middle layer with the
phase gradient and the bianisotropy plays a key role in the polarization shaping of emitted light, besides the spectral and angular
shaping.
Figure 4 shows the experimental observation of the anomalous
SP radiation. The experimental measurement setup is shown in
Figure 4a and Figure S9 (Supporting Information). In the microwave experiment, the slot waveguide is placed 0.5 mm beneath the bottom layer of metasurface. Due to the advanced microwave technology, the amplitude and phase of emitted light can
be simultaneously measured by using the near-ﬁeld scanning
platform in an anechoic chamber.[50,51] In Figure 4b-j, three typ⋅ p = 0 or ± 𝜋4 are
ical metasurfaces with the phase gradient d𝜑
dz
experimentally tested at three diﬀerent frequencies, namely 5.1,
5.25, and 5.4 GHz.
Regarding the spectral and angular shaping of emitted light,
the radiation angle is changed from 16◦ , −6◦ to −28◦ at 5.1 GHz
◦
in Figure 4b,e,h, from 20 o , 0◦ to −20◦ at 5.25 GHz in Figure 4c,f,i,
and from 25◦ , 5◦ to −16◦ at 5.4 GHz in Figure 4d,g,j, if the phase
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In conclusion, we have observed the anomalous free-electron radiation phenomenon, which obeys the generalized SP formula
derived from Fermat’s principle, from gradient bianisotropic
metasurfaces. Moreover, we have experimentally observed the polarization shaping of free-electron radiation using gradient bianisotropic metasurfaces, along with the angular and spectra shaping. The polarization shaping of light emission goes beyond the
description of the generalized SP formula. The revealed technique for the ﬂexible shaping of free-electron radiation should be
applicable in other frequencies ranging from terahertz to ultraviolet. Therefore, our work further indicates that the gradient bianisotropic metasurface can provide a promising versatile platform
for the ﬂexible manipulation of free-electron radiation and may
boost the development of future on-chip nanophotonic circuits
and devices, such as on-chip free-electron light sources (with controllable polarization, frequency, and propagation direction), as
well as miniaturized particle accelerators, and novel sensing and
diagnostic devices.

4. Experimental Section
Numerical Simulation: The particle-in-cell studio in the commercial
software CST was used for the numerical simulation of SP radiation in this
work. Acceleration voltage was 35 kV and 0.5 A sheet electron beam was
used in the simulation. The cross-section of the electron sheet was 60 ×
0.5 mm, the rise time was 0.1 ns, and the electron velocity was v = 0.35c.
In order to accelerate the numerical simulation and save the CPU memory, the designed metasurface was composed of 3 × 16 unit cells along x
and z directions, respectively. The boundary conditions at x, y, and z directions were all set to be open boundary conditions. The distance between
the electron trajectory and the metasurface plane was 0.5 mm. An external
magnetic ﬁeld with Bz = 1 Tesla was applied to spatially bound the electron
beam so that the electron beam would move straightforward along the z
direction.
Experimental Apparatus and Setup: The detailed measurement setup
is shown in Figure S9 (Supporting Information). In the microwave experiment, an Agilent network analyzer and a two-dimensional near-ﬁeld scanning platform were employed. The constructed slot waveguide in Figure 4a
was built by the aluminum and had a dimensions of 60 ×12 × 400 mm; its
slot size was 60 × 2 mm. The transverse electric (TE) mode in the slot
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waveguide (Figure S2, Supporting Information) was used to eﬀectively
generate the phased dipole array, which could further mimic the evanescent ﬁelds carried by the moving electrons at the studied frequency. An
additional gradient waveguide was added at the input-port side of the slot
waveguide (or left side in Figure 4a) so that the TE10 mode in the slot
waveguide could be selectively and eﬃciently excited. To be speciﬁc, for
the gradient regular−regular waveguide transducer (Figure S3, Supporting
Information), its input port was judiciously designed to only support the
TE10 mode within our studied frequency range; moreover, both its width
and height were gradually varied along the z direction, so that the excited
TE10 mode at the input port of the gradient waveguide could be eﬃciently
transformed into the TE10 mode inside the slot waveguide. The gradient
bianisotropic metasurfaces had a dimension of 60 × 4.105 × 320 mm, and
they were fabricated using the PCB technology (Figure 4a).

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.

Conﬂict of Interest
The authors declare no conﬂict of interest.

Acknowledgements
L.J. and X.L. contributed equally to this work. The work at Zhejiang University was sponsored by the National Natural Science Foundation of China
(6180128, 61625502, 11961141010, and 61975176), the Top-Notch Young
Talents Program of China, and the Fundamental Research Funds for the
Central Universities.

Keywords
bianisotropy, free-electron radiation, gradient metasurfaces, polarization
shaping
Received: September 28, 2020
Revised: December 15, 2020
Published online:

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]

F. G. De Abajo, Rev. Mod. Phys. 2010, 82, 209.
P. Cherenkov, Science 1960, 131, 136.
H. Chen, M. Chen, Mater. Today 2011, 14, 34.
P. Genevet, D. Wintz, A. Ambrosio, A. She, R. Blanchard, F. Capasso,
Nat. Nanotechnol. 2015, 10, 804.
X. Shi, X. Lin, F. Gao, H. Xu, Z. Yang, B. Zhang, Phys. Rev. B 2015, 92,
081404.
Z. Duan, X. Tang, Z. Wang, Y. Zhang, X. Chen, M. Chen, Y. Gong, Nat.
Commun. 2017, 8, 14901.
C. Luo, M. Ibanescu, S. G. Johnson, J. Joannopoulos, Science 2003,
299, 368.
S. Xi, H. Chen, T. Jiang, L. Ran, J. Huangfu, B.-I. Wu, J. A. Kong, M.
Chen, Phys. Rev. Lett. 2009, 103, 194801.
X. Lin, S. Easo, Y. Shen, H. Chen, B. Zhang, J. D. Joannopoulos, M.
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