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Resonant phase-matching between a light wave
and a free-electron wavefunction
Raphael Dahan1,2, Saar Nehemia1,2, Michael Shentcis1, Ori Reinhardt1, Yuval Adiv1, Xihang Shi1,
Orr Be’er1, Morgan H. Lynch1, Yaniv Kurman1, Kangpeng Wang1 and Ido Kaminer 1 ✉
Quantum light–matter interactions of bound electron systems have been studied extensively. By contrast, quantum interactions of free electrons with light have only become accessible in recent years, following the discovery of photon-induced
near-field electron microscopy (PINEM). So far, the fundamental free electron–light interaction in all PINEM experiments has
remained weak due to its localized near-field nature, which imposes an energy–momentum mismatch between electrons and
light. Here, we demonstrate a strong interaction between free-electron waves and light waves, resulting from precise energy–
momentum phase-matching with the extended propagating light field. By exchanging hundreds of photons with the field, each
electron simultaneously accelerates and decelerates in a coherent manner. Consequently, each electron’s quantum wavefunction evolves into a quantized energy comb, spanning a bandwidth of over 1,700 eV, requiring us to extend the PINEM theory.
Our observation of coherent electron phase-matching with a propagating wave is a type of inverse-Cherenkov interaction that
occurs with a quantum electron wavefunction, demonstrating how the extended nature of the electron wavefunction can alter
stimulated electron–light interactions.

T

he interaction between free electrons and light lies at the core
of quantum electrodynamics and has been instrumental in a
wide range of applications throughout the years. The development of photon-induced near-field electron microscopy (PINEM) in
20091 and its theoretical quantum description in 20102,3 opened the
door for numerous experimental and theoretical discoveries in the
quantum interactions of free electrons with light. These fundamental interactions are fully described by a quantum electron wavefunction interacting with a classical electromagnetic field. PINEM-type
interactions have demonstrated laser-driven free-electron quantum
walk and Rabi oscillations4, particle–wave duality with single electrons5, laser-controlled electron angular momentum6 and photonic
cavity lifetime measurement7,8. In such experiments, the electron
interacts with the near field of a thin sample and probes its properties. Importantly, the fundamental interaction in all these experiments has remained weak due to the localized nature of the near
field, which cannot achieve full energy–momentum matching
between electrons and light3,9.
Unlike these quantum localized interactions, extended interactions can become stronger by orders of magnitude when satisfying energy–momentum matching over a long interaction distance
and a prolonged interaction duration. This energy–momentum
phase-matching condition is famously found in the Cherenkov
effect10, the Smith–Purcell effect11, their inverse effects12–18 and
a wide range of electron–light interactions that satisfy similar
phase-matching conditions19–22. Such classical phase-matching
interactions in electrodynamics have been exploited for numerous
applications23 in particle identification24–26, medical imaging27, quantum cascade lasers28, optical frequency combs29, laser-driven particles30–32 and other areas of nonlinear optics33 and nanophotonics34–37.
Yet, to this day, all these free-electron phase-matched experiments
have been perfectly accounted for by classical electrodynamics.
Fundamentally, all these effects involve the same energy–momentum matching (phase-matching) of a classical particle that interacts

resonantly with a propagating wave over an extended distance of
multiple wavelengths, through which the particle exchanges energy
with the wave. In a similar way, all demonstrations of analogous
effects in a wide range of fields—such as water waves, acoustics,
plasmonics and even phononics38—were also explained entirely by
classical physics.
A quantum description of phase-matched electron–light interactions resulted in several theoretical predictions of quantum effects.
Conceptually, quantum electrodynamics (QED) predicts three different types of quantum effect that can occur in phase-matched
electron–light interactions. The first type of effect arises due to quantization of the electromagnetic field; this was first analysed in 1940 by
Ginzburg and Sokolov in the context of the Cherenkov effect39,40 and
was predicted to cause recoil corrections due to photon emission41,42.
The second type of quantum effect involves higher-order processes in QED43. The third, which is the most relevant to this work,
depends on the quantum-wave nature of the electron. Such quantum corrections can arise from transverse features of the electron
wavefunction, such as its orbital angular momentum (OAM)41, or
from longitudinal features of the electron wavefunction, such as its
temporal duration44,45. The PINEM interactions can be seen as an
occurrence of the quantum effect of the third type, arising from the
quantum-wave nature of the electron, yet with localized near fields.
So far, none of the three types of quantum effect have been observed
with an extended field. It is exactly these types of extended field
interaction that are central in laser-driven particle acceleration and
in all phase-matched interactions.
In this Article, we report the observation of such a quantum effect:
a quantum electron wavefunction interacting with an extended
field while satisfying phase-matching conditions (our results first
appeared on arXiv on September 2019; ref. 46). We demonstrate a
resonant exchange of hundreds of photon quanta with a single electron by precisely matching the phase velocity of the light wave and
the group velocity of the electron wavefunction along the electron
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trajectory. Our experiment achieves this phase-matched interaction by illuminating the electron at the Cherenkov angle. Under this
Cherenkov-type phase-matching condition, parts of the electron
wavefunction strongly gain energy, while other parts strongly lose
energy simultaneously (Fig. 1). In other words, the same electron
simultaneously absorbs and emits hundreds of photons in our experiment. The coherent resonant interaction remains phase-matched
over hundreds of micrometres, resulting in a modulated electron
wavefunction that forms a quantized plateau extending over hundreds of electron volts. We find that conventional PINEM theory
is not sufficient to explain these findings, so we develop a theory
that extends beyond the conventional theory and provides a general formalism for all phase-matched electron–light interactions.
Revealing quantum features in such interactions shows prospects
for the design of highly controllable light sources31,47,48, spectroscopy
methods49 and more efficient accelerators and detectors50–52.
We compared our measurements with classical theory (Fig. 1b–d),
which forms a bridge between PINEM-type experiments and
dielectric-laser accelerators (DLAs). DLA experiments also use
phase-matched electron–laser interactions; however, a classical
theory has accurately described all DLA experiments so far30,53,54.
Surprisingly, differences in the classical versus quantum predictions appear most strongly at maximal energy gain and loss
(Supplementary Fig. 3). In addition, the energy resolution and electron coherence in our experiments uncover that each electron accelerated by a DLA can potentially become a quantized energy comb.
This comparison constitutes an intriguing connection between
DLAs and PINEM experiments: they can be seen as two sides—
quantum and classical—of the same family of phase-matched electron–laser experiments.

Experimental set-up

To achieve a strong interaction in our experiment, we satisfy the
phase-matching condition by reducing the phase velocity of light
using a dielectric medium—a glass prism (Fig. 2). The light is coupled into the prism to precisely match the Cherenkov angle θ and
undergoes total internal reflection inside the prism. As a result, an
evanescent tail extends outside the medium into vacuum, where it
interacts with the electron that grazes the prism’s interface along
several hundred micrometres (Figs. 1a and 2). This grazing-angle
interaction is sometimes called the Cherenkov–Landau effect55,
and was studied in many previous papers using electrons moving
in vacuum near a planar interface13,18. In all previous works, such
interactions and all interactions that satisfied phase-matching
conditions were always described using classical electrodynamics. For example, a prism set-up was used recently30 to achieve the
phase-matching condition in classical electrodynamics using a
scanning electron microscope. By contrast, our work demonstrates
a quantum interaction satisfying phase-matching using a coherent
free-electron wavefunction and measuring it with an energy resolution better than the energy of a single photon, thereby revealing
the quantum features of the interaction. Such an interaction results
in an extraordinarily strong quantized modulation of the electron
energy spectrum.
The experimental set-up that we use to demonstrate the strong
quantized interaction is an ultrafast transmission electron microscope (UTEM). To achieve the strong phase-matched interaction,
besides synchronizing the velocities, the focused electron probe
needs to remain in the region of the evanescent field (≲ one wavelength from the surface56) over a long distance, that I is, achieve
the grazing-angle interaction (Fig. 2). In our case, this challenge
requires aligning the surface with respect to the electron beam, to
be precisely parallel to it with error less than ~λ/2 = 350 nm for an
entire prism side length of 500 μm. Otherwise, part of the electron
beam will either be blocked by the prism or the electron will be too
far away to interact with the evanescent field. The electron beam is
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also focused to a submicrometre probe to maximize the interaction;
however, this comes at the price of a high divergence angle. Despite
these complications, we achieved this grazing-angle condition by
a technique we developed and applied in the UTEM (Methods),
which maximizes the electron–laser interaction to a greater strength
than previously achieved in the literature. (The effective interaction length is three orders of magnitude larger than that achieved
in previous works owing to our proprietary grazing-angle interaction set-up. Our grazing-angle interaction differs from regular
electron microscope experiments in which thin samples are used
(tens to a few hundred nanometres).) To the best of our knowledge, the realization of such grazing-angle interaction conditions
has not been accomplished previously in a transmission electron
microscope (TEM).
The UTEM set-up was previously used to study quantized interactions of free electrons with a laser1,4,9,57–60. All previous UTEM
experiments involved a localized interaction1,4,57,59, for example, near
fields (as in the PINEM acronym), propagating transverse to the
electron velocity5,6,60 or spatially limited in other ways9. As long as
the interaction remains localized, it can be described with conventional PINEM2–4,9. By contrast, our study demonstrates an extended
interaction, in both space and time, with propagating electromagnetic waves that accompany the electron motion, which requires a
more advanced theory than conventional PINEM.

Extending the theory of PINEM

In conventional PINEM2,4,9, the interaction is quantified by a single
dimensionless coupling constant g, which describes the normalized
interaction strength. This coupling constant is derived by integration of the (classical) electric field along the electron trajectory
r(t) = (x,y,vet):
gðx; yÞ ¼

qe
ℏω

Z1

�1

~z ðx; y; zÞe�iωz=ve dz
E

ð1Þ

~z is defined by Ez ðt Þ ¼ E
~z e�iωt (the electric-field z compowhere E
I
nent without
its carrier Ifrequency), qe is the electron charge, ω is
the laser frequency and ve is the electron velocity. This g parameter
can be measured with1 or without4 averaging over the electron and
laser pulses3,9. Either way, in all PINEM papers so far, the same g
parameter was the fundamental measure of the interaction strength.
However, this fundamental parameter cannot describe our experiment because of the prolonged duration and extended length of the
interaction; these conditions in our grazing-angle experiments force
us to extend PINEM theory.
To capture a general extended time-dependent interaction, we
can define a generalized g parameter that is now also a function of a
time variable T that parameterizes the electron trajectory:
g ðx; y; T Þ ¼

qe
ℏω

Z1

�1

~z ðx; y; z; T þ z=ve Þe�iωz=ve dz
E

ð2Þ

~z is now time-dependent. This expresComparing to equation (1), E
I
sion contains the parameterization
of the electron trajectory (the z
~z ðx; y; z; z=ve þ T Þ,
parameter), not only in the spatial coordinate of E
I
but also in its temporal coordinate, which represents
the temporal
dynamics of the laser field. This time variable in g(x,y,T) encodes
the dependence of the interaction strength on the dynamics of
the electromagnetic field that accompanies the electron along its
extended trajectory. For more details see Supplementary Note 1 and
for an illustration of the dynamics see the Supplementary Video.
With this generalized g parameter, the electron wavefunction
(under a paraxial approximation as in conventional PINEM2,3 and
in our Supplementary Note 1) can be expressed as
Nature Physics | www.nature.com/naturephysics
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Fig. 1 | Quantum versus classical phase-matching of an electron and light. A demonstration of a quantum Cherenkov effect; our experimental results
show the strong quantum interaction of the electron wavefunction with the phase-matched field achieved by fine-tuning of the electron velocity ve to
match the phase velocity of light vp. a, Comparison of the phase-matched interaction (left) and an interaction that is not phase-matched (right), for both
the classical and quantum interpretations. The electron interacts with an evanescent field generated by a laser that is totally internally reflected from a
planar interface. In the classical interpretation, a point electron is phase-matched with the alternating amplitude of the light field (red/blue) and results in
accumulated acceleration/deceleration. In the quantum interpretation, an electron wavefunction (shown in its spatial representation) is phase-matched
with a propagating light field over multiple optical wavelengths/cycles simultaneously, leading to a phase modulation of the electron wavefunction
(alternating red–blue colouring) that directly translates to the electron energy change. When the phase-matching condition is satisfied, each point in the
electron wavefunction interacts with a different part of the field, yet always in a resonant manner. Note that the phase-matching condition is the same
for classical and quantum theory. b,c, Comparison of the resulting electron energy spectra when phase-matched (b) and phase-mismatched (c). The
classical spectrum approximates the average of the quantum spectrum, except for the far edges of the spectrum (Supplementary Fig. 3). d, Example of
our measured (blue) and theoretical (orange) electron energy spectrum after a phase-matched interaction. The spectrum shows an energy gain/loss
of 100 eV discretized by quanta of photon energy ðhω  1:7 eVÞ. Figure 5 (later) shows the results of larger gain and loss. The quantum (orange) and
I for comparison, showing a good fit to the acquired spectrum; for details see Supplementary Notes
classical (black) calculated spectra are also provided
1 and 3, respectively. Top: zoom in on the range −15 to 15 eV to highlight individual peaks.
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Fig. 2 | Experimental set-up. a, Illustration of the UTEM set-up, showing
the grazing-angle interaction with a prism. The electron pulse is generated
by photoexcitation of electrons with an ultraviolet pulse. The electrons
graze the surface of a prism and interact with an evanescent field
generated by another laser pulse that enters the prism and undergoes total
internal reflection from the same surface. The electrons are measured with
an electron energy spectrometer. b, Zoom in on the interaction area along
the planar interface of a prism (α = 45°). The laser illuminates the electron
at the Cherenkov angle θ = 19.8°, satisfying ncosθ = c/ve, with n being the
index of refraction of the prism and ve the electron velocity. Inset: image
of the prism positioned on the edge of a hole through which the electrons
pass (parameters are defined in the Methods).

�iωT
ϕðx; y; T Þ¼ ϕ0 ðx; y; T Þe�2iImfg ðx;y;T Þe g
1
P
¼ ϕ0 ðx; y; T Þ
J‘ ð2jg ðx; y; T ÞjÞei‘argf�g ðx;y;T Þg e�i‘ωT

‘¼�1

ð3Þ

where ϕ0 is the coherent envelope of the electron wavefunction
before the interaction. Note that, unlike conventional PINEM theory, the analytical expansion in equation (3) is not a Fourier series,
because the coefficients depend on T, and thus the Bessel functions
J‘ ð2jg ðx; y; T ÞjÞ cannot represent amplitudes of the electron quanI state on the energy ladder. To extract the electron energy spectum
trum, we can convert equation (3) into a Fourier transform, showing
how each previously discrete PINEM energy ladder is coherently
broadened into a continuous energy distribution (by the laser linewidth in g). For large values of g, this phenomenon changes the electron energy spectrum, deviating from conventional PINEM theory.
Using the time-dependent coupling constant g(x,y,T), we derive
the energy probability density of the electron after the interaction
ρ(x,y,U,Δt) at different time delays Δt and energies U. We do so by
convolving, in both energy and time, the probability density that
resulted from a coherent interaction with the probability density of
the incoming electron ρ0 (x,y,U,T):
ρðx; y; U; Δt Þ ¼
1
R
P
dUdTρ0 ðx; y; U; T Þ
J‘2 ð2jg ðx; y; Δt � T ÞjÞδðU � U � ‘ℏωÞ
‘¼�1

ð4Þ

ρ0(x,y,U,T) contains the experimental values of the incoherent
energy width (the zero-loss peak), the incoherent pulse duration

of the incoming electron, as well as the spot size and location of
the electron probe.R We average the probability distribution over
x,y by ρðU; Δt Þ ¼ dxdyρðx; y; U; Δt Þ; for more information see
Supplementary
Notes 1 and 5c. Note that, in equation (4), we
I
neglect the coherent energy broadenings of the interaction relative
to the incoherent energy width of the incoming electron.
Figure 3 presents a map of the electron energy spectrum ρ(U,ΔT)
as a function of delay ΔT between the electron and laser pulses (the
time delay scan). By incorporating the spatiotemporal dynamics of
the laser field, our extended PINEM theory explains the acquired
data better than conventional PINEM theory (compare the panels in
Fig. 3). Importantly, our time-dependent coupling constant g(x,y,T)
(equation (2)) reduces to the time-independent g(x,y) (equation
(1)) of conventional theory2–4,9, when assuming a separable coupling
constant g ðx; y; T Þ ¼ g ðx; yÞ  funcðTÞ, with func representing the
I spatiotemporal profile of the laser pulse. However, this
longitudinal
assumption is invalid in our experiment and the implications are
shown in the comparison in Fig. 3c,d. The most prominent difference is that, while conventional theory predicts energy gain and
loss of up to ~270 eV, both the extended theory and the experiment
show an energy gain and loss up to ~500 eV.

Satisfying the phase-matching condition over hundreds of
micrometres

In the present set-up, the electron interacts with an evanescent wave
~z ðx; y; z; t Þ ¼ E
~envelope ðx; y; z; tÞe�κx x eikz z
that can be expressed as E
ðκ x >0; x >0Þ, where ðkx ¼I iκ x ; ky ¼ 0; kz Þ is the wavevector of the
~envelope
I
ðx; y; z; tÞ is the envelope, for example,
evanescent
field and E
I
arising from the Gaussian
pulse (Supplementary Note 2). Once we
I
substitute the field into equation (2), the z coefficient in the exponent becomes kz  ω=ve, which expresses the phase-mismatch
I and the field.
between the electron
The key to realizing the resonant strong interaction is to maintain the phase-matching condition ve = ω/kz for a long interaction
along the planar interface. Satisfying this phase-matching condition
is equivalent to a condition on the angle of the incident laser to equal
the famous Cherenkov angle, that is, cosθ = c/(ven), with n being the
index of refraction (Fig. 2b and Supplementary Note 4). When the
condition is satisfied, a long interaction length results in a coupling
constant that grows linearly with the system macroscopic size. (With
the phase-matching condition satisfied, the integrand in equation (2)
is no longer periodic and instead of canceling out after every period
of the field it is accumulated over the periods. Therefore, it seems that
g would diverge for an infinite interaction length, but, in practice, it
is bounded by the finite length of the interaction.) This linear scaling
is different from all the previous PINEM experiments and it is the
key for the strong interaction we observe. In all these previous experiments, only a single Fourier component of the near field contributed
to the coupling constant; the rest of the field did not participate in the
interaction. By contrast, in our experiment, the entire field constitutes a single Fourier component and thus contributes to the strong
interaction. This difference in scaling is exactly analogous to the situation in many nonlinear optical processes such as second-harmonic
generation. There, without satisfying the phase-matching condition,
the efficiency is extremely weak; however, once the phase-matching
condition is satisfied the efficiency grows linearly with system size.
Quantitatively, we can define an effective interaction length Leff
q E0;z Leff
such that j g j ¼ e ℏω
. In all previous experiments the interaction
was localized
(for
example, refs. 1,4,9,60) and the effective length of
I
interaction was roughly Leff ≲λ (several hundred nanometres).
I conditions enable us to increase
However, our grazing-angle
this to Leff  λ (several hundred micrometres) by exploiting the
I
phase-matching
in an extended interaction using our grazing-angle
set-up. As a result, we achieved a large coupling constant g (Fig. 5),
more than an order of magnitude larger than in previous PINEM
experiments.
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Fig. 3 | Comparison of the experimental data with both conventional PINEM theory and our extended theory. a, Experimental time delay scan of the
electron energy spectrum, varying the delay between the laser and electron pulses (energy range of −100 to 100 eV). b, Full electron energy spectrum at
zero delay (energy range of −500 to 500 eV). c, Simulated time delay scan produced using conventional PINEM theory. This theory neglects the temporal
dynamics of the laser pulse during its extended interaction with the electron. The simulated time scan is far from the experimental results (a,b), as it
predicts a maximum interaction strength of less than 300 eV. d, Simulated time delay scan produced using our extended theory, which accounts for the
temporal evolution of the laser pulse during its extended interaction with the electron. The electron and laser pulses overlap for a prolonged duration and
distance, resulting in a much broader electron energy spectrum that shows good agreement with the experimental data. The insets to the right of a, c and
d show zooms of the top left corner of each scan (marked by dashed rectangles). The two theories produce opposite curvatures, and only the extended
theory matches the experiment (solid black curves are marked to guide the eye). The energy probability distribution ρ0(x,y,U,t) of the initial electron has a
Gaussian profile in time (~400-fs full-width at half-maximum, FWHM) and energy (~1.1-eV FWHM).

Figure 4 analyses the effect of different parameters on the
phase-matching and emphasizes the sensitivity of the interaction
strength to the electron energy. The acceleration voltage controls the
electron kinetic energy (Ee = 207.2 keV) and determines its velocity
(ve = 0.7027c). Because of material dispersion, the refractive index of
the prism changes with the laser wavelength; for example, n = 1.512
at λ = 730 nm. The strongest interaction at each wavelength in
Fig. 4a follows a curve that satisfies the resonant phase-matching
condition: a small change of only 2 keV (<1%) in the electron
energy can result in g changing by an order of magnitude. The level
of sensitivity is proportional to the interaction length. The electron
energy spectra in Fig. 4c–e highlight the importance of precise
phase-matching for the interaction strength: roughly, the maximum
number of photons exchanged is 2|g| and the energy spread (the
edge of each spectrum) is 2ℏωjgj. The theoretical analysis is provided in Supplementary NoteI 1.
An optimal interaction has to balance important tradeoffs: the
interaction is indeed stronger for longer wavelengths (Fig. 4a), but
the quantum features are harder to measure because the distance
between adjacent peaks shrinks (insets, Fig. 4c–e). Another tradeoff is that a longer medium interface increases g but also requires
that the electron stays farther away from the interface because of
Nature Physics | www.nature.com/naturephysics

its unavoidable spread angle (Fig. 4b), which creates an exponential decrease in the interaction strength (dashed lines, Fig. 4b). (The
effective interaction length is limited in practice by the length of
the medium, the transverse spatial extent of the incident laser pulse
(initial spot size) projected on the prism’s surface, and the temporal
duration of the laser pulse; Supplementary Notes 2 and 4.)
Figure 5 shows measurements of strong interactions with the
large g values that resulted from the Cherenkov phase-matched
interaction. In the blue curve in Fig. 5a we achieved |g| ≈ 150,
which matches the maximum energy gain/loss of 510 eV (also see
the zoomed panels in Fig. 5b and the comparison with theory in
Fig. 5c). By using a shorter duration and a more intense laser pulse,
we achieved |g| > 250, which matches a maximum energy gain/loss
of <850 eV (that is, >1,700 eV bandwidth, pink energy spectra in
Fig. 5a). However, this interaction involves only part of the electron
distribution, leaving a large near-zero peak in the electron energy
spectrum. Regardless, the interaction results in a free-electron comb
where the electron exchanges hundreds of photons with the field,
becoming a coherent superposition of energy peaks in the form of a
quantized plateau (Fig. 5b).
Notably, Fig. 5 shows that the quantization of the electron
energy spectrum in the form of a comb can spread over more

Articles

Nature Physics

205

300

c

200

d

0.8

4

0.6

0.7

Wavelength (µm)

Resolution

0.8

Interaction strength

2,500

Δθ
=

0

b

Probability (eV–1)

Peak-to-peak distance

1.5

Δθ

0
0

500

1.5 m

rad

500

Interface length (µm)

1,000

200

400

600

800

2∣g ∣ = 307
(530 eV)
Phase-matched

ħω1

3
2
1

–800 –600 –400 –200
1,000

Δθ = 1 mrad

Δθ =
500

ad

mr

0

×10–3

1,500

2∣g ∣

1,500

.5
=0

l = 100

0
–800 –600 –400 –200

e

×10
2.0

0

200

0.5

600

800

2∣g ∣ = 518
(756 eV)
Phase-matched

ħω2

1.5
1.0

400

–3

l = –100

2.0

0.7

ħω1

0.5

100
0.6

Energy transfer
(2∣g∣ħω1) (eV)

1.0

Phasemismatched

l = 100

e

1.5

l = 100

500

d

2∣g ∣ = 46
(80 eV)

l = –100

Phasemismatched

Probability (eV–1)

Phasematched

210

×10–2
2.0

700

Probability (eV–1)

Electron energy (keV)

215

ħω (eV)

c

2∣g ∣ħω (eV)

l = –100

a

0
–800 –600 –400 –200
0
200 400
Electron energy loss (eV)

600

800

hω as a function
Fig. 4 | Conditions for phase-matching and theoretical analysis. a, The interaction strength quantified by the energy spread 2jgj
of the electron kinetic energy and the wavelength of the laser, showing the curve of perfect phase-matching. Bottom: reminderI of photon energy
versus wavelength to emphasize that the distance between peaks in the spectra changes with the wavelength. As we increase the wavelength, we
obtain a stronger interaction but gradually lose the ability to resolve individual peaks. b, The interaction strength as a function of the prism length
for different divergence angles of the electron beam (Δθ = 0 is a perfectly collimated beam). By fitting our data, we estimate a beam divergence of
Δθ ≈ 1 mrad = 0.057°. This parameter also includes a deviation from a perfect straight trajectory, because the beam follows a helical trajectory created by
the magnetic field of the objective lens. This divergence keeps the electron beam farther away from the prism for larger interface lengths, which explains
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which we work in our experiment. c–e, Examples of electron energy spectra calculated with different coupling constants showing weak (c, Ee = 204.5 eV,
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respectively. The calculations for this figure use our experimental parameters unless stated otherwise (see Methods for more information).

than a thousand electron volts. An electron energy comb has been
observed previously only in pulsed photoexcitation of bound electrons, as in the phenomenon of above-threshold ionization61 (ATI).
Such spectral features in electrons are the reason for the production
of a similar comb of high laser harmonics, which opened the field
of attosecond science62. All these rely on initially bound electrons
that absorb multiple photons, but never on free electrons. Free electrons have remarkably different physical phenomena and applications compared to bound electrons. For example, unlike bound
electrons, free electrons can have relativistic velocities and therefore
induce relativistic effects, such as the quantum physics of DLA and
of Cherenkov-type interactions that we observed in this work. More
generally, the resonant phase-matched interaction we explored
opens the way to extremely nonlinear quantum optical phenomena
based on free electrons.

Discussion

Our measurement of the electron energy spectrum reveals the
quantum nature of stimulated emission and the absorption

processes of phase-matched free electrons. Specifically, we find
quantum features that arise from the electron having a longitudinal wavefunction instead of just being a point particle. (It has been
shown (for example, in ref. 50) that, by applying a PINEM-like formalism on an electron wavefunction that is shorter than the optical
cycle/wavelength, the electron energy spectrum becomes similar
to the classical one.) These results conform to theoretical predictions about the dependence of stimulated emission on the quantum
wavefunction of the emitting electron44,45. Nevertheless, the prospects and mere possibility of spontaneous emission depending on
the wavefunction63 still require further research (because it has not
been observed yet): one experiment on free-electron spontaneous
radiation emission showed no wavefunction dependence64, in contrast to another experiment on spontaneous near-field excitations
(rather than radiation emission) that did show such dependence65.
These experiments motivate an intriguing future work that can be
done in a UTEM: the measurement of spontaneous Cherenkov
radiation emission that should accompany the measured (stimulated) inverse-Cherenkov effect. Interestingly, because the electron
Nature Physics | www.nature.com/naturephysics
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Fig. 5 | Experimental results showing the coherent electron energy comb forming a plateau or energy peaks. The strong interaction is presented as a
function of the time delay between the electron and the laser pulses. a, Acquired electron energy spectra for different laser pulse durations (pink 280 fs, blue
600 fs, green 1,300 fs), while the electron pulse duration is kept unchanged. As we increase the laser pulse duration, the entire electron distribution feels the
same laser amplitude, which creates a double-peaked structure in the electron energy spectrum (green). As we decrease the laser pulse duration and thereby
increase its peak intensity, the maximal energy exchange increases to >850 eV, that is, a bandwidth of >1,700 eV (pink), and yet, only part of the electron
distribution feels the maximal laser field. b, Magnification of the blue spectrum in a, with comparison to quantum theory and classical theory (described in
Supplementary Notes 1 and 2). Note that the quantum theory conforms to the classical case in the limit where the electron wavefunction is smaller than
the optical cycle/wavelength52; however, this limit does not fit our experimental data. We were able to resolve individual quantized peaks over a range of
hundreds of eV by capturing slices in high resolution and shifting the range of the spectrometer to collect the entire spectrum slice by slice. c, Experimental
and theoretical time delay scans, varying the delay between the laser and electron pulses. We obtain a good match between theory and experiment by
modelling the laser’s temporal pulse profile to incorporate changes by our optical parametric amplifier and by considering the spatiotemporal dependence of
both the electron and laser pulses in extended PINEM theory. (The optical parametric amplifier changes the laser’s temporal pulse shape and adds temporal
side lobes on the two sides of the center Gaussian-like pulse. These side lobes explain the features seen in the time scan at time delays before and after the
main interaction.) We find a prolonged interaction duration of 1.2 ps due to the dynamics of the laser pulse envelope that partially accompanies the electron
(marked in yellow on the left side of c). This amount is defined as the median duration when the signal drops to 10% of its maximum value in all energy cuts
between −100 eV and −80 eV. All the other results in this work are presented at the point of maximal interaction (time zero).

has been modulated into a comb of energy peaks, the subsequent
Cherenkov emission may also be composed of multiple radiation
orders at different angles and frequencies.
We successfully modelled the experiment by describing the
phase-matching condition between the field of the incident laser
Nature Physics | www.nature.com/naturephysics

and the electron wavefunction. Interestingly, it is also possible to
describe such interactions as arising between the field of the incident laser and the field accompanying the electron. Both descriptions of phase-matching are equivalent, as the velocity of the
electron is equivalent to the velocity of the wave accompanying it.
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The description based on the accompanying field was found to be
useful in describing a range of emission processes in electron beam
physics (for example, transition radiation and Cherenkov radiation)—by calculating the scattering of the field accompanying the
electron by the optical medium66. Although this equivalence of the
two phase-matching approaches is well understood in the classical
case, it was not previously shown rigorously to be equivalent in the
quantum case. The challenge is that one should capture the field
accompanying the quantum electron wavefunction and match the
phase velocity of this (now quantum) accompanying field with the
phase velocity of the external driving field.
Our extended phase-matching can enhance a wide range of
applications of coherent free-electron–light interactions. For
example, the creation of electron attosecond pulses58,67–69 can now
be enhanced by phase-matching in grazing-angle conditions. The
result would be more than a thousand individual pulses, all part of
the same single electron. Because coupling constants of g ≈ 5 can
lead to electron pulse durations shorter than 100 as, a coupling constant of g ≈ 500, not far from what we have demonstrated here, will
create electron combs with subattosecond timescales—a long-held
goal9 for exploring zeptosecond science. Future experiments with
better alignment, longer interaction and higher laser intensities
would inevitably result in even narrower electron pulses and a wider
plateau of quantized energy peaks.
Our extended PINEM theory shows a good match between simulations and experiments for the electron energy spectrum (Fig. 5c).
Yet, in some cases, as in Fig. 1d, we notice an asymmetry between
the gain and loss sides in our measured spectrum, which does not
appear in the theory. This asymmetry may potentially be explained
by several different mechanisms: the chirp of the laser pulse creating
an asymmetric phase shift that is accumulated along the extended
interaction; electron dispersion that detunes parts of the wavefunction from perfect phase-matching along the extended propagation
and breaks the approximations used in both conventional PINEM
theory and our extended theory; energy loss mechanisms such as
bulk plasmon emission and core losses; harmonics of the field created by some nonlinear effects in the prisms; spontaneous radiation
by the interacting electron. Our model can be generalized to capture
these effects (for a further discussion see Supplementary Notes).
The phase-matching condition we obtain from the Cherenkov
condition is analogous to the phase-matching utilized in DLAs53,54.
In DLAs, a tailor-designed laser-driven nanophotonic structure can
accelerate particles with gradients of up to a few keV per micrometre when driven by a high enough intensity (orders of magnitude
above the intensities we used in our proof-of-concept experiment).
In our case, it is the evanescent mode propagating along the surface of the prism that acts as the effective means of acceleration
instead of a tailored-design nanophotonic DLA structure. This
analogy shows that UTEM systems can complement the existing
experimental set-ups used for testing DLA devices (our system
operates at 40–200 keV), providing a way to study the quantum
nature of the DLA.
Intriguingly, our work shows that the quantum-wave nature of
the electron provides an additional degree of control to the acceleration process in DLAs, thereby opening up intriguing avenues
of research on these systems. The comparison of quantum theory
with the conventional classical50 one shows fine details in the energy
spectrum (individual energy peaks). More importantly, the quantum theory also provides a more accurate prediction of the regimes
of highest energy gain and energy loss (Supplementary Note 3
and Supplementary Fig. 3). DLA experiments have not been able
to observe their quantum nature so far due to the limited energy
resolution. Therefore, it is not known whether such DLA systems
also have quantized electron spectral features or whether limited
coherence of the accelerated electron eliminates such an effect.
Consequently, it will be interesting to explore further implications
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of this analogy between DLA and PINEM and explore the conditions in which the quantum nature of the electron may influence the
design of future DLAs.
Looking at the bigger picture, analogous phase-matching conditions appear in other free-electron interactions, such as the (inverse-)
Smith–Purcell effect and various undulator concepts16,19–22. In all
experimental work on these effects, the electron has always been
considered to be a classical point charge. We now show a regime
where these kinds of effect are essentially quantum and require
the electron to be a wavefunction to correctly explain the experiments. Future experiments analogous to our work here are expected
to reveal underlying quantum-wave effects and quantized electron
energy exchanges in all these systems.
We envision combining the elongated phase-matched interaction in this Article with an elongated photonic cavity as a route
to achieving an efficient single-electron–single-photon interaction70,71 and possibly even ultrastrong free-electron–light coupling43. The cavity will channel emitted photons that can then be
resonantly reabsorbed by the extended electron, creating a strongly
coupled electron–photon hybrid. This hybrid will enable the exploration of previously unknown processes such as free-electron
Lamb shifts, extreme mass renormalizations and potentially even
cavity-mediated Cooper pairs of free electrons.
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Methods

Experimental set-up for the UTEM. All the experiments presented in this work
were conducted using an UTEM (Jeol-2100 Plus) in nanobeam diffraction mode
operating at Ee ≈ 207.2 keV. The set-up consisted of a right-angle prism made of
BK7 (index of refraction: n = 1.512 at λ = 730 nm) at a height of 500 μm. The prism
was placed on a specially designed TEM holder with one of its faces parallel to the
electron beam. By splitting the laser source (LightConversion, Carbide), we created
a pump–probe set-up in which one pulse is converted to an ultraviolet pulse to
generate photo-electrons (probe) and the second pulse is converted to visible
light, which excites the sample to create the desired electromagnetic field (pump).
The probe created a coherent electron wavefunction that longitudinally extended
over multiple cycles/wavelengths of the pump. Note that the coherent extent of
the electron does not necessitate a pulsed excitation, as a recent paper59 showed
PINEM from electrons created in a TEM without photoexcitation.
A relative delay between the pump and probe pulses gives precise control over
the relative arrival time of the electron and laser pulses, which in our experiment
also describes the location of their interaction. The pump pulse (730 nm) is
coupled into the prism and undergoes total internal reflection from the surface
of the prism (parallel to the electron beam), exciting an evanescent near field
that interacts with the electrons grazing the same surface (Fig. 2). We chose a
wavelength of 730 nm, considering our optical parametric amplifier conversion
efficiency, while limiting ourselves to a range where we maintained the ability to
resolve individual peaks (our zero-loss peak width is ~1.1 eV in all figures except
for Fig. 1d, where it is ~0.6 eV).
We used a Gatan electron energy loss spectrometer with a resolution of
~0.1 eV, allowing us to reveal the hidden quantum features of the interaction. The
actual resolution limit for individual energy peaks is the width of the electron
zero-loss peak given above. In Fig. 5, we show three examples of electron energy
loss spectrometry results for the resonant phase-matched quantized electron–light
interaction. We succeeded in observing electrons that gain or lose up to 300
quanta of energy with high energy resolution, identifying the individual peaks by
recording several energy slices at different shifts.
To determine the correct parameters for the phase-matching, we calculated the
beam path inside the prism (Supplementary Note 2a). This calculation determines
the required angle of incidence of light before its transmission into the prism
(40.0°), which is the prism’s base angle (45.0°) minus the laser coupling angle
(5.0°). This angle of incidence yields the Cherenkov angle (19.8°) of the refracted
light relative to the surface of the prism for the chosen electron kinetic energy
(207.2 keV) and laser wavelength (730 nm).
Grazing-angle interaction alignment challenges. The main experimental
challenge of this work was the alignment of the electron beam to graze the prism’s
surface and to interact with the evanescent laser field near the prism surface. Any
small tilt of the beam relative to the prism results in the electron beam’s trajectory
being pushed farther away from the surface of the prism, weakening the interaction
substantially.
To achieve parallel electron illumination for a grazing-angle interaction, we
chose to work in nanobeam diffraction mode with a 70-μm condenser aperture
(the relatively large aperture is required because of the low current in the
photo-emission mode). The current centre was then set by wobbling the objective’s
current (first with no condenser aperture to obtain sufficient counts) while
minimizing the spot movement (spot alignment together with beam tilt). The
prism tilt angle was set by minimizing the prism shadow. The condenser aperture
was then inserted (70-μm diameter) to obtain a smaller spot size, and the same
steps were repeated. The estimated convergence angle of the electron beam was
1 mrad, which translates to an average distance from the prism of x0 ≈ 500 nm
(for more details see Supplementary Note 5c).
As a final step, we minimized the deviation of the electron motion from a
parallel path. The electron always follows a slightly helical path that arises from the
strong magnetic field in the objective lens. We adjusted the beam tilt while looking
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at the change in the prism’s shadow while wobbling the objective. We estimated the
helix radius and pitch using the Lorentz force F = qeve × B for our magnetic field
of 1.4 T and electron convergence angle of (worst-case scenario) 1 mrad relative
to the objective axis. We obtained a helical path with a pitch of 5.38 mm and
radius of 0.86 μm, which changed the beam distance from our prism by 100 nm.
Additionally, it is important to note that, because our sample is considerably taller
than regular samples, our interaction may be affected by the inhomogeneity of the
magnetic field near the pole pieces.
Theoretical consideration in fitting the experiments using extended PINEM
theory. We used a nonlinear optimization algorithm (Supplementary Note 5e) to
fit the time delay scan data (Figs. 5c and 3a) with the theory in equation (4). The
theoretical fit is presented in Figs. 5c and 3d. The fitted parameters agree well
with the above experimental values (for example, of the laser spot size, laser pulse
duration and so on).
Figure 4a shows that the interaction strength as a function of the acceleration
voltage has multiple side lobes. These side lobes arise from the interaction
being truncated by the finite length of the prism surface (500 μm). The distance
between the side lobes scales inversely with this length (Supplementary Note 4
and Supplementary Fig. 4). These side lobes disappear when the transverse spatial
Gaussian shape of the pump laser is considered. The laser spot size on the surface
of the prism is elongated due to the angular incidence from a pump laser spot size
of 100 μm to ~350 μm.
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