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A. Experimental details and electron beam characteristics 

We used Thorlabs GH13-24U holographic grating for the experiment, which is a silver grating on a 
dielectric substrate with a period of 416nm. For each of the two electron beams (wide and narrow) and for 
each angle , an image of the grating was acquired. For each image, the gray levels of the SPR area were 
summed, and a DC level was subtracted according to the dark region of the grating close to the radiation 
area. Since the camera had constant gain and the aperture of the optical system was constant throughout 
the experiment, this summation is proportional to the emitted radiation power per steradian around angle 

. The values were then corrected for Fresnel refractions from both surfaces of the viewing chamber and 
divided by cos  to account for the projection of the radiated area on the observation angle. 

In the narrow beam experiment, the electron wavefront was focused to a point. At the focal point, 
assuming negligible aberrations, the phase of the electron wavefunction is flat. For the wide beam, only 
one of the axes is focused, while the other is defocused, creating an elliptical shape. Here we show that 
the long axis of the beam has negligible divergence because of the extremely small convergence semi-
angle in the viewing chamber area. Consider the setup shown in figure S1, which shows the two different 
axes of the astigmatic beam. 

 

 

 

 

 

Figure S1: In blue – focused stigmatic beam and the focused axis of the astigmatic beam. In red – the diverged (elongated) axis of 
the astigmatic beam. 

The magnification value M is the ratio between the electron beam spot size (when focused) at the 
phosphore screen region and the beam spot size at the microscope’s “object plane”. We note that in our 
experiment the grating was placed close to the phosphor screen and the “object plane” of the microscope 
remained empty. The defocus value in the “object plane” area  and the magnification M are given 
by the microscope’s software. y is tuned using the stigmators to be approximately 1mm (in red) at the 
ruling’s direction, while the width at the other transverse axis remains the same (in blue). The sag (peak-
to-valley of the wavefront equi-phase surfaces) is given by: 

 SAG 2 2  (S1)
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And the convergence semi-angle in the image: 

  (S2)

For the parameters of our experiment, 1 , M=1850, 0.8 , we get SAG 0.18 , and 0.36 . In our experiments, the grating period is 416nm and interaction length is about 10 µm, 
therefore the SAG is more than three orders of magnitude smaller than the grating period, and 4 orders of 
magnitude smaller than the interaction length. Therefore, the divergence of the elongated axis of the beam 
is negligible, and the phase is approximately flat. In addition, the effect of the astigmatism is at least an 
order of magnitude larger than other aberrations, and therefore the contribution of other aberrations to the 
astigmatic SAG value is negligible. 

B. Electron beam transverse coherence 

In this section we detail the measurements and analysis done in order to verify that the wide electron 
beam's transverse coherence length (TCL) at the grating plane is significantly wider than the emitted 
wavelength, thus meeting the theoretical assumptions used in this work. 

 

 

 

 

 

 

 

 

 

Field-emission guns (FEGs) demonstrate a large TCL, in general owing to the smaller tip size and 
emission mechanism, as compared to thermionic emitters  [1]. A number of research works have verified, 
both experimentally and theoretically, that FEGs are partially coherent sources  [2–4], where, using a 
biprism, TCLs exceeding a millimeter were measured in low current densities. Further, holograms of tens 
of microns in size were reported in [5–7]. Therefore, we generally expect the TCL in parallel illumination 
mode, to obtain large values exceeding a few microns (depending strongly on the working conditions, and 
particulalrly on the current density and extraction field of the FEG). 

In spite of the biprism interference method being the preferable and most straightforward technique of 
measuring the TCL [1,8], the apparatus can be damaged in high current densities. On the other hand, the 
latter are needed in order to maintain high SNR for the optical radiation in the experiment. Therefore, in 
order to measure the TCL in the respective working conditions, we resorted to the Fresnel fringes 
method [1,9], wherein the near-field diffraction of the beam from an opaque edge is measured in defocus. 
In the limit of small defocus relative to the distance to the source, the lateral extent of resolvable fringes 
from the edge position provides a lower-bound estimate for the TCL [9]. The method is mainly limited by 

Figure S2: (a) Observed Fresnel fringes at the limiting aperture plane. (b) Averaged signal of the aperture edge, 
demonstrating a .  range of resolvable fringes. 
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SNR of the TEM image, as the fringes' contrast inherently decays away from the edge. Using this method, 
we measured a TCL of 2.5 µm at the limiting aperture's plane, near the second condenser lens, of 
diameter 150 µm. The measurement results are displayed in Fig. S2. 

In Ref.  [10], it was proven that for an electron-optical system comprising lenses and apertures, the ratio 
of the TCL to the beam size is a constant along the beam propagation in the system. This constant, called 
the coherence parameter [10] or beam parameter [2,4], is related to the beam's 'etendue'  [10], which is 
also a conserved quantity. We use this observation to determine a lower bound to the TCL in the grating 
plane, using the measured beam size, and the TCL 2.5 µm) and aperture diameter 150 µm) in the plane 
where the Fresnel fringes were observed. The coherence parameter was found to be 0.0167, a 
relatively small fraction of the beam lateral width, due to the non-ideal working conditions of high current 
density and largest possible limiting aperture (necessary for high optical SNR, as discussed above). 
However, as we increase the beam lateral size at the grating plane, the lower bound for the TCL takes a 
satisfactory value of TCL 5 µm, narrow beam of 300 µm33 µm, wide beam of 2000 µm 

being at least more than 60 times larger than the optical wavelength for the case of the wide beam. This 
result is in accordance with the assumptions employed in the theoretical derivation, wherein the 
wavefunction coherence is assumed much larger than the optical wavelength.  

C. Detailed QED derivation   

We combine the approaches of Ref [11] for solving the Dirac Hamiltonian and the electromagnetic 
Bloch-modes approach of Ref  [12]. First, we consider an electron-photon state subject to the unperturbed 
Dirac Hamiltonian 

 ,  (S3)

where , ,  and  are the Dirac matrices,  the momentum operator and ,  
are the frequency and annihilation operator of the electromagnetic field, where 1,2 are the two 
polarizations and  is the band index. The unperturbed Hamiltonian takes into account the boundary 
conditions imposed by the periodic grating. The latter imply that the eigenmodes of the electromagnetic 
field must be given as periodic functions along the direction of the grating periodicity, Λ, 

 

2 , ,, , , , , , . .  (S4)

where , , , with , ,  the vacuum 
permittivity,  the quantization volume and ,  is the field polarization vector of the -th component, 
which is dependent on the details of the boundary. The ,  coefficients satisfy a normalization 

condition ∑ , 1. In the most general case, we allow for the mode coefficients and 
polarization to vary along the transverse coordinates , .  

This quantization scheme expands the electromagnetic field in modes n , each with an infinite number 
of  in its corresponding Fourier series. For simplicity, we assume that only the 0 term is 



4 
 

propagating (  is real), while for 0 it is evanescent in the y direction (  is imaginary). 
This implies that momentum conservation is made possible through the evanescent parts of the mode, 
which contain the extra longitudinal momentum, , necessary for momentum conservation. When 
such a mode is excited, the generated surface waves stay in the near field, whereas the propagating part 
can be detected in the far field. 

The interaction Hamiltonian is readily given by taking  in the Dirac Hamiltonian, i.e. 
, where  is the electron charge. We assume that the initial electron-photon state can be 

expressed as a superposition of free-space electron modes multiplied by the electromagnetic vacuum state  

 | 1√ | ; 0 |0 , 1√ |  (S5)

Where , ,  is the initial wave-vector of the electron with a pure spin state ,  is a 4-
component spinor of the electron, and  is the spectral envelope of the electron wave function, 
sharply peaked near the carrier initial wave vector . Having the sharp wave vector distribution is 
equivalent to a paraxial approximation around the axis . Generally speaking, this paraxial electron 
envelope can be written as the product of a transverse wave function and a longitudinal wavefunction 
along the propagation axis z: 

  (S6)
where ,  is the transverse part of the initial wave vector .  

The transition rate between the initial and final states can be calculated using a generalized version of the 
Fermi golden rule [7]. The latter is based on the first order time-dependent perturbation expansion of the 
state evolution, and on the realization that the transition rate to a state with one photon in the -mode is 
given by tracing over all possible electron final states with momentum  and spin  (spinor : 
 , ; 1 1 , . (S7)
 

Hence, the spontaneous emission rate is given as 

 , √ ; 1 | | ; 0 sinc 2,  

 

(S8)

Where  is the interaction time of the electron with the grating, / ,  is the interaction 
length of the electron with the grating and  is the electron velocity. We first focus on the calculation of 
the corresponding transition matrix elements, ; 1 | | ; 0 . It is apparent that we need 
only keep the creation operator term in  to describe spontaneous emission of SPR. First, we eliminate 
the action on the photon state: 
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 ; 1 | | ; 0
2; 1 , , ; 0
2 , ,  

 

(S9)

Next, we compute the spinor product, , . The electron recoil upon emission of the 
photon contributes a negligible correction to the emission amplitude, since it is an effect to first order in 

. It is therefore neglected for the present calculation of the spinor inner products (it is, however, 
important to retain the recoil in the dispersion relation, for momentum conservation). For a plane-wave 
electron with carrier momentum, , we have a general spin state: 

 ,  (S10)
 

where 

 10
0 , 010  (S11)

are the electron Dirac-spinors of each spin value. The Dirac matrices are 

 0 0 . (S12)

where  are the two-dimensional Pauli matrices. It can be shown that the only non-vanishing products of 
the form , where , ,  and , ,  are 

 2 2  (S13)
Therefore, for the spinors defined above, ,  we can write 

 , , 2 , 2  (S14)
So finally we obtain: 

 , , 2  (S15)
This gives us 
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 ; 1 | | ; 02 2
, ,  

(S16)

Thus, we need to evaluate a simpler matrix element (inside the sum), containing the electromagnetic 
mode profile: 

 , , 1√ , , 1√1 , ,  

(S17)

Where it was assumed that the matrix element is non-vanishing only for 0, for which an evanescent 
field is present along the  direction . When defining the evanescent mode transverse envelope as: 

 , , , , (S18)
then substituting ,  and , , the above matrix element reduces to: 

 , ,1 ,  
(S19)

With ,  being the Fourier transform of , . The original matrix element is found to be 

 ; 1 | | ; 02 21 ,  

(S20)

We now calculate the internal sum over  (converted to an integral below) in the Fermi golden rule, with 
the matrix element given above: 

 1√ ; 1 | | ; 0 sinc 21√ 2 2 2,sinc 2  

(S21)

The integral over  should be evaluated with all functions depending on . We therefore need to 
evaluate the argument of the sinc, using the dispersion relation (see Section D): 

 

 
(S22)
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thus 

 
 (S23)

where we approximate  as the electron initial velocity (the carrier velocity of the paraxial 
wavepacket) and where the last step in the equation above is an approximation to zero order in . The 
paraxial approximation used here on the one hand greatly simplifies the calculation when it is employed 
in the dispersion relation above, while on the other hand still recovers the main results we wish to present 
herein. We find that, as compared to the emitted photon momentum, the paraxiality condition is Δ

, where  is the Compton wavenumber for the electron and Δ  the momentum spread of the 
wavepacket. Since in the SP effect we have , there still exists a relatively wide regime of 
paraxiality even when the wavefunction momentum spread is larger than the photon momentum, i.e. Δ . We remark that coherent effects such as wavefunction interference [13], as well as additional SP 
resonances due to two-dimensional gratings, can be fully accounted for within this theory when the 
paraxial approximation is relaxed [14]. However, we shall leave their treatment for a future investigation. 

These steps above give us for the sinc function: 

 sinc 2 sinc 2sinc 2 `  
 

(S24)

with  denoting, for brevity, the grating linewidth function (the sinc function above). The integral over 
 then becomes 

 2 ,
2 ,  

 

(S25)

where we integrated over the  delta function. So the inner summation in the Fermi golden rule is 

 1√ ; 1 | | ; 0 sinc 21√ 2 2
2 ,  

(S26)

As the different resonances are expected to be narrow and well-separated, it is reasonable to assume that 
there is essentially no overlap between elements of the series for different 's. Therefore, the summation 
over  can be taken to be incoherent when we take the absolute value of the -sum. We then find: 
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 , √ 1 | | 0 sinc 2, 2 2
| | 1

2 ,  

 

(S27)

The spin sum ∑ Ω 2
 can be calculated by first assuming a direction of initial 

spin. For simplicity and without loss of generality, we assume the initial spin points in the  direction, | | . A general spin state is given by cos | sin | . So the angular integral yields 

 Ω sin cos 2 2  (S28)

Now we are left to replace the summation over  with integration over 2 / . To correctly 
perform the integral over final states in phase space, we should include the Lorentz invariant phase 
space [15] element , due to the normalization of the Dirac spinors. We then find: 

 12 2 2 2 ,12 2 2 ,  

(S29)

Where we approximated   and where the normalization of 1 was used, thus 
eliminating the dependence on the longitudinal part of the electron wavefunction. The last integral can be 
further simplified using the convolution and Parseval’s theorems: 

 2 2 ,
2 FT ,| | ,  

(S30)

We then obtain 

 , | | ,sinc 2 cos  
 

(S31)

where  was used above, and  is the angle between  and  such that cos  ( | |). If 
we approximate   and substitute the interaction time: 
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 2 cos · 1Δ  (S32)

where 

 Δ cos 2
 (S33)

We find: 

 , | | 2 1cos
, 1Δ sinc SP,Δ  

(S34)

where we recall SP,  the Smith-Purcell classical frequency, SP, . For the spectral radiant 

power, we have 

 Ω , , , , ,,  (S35)

where , , ,  is the density of states for the photon. The latter can be approximated by the 

expression for free space, , since we are considering modes above the light line [16]. When 

this is done, we find 

 Ω | | cos
, sinc SP,ΔΔ  

(S36)

where  is the fine structure constant. For a very localized particle, | |  is a delta function 

centered about some , and we recover the "classical" result which is dependent on the specific 
location  of the electron within the evanescent mode: 

 Ω cos , sinc SP,ΔΔ  (S37)

with 

 , , ,  (S38)
containing the familiar exponential decay away from the grating plane, in addition to an implicit 
dependence on the angle , which must be numerically evaluated. Its limiting case, where ,  
coincides with the polarization of the far field radiation, should recover the usual dipole radiation pattern 
of sin  (as in the classical approach of surface currents). Remarkably, we can express the fully quantum 
result of the spontaneous emission pattern when | |  is different than a delta function in terms of the 
"classical" result 

 Ω | | Ω  (S39)
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We remark that despite the fact that we are eventually considering the far-field radiation, it is not in 
general true that the photon density of states , ,  equals the free space value, since the original 
modes were assumed to be Bloch modes induced by the periodic grating boundary condition [16,17]. For 
example, if the density of states for the Bloch modes is polarization-dependent, then an angular 
dependence is expected to appear in , as well as in the final emission pattern. However, the emission 
pattern we derived is quite general and holds for an arbitrary paraxial envelope for the electron. Ignoring 
exotic circumstances in which the photonic density of states is localized in the continuum [18–20], it is 
reasonable to assume that  is well-behaved and not sharply peaked around a certain direction in space. 
Thus, all our conclusions are still expected to hold. 

D. The Smith-Purcell dispersion relations  

This section derives the Smith-Purcell dispersion relation from conservation laws and emphasizes the 
important role of the paraxial approximation we take throughout the paper.  

Taylor expansion of the dispersion relation 

We compute here the Taylor expansion of the SP dispersion: 

 12  (S40)

First, let us write 

 
 (S41)

Define  as the Compton wave vector and write 

 

1 1 2
 

(S42)

Now use √1 1  to expand up to : 

 12 21 12 12  
(S43)

Now divide and multiply by  or  and use ,  and /  to obtain: 

 1 2 2  (S44)

Reordering recovers Eq. (S40). 
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The slowly-varying envelope approximation for the dispersion equation and the effect of transverse 
momentum of the grating 

The SP dispersion relation to zero-order in  is 

 0 (S45)
This relation can be further approximated to simplify the calculations. For this aim we employ the SVE 
approximation for the incoming electron, which assumes a carrier wave vector  such that  

 , | |  (S46)
We expand the dispersion in the small vector  (for a given ) as: 

 Θ  (S47)
where  is the carrier initial velocity, Θ /  is the relative magnitude of the paraxial correction, 
and  the direction of this correction. In the derivation we used so far, we neglected the Θ term, and 
this approximation holds when it is negligible compared to the interaction linewidth: 

 Θ Δ  (S48)
where Δ , becoming smallest for , for which Δ . From momentum 

conservation we have , where  and  are the additional longitudinal and 
transverse momenta of the grating, respectively, where the latter occurs for 2D gratings (or tilted 1D 
gratings). Paraxial corrections Θ  can be resolved from the carrier emission line whenever: 

 Θ~ 2
 (S49)

where  stands for either  or . This imposes an explicit condition for the SVE approximation in 
terms of the electron momentum uncertainty Δ : 

 Θ Δ 1 ΛΛ  (S50)

As an example, for a transverse period of Λ 100 nm, photon wavelength 500 nm and 
interaction length 10  we find 3 mrad. Although higher orders in SP transverse 
contributions can become significant even for large Λ, their amplitude becomes smaller accordingly.  

Smith Purcell radiation at conditions in which the contribution of the transverse momentum becomes 
non-negligible opens a new regime that while still being paraxial for the electron propagation, may alter 
the Smith-Purcell emission profile due to interference with the 2D grating.  
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