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ABSTRACT: Electromagnetic pulses with tilted pulse fronts are
instrumental in enhancing the eﬃciency of many light−matter
interaction processes, with prominent examples including terahertz
generation by optical rectiﬁcation, dielectric laser acceleration,
ultrafast electron imaging, and X-ray generation from free electron
lasers. Here, we ﬁnd closed-form expressions for tilted-pulse-front
pulses that capture their exact propagation dynamics even in deeply
nonparaxial and sub-single-cycle regimes. By studying the zerobandwidth counterparts of these pulses, we further obtain classes of
nondiﬀracting wavepackets whose phase fronts are tilted with respect to the direction of travel of the intensity peak. The intensity
proﬁles of these nonparaxial nondiﬀracting wavepackets move at a constant velocity that can be much greater than or much less
than the speed of light, and can even travel backward relative to the direction of phase front propagation.
KEYWORDS: ultrafast optics, pulse shaping, electromagnetic propagation, beam shaping, single-cycle pulse, electromagnetic diﬀraction
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move at a constant velocity that can be much greater than or
much less than the speed of light, and generally travel at an
angle (possibly backward) with respect to the direction of
phase front propagation.
These new modes add to the diversity of nondiﬀracting
wavepacket solutions, which include Bessel beams,15 propagation-invariant superpositions of Bessel beams,16,17 X-wave
pulses,18,19 and subluminal and superluminal wavepackets,20−24
as well as accelerating25−29 and nonaccelerating30 Airy-shaped
pulses. In addition to their fascinating physics, nondiﬀracting
wavepackets have applications that range from materials
processing to medical care.31−34 The new electromagnetic
modes we present are closed-form solutions to Maxwell’s
equations, which makes them attractive candidates for
modeling light−matter interactions ranging from particle
acceleration and X-ray generation to optical parametric
ampliﬁcation and materials processing.
The electromagnetic ﬁelds of a linearly polarized pulse with a
pulse-front-tilt angle of θT, as shown in Figure 1, are

ilting the pulse front of an electromagnetic wavepacket
with respect to its propagation direction is a technique
that has led to signiﬁcant eﬃciency enhancements across a wide
variety of ﬁelds in optics and photonics. In optical rectiﬁcation,
a tilted pulse front facilitates a match between the pump pulse
group velocity and terahertz phase velocity, enabling the
generation of intense terahertz pulses.1−3 In optical parametric
ampliﬁcation, a tilted pulse front is used to match signal and
idler group velocities during the generation of high-power fewcycle optical pulses.4,5 Tilting the pulse front has also proven to
be an eﬀective solution to synchronization problems by
enabling the prolonged interaction of electron bunch and
laser pulse in dielectric laser acceleration,6,7 ultrafast electron
diﬀraction,8 and X-ray generation schemes.9,10 Although
methods of generating tilted-pulse-front pulses are wellknown11,12 and approximate mathematical models for their
propagation dynamics have been developed,13,14 a fully rigorous
description of tilted-pulse-front pulses does not currently exist.
Such a fully rigorous description is vital for the continued push
toward extreme intensities, extremely short pulse durations, and
tight focusing, since paraxial approximations break down and
nothing is known about the properties of tilted-pulse-front
pulses in the nonparaxial or few-cycle regimes.
Here, we present exact, fully closed-form expressions for the
electromagnetic ﬁelds of tilted-pulse-front pulses, which
encompass conditions of extreme nonparaxiality and extremely
short pulse duration. Associated with these pulses are their
zero-bandwidth counterparts, which are fascinating in their own
right as new classes of nonparaxial nondiﬀracting electromagnetic modes. The intensity envelopes of these wavepackets
© 2017 American Chemical Society
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∂
∇ × (xψ
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H = Re{∇ × ∇ × (xψ
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(1)

where μ is the permeability of the medium, x̂ is the unit vector
in the x-direction (resulting in an electric ﬁeld that is primarily
y-polarized), and ψ is given as
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where the Dirac delta distribution δ restricts all components to
lie on the surface of the light cone, as expected since the mode
contains no evanescent wave components, and
s+1
s
4π ⎛ s ⎞ K z exp( −sK z /κ0)
Ψ0(ω , kx , kz) =
⎜ ⎟
Γ(s + 1)
c ⎝ κ0 ⎠

⎡ ⎛ω
⎞⎤ ⎛ ω
⎞
× exp⎢ −a⎜ − kz⎟⎥θ ⎜ − kz⎟θ(K z)
⎠⎦ ⎝ c
⎠
⎣ ⎝c
(5)

where Γ and θ are the Gamma and Heaviside functions,
respectively, and Kz = |sin θT|(kz + kx cot θT). Note from eq 5
that Ψ0 = 0 when Kz = 0, and hence also when ω = 0. This
ensures the absence of zero-frequency components in eqs 1−3,
making them an accurate description of a propagating pulse.
Figure 2a−b show the energy density spectra corresponding to

Figure 1. Propagation dynamics of ultrashort, nonparaxial tilted-pulsefront pulses. The temporally diﬀracting pulse (a) and the spatially
diﬀracting pulse (b) shown correspond to exact, fully closed form
linearly polarized electromagnetic pulses, obtained by substituting eqs
2 and 7, respectively, into eq 1. The tilt angle θT is deﬁned as the angle
made by the pulse front (dotted cyan line) to the vertical axis. The
phase and group velocities point in the z-direction (as indicated by
black arrows). Here, θT = 30°, k0a = 19.7, and s = 911. The peak
wavelength λ0 = 0.8 μm, i.e., peak frequency ω0 = k0c = 2πc/λ0 = 2.35
× 1015 rad/s. E0 is simply a normalizing constant. In this and other
ﬁgures, the intensity proﬁles of the pulses follow the envelope of the
plotted electric ﬁeld proﬁle without its carrier oscillations; we plot the
ﬁeld to fully depict the phase fronts.

ψ=

⎤−s − 1
iκ0
1⎡
1
(
i
R
i
a
)
−
ζ
+
−
⎢
⎥⎦
R⎣
s

(2)

and R = η2 + y 2 + (icτ + a)2 , κ0 = k0|sin θT|, ω0 = k0c =
2πc/λ0 is the central angular frequency of the pulse, and c is the
speed of light in the linear, homogeneous, isotropic, timeinvariant medium. The parameters a and s control the width
and pulse length:35 s is in general a complex number whose real
part is positive, and a is a positive real number. The variables τ,
η, and ζ are deﬁned as
τ=

Figure 2. Spectral domain energy density distributions of temporally
diﬀracting (a, b) and spatially diﬀracting (c, d) tilted-pulse-front
pulses, corresponding to the pulses depicted in Figure 1a and b,
respectively. These energy density distributions represent diﬀerent
cross sections upon the surface of the light cone in four-dimensional
frequency-wavevector space. In creating our wavepackets, the
distributions in (a) and (c) have to include both the positive and

1
[ct − (z − x tan θT)cos2 θT]
c|sin θT|

the negative branches of kx = ± ω2 /c 2 − k y2 − kz2 (marked as kx ≤ 0
and kx > 0), satisfying the delta functions in eqs 4 and 8.

η = cot θT[ct − (z − x tan θT)]
ζ = |sin θT|(z + x cot θT)

(3)

It can be veriﬁed that ψ exactly solves the scalar electromagnetic
wave equation (∇2 − 1/c2∂t2)ψ = 0 and consequently that the
ﬁelds in eq 1 exactly solve the full Maxwell’s equations. Note
that although τ and η appear to be undeﬁned when sinθT = 0,
substituting eq 3 into eq 2 results in cancellations of the
1/|sinθT| factors such that the electromagnetic potential is welldeﬁned at all values of θT.
To analyze the frequency-wavevector content of the
electromagnetic pulse, we perform a four-dimensional Fourier
transform of eq 2 to obtain

the tilted-pulse-front pulse depicted in Figure 1a. The energy
density is deﬁned as U = 1/4[ε|Ẽ (ω, k)|2 + μ|H̃ (ω, k)|2], where
Ẽ and H̃ are respectively the Fourier-domain electric and
magnetic ﬁelds readily obtained by substituting eq 5 into eq 1
in the Fourier domain.
Although we present the y-polarized electromagnetic pulse as
an example in eq 1 and Figure 1, note that a wide variety of
vectorial electromagnetic pulses with tilted pulse fronts may be
readily generated from eq 2 using the Hertz vector potentials
Πe and Πm, via the equations36

{
H = Re{∇ × ∇ × Π

⎞
⎛ ω2
= Ψ0(ω , kx , kz)δ ⎜ 2 − kx 2 − k y 2 − kz 2⎟
⎠
⎝c

(4)
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Figure 3. Nondiﬀracting wavepackets with intensity proﬁles that travel at superluminal speeds vI = 1.5c (a−c) and vI = 25c (d−f) in the z-direction (c
being the speed of light). The phase-front-tilt angle θP is deﬁned by the angle the phase front (dashed green lines in (a) and (d)) makes with the
vertical, whereas the beam-tilt angle θB is the angle the dashed cyan line in (a) and (d) makes with the horizontal. The phase front propagates at
phase velocity vph that is, in general, diﬀerent in direction and magnitude from envelope velocity vI. The wavepackets in (a) and (d) contain
frequency components only along the white line in (b) and (e), respectively. Note that the white line lies entirely within the light cone in each case
since the wavepackets contain no evanescent components. As can be seen from the spectral energy density in (c) and (f) for their respective cases,
the largest frequency components occur at the peak frequency ω0 = k0c = 2πc/λ0 = 2.35 × 1015 rad/s. E0 is simply a normalizing constant. In both
cases, θP = 20°. k0a = 19.7 in (a)−(c), whereas k0a = 493 in (d)−(f). Importantly, note that while the intensity patterns in (a) and (d) at any instant
in time resemble those of a diﬀracting beam, their nondiﬀracting nature lies in the fact that these patterns translate perfectly in z as a function of time.

where ε and μ are the medium’s permittivity and permeability,
respectively. For instance, radially polarized TM01 and
azimuthally polarized TE01 modes may be obtained by setting
Πe = ψẑ, Πm = 0 and Πe = 0, Πm = ψẑ, respectively, whereas
the linearly polarized mode in x is obtained by setting Πe = ψx̂,
Πm = 0. Additionally, we note that eq 2 can be used to generate
new classes of solutions (e.g., nonparaxial counterparts of the
Hermite−Gaussian, Laguerre−Gaussian, etc., families) since,
for instance, any linear combination of any multiplicity of
partial derivatives in space and time of eq 2 is also a solution of
the scalar electromagnetic wave equation. Additional families
are possible by substituting complex values for s.
Because eq 2 reduces to a temporally diﬀracting electromagnetic wavepacket37 for the special case θT = π/2, we will
refer to pulses obtained via eq 2 as temporally diﬀracting tiltedpulse-front pulses. We also obtain a second family of tiltedpulse-front pulses, distinct from those described by eq 2, as

Φ(ω , kx , k y , kz)
⎞
⎛ ω2
= Φ0(ω , kx , kz)δ ⎜ 2 − kx 2 − k y 2 − kz 2⎟
⎠
⎝c

where
s+1
s
2π ⎛ s ⎞ (Ω/c) exp( −s Ω/κ0c)
Φ0(ω , kx , kz) =
⎜ ⎟
c ⎝ κ0 ⎠
Γ(s + 1)
⎡ ⎛ω
⎞⎤
× exp⎢ −a⎜ − kz⎟⎥
⎠⎦
⎣ ⎝c

⎧ ⎛ω
⎞
⎛ ω
⎞⎫
× ⎨θ ⎜ − kz⎟ − θ ⎜ − − kz⎟⎬θ(Ω)
⎠
⎝ c
⎠⎭
⎩ ⎝c

(9)

where Ω = [ω − kz ccos2 θT + kxc sin θT cos θT]/|sin θT|. As in

⎤−s − 1
iκ
1 ⎧⎡
⎨⎢1 − 0 (D − cτ + ia)⎥
φ=
⎦
2iD ⎩⎣
s
⎡
⎤−s − 1⎫
iκ
⎬
−⎢1 − 0 ( −D − cτ + ia)⎥
⎣
⎦
s
⎭

(8)

the temporally diﬀracting case, we note the absence of zerofrequency and evanescent wave components, which make these
expressions an accurate description of a propagating pulse. The
(7)

spectra of the tilted-pulse-front pulse in Figure 1b is shown in

where D = η2 + y 2 + (ζ − ia)2 and τ, η, and ζ are deﬁned
as in eq 3. Since eq 7 reduces to the laser pulse solution
associated with the spatially complex source wave38−40 for the
special case θT = π/2, we refer to pulses obtained from eq 7 as
spatially diﬀracting tilted-pulse-front pulses. By substituting ψ
for φ in eq 1, we similarly obtain linearly polarized spatially
diﬀracting tilted-pulse-front pulses, which we compare with
their temporally diﬀracting counterparts in Figure 1.
Performing a four-dimensional Fourier transform of eq 7, we
obtain

Figure 2c−d.
From Figure 1, we see that one prominent diﬀerence
between the spatially and temporally diﬀracting versions for
identical pulse parameters a, s, ω0, and θT is the variation in
spatial curvature across diﬀerent spatial cycles at a given instant
in time. To further understand the nature of this diﬀerence, we
examine ψ and φ in the paraxial, many-cycle limit, i.e., k0a ≫ 1,
s ≫ 1:
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Figure 4. Nonparaxial nondiﬀracting wavepackets with intensity proﬁles that travel at subluminal speed vI = 0.5c in the forward (a−c) and backward
(d−f) direction along the z axis (c being the speed of light). Dashed green and cyan lines are as described in the caption of Figure 3. The phase front
propagates at phase velocity vph that is, in general, diﬀerent in direction and magnitude from envelope velocity vI. The wavepackets in (a) and (d)
contain frequency components only along the white line in (b) and (e), respectively. Note that the white line lies entirely within the light cone in
each case since the wavepackets contain no evanescent components. As can be seen from the spectral energy density in (c) and (f) for their
respective cases, the largest frequency components occur at the peak frequency ω0 = k0c = 2πc/λ0 = 2.35 × 1015 rad/s. In both cases, θP = 20° and k0a
= 19.7. Importantly, note that while the intensity patterns in (a) and (d) at any instant in time resemble those of a diﬀracting beam, their
nondiﬀracting nature lies in the fact that these patterns translate perfectly in z as a function of time.

curvature. However, this phase front curvature term varies as a
function of z′ only in the spatially diﬀracting case of eq 13. This
agrees with what we see in Figure 1, where the temporally
diﬀracting pulse has a constant curvature across all spatial cycles
at any instant in time, whereas the spatially diﬀracting pulse
does not.
Associated with the temporally diﬀracting and spatially
diﬀracting tilted-pulse-front solutions are their zero-bandwidth
counterparts, which are obtained in the limit s → ∞. Note that
the term “zero-bandwidth” is used throughout this work to
refer to the fact that the spectrum in the ω−kz plane is given by
a line of zero width; this can contain a range of frequencies and
is diﬀerent from the more common term “monochromatic”
used for a single-frequency beam. These wavepackets are
fascinating in their own right as nonparaxial nondiﬀracting
modes of Maxwell’s equations whose phase fronts are tilted
with respect to the direction in which their intensity proﬁle
moves. Below, we describe the families of these nondiﬀracting
wavepackets.
Figure 3 presents wavepackets whose intensity proﬁle moves
with superluminal velocity vI = βIc (|vI| > c, |βI| > 1) along the zdirection and whose phase fronts are tilted by angle θP relative
to the transverse (i.e., x−y) plane. Such wavepackets (which
subsume the zero-bandwidth limit of the temporally diﬀracting
pulses in eq 2) are given by

ψ ≈ ψparax
=

⎡ κ (η 2 + y 2 ) ⎤
1
⎥ exp[iκ0(z − ct )]
exp⎢ − 0
icτ + a ⎣ 2(icτ + a) ⎦
⎤
⎡ κ2
× exp⎢ − 0 (z − ct )2 ⎥
⎦
⎣ 2s

(10)

φ ≈ φparax
=

⎡ κ (η 2 + y 2 ) ⎤
1
⎥ exp[iκ0(z − ct )]
exp⎢ − 0
2(iζ + a) ⎣ 2(iζ + a) ⎦
⎤
⎡ κ2
× exp⎢ − 0 (z − ct )2 ⎥
⎦
⎣ 2s

(11)

Equations 10 and 11 closely resemble the well-known Gaussian
beam,41 being each composed of four factors: the ﬁrst two
being associated with the beam envelope, the third with the
carrier, and the last with the pulse envelope. The respective
phases are given by
κ cτ(η2 + y 2 )
⎛ cτ ⎞
∠ψparax = κ0(z − ct ) − arctan⎜ ⎟ + 0 2 2
⎝a⎠
2(c τ + a 2)
(12)

⎛ζ ⎞
κ ζ (η + y )
∠φparax = κ0(z − ct ) − arctan⎜ ⎟ + 0 2
⎝a⎠
2(ζ + a 2)
2

2

(13)

Performing a coordinate rotation x = x′ sin θT + z′ cos θT, z =
−x′ cos θT + z′ sin θT, we ﬁnd that cτ = (ct + x′ cos θT)/|sin
θT|, η = cot θT(ct + x′/cos θT), and ζ = z′ sgn(sin θT): Notably,
cτ and η are independent of z′, the coordinate directed along
the pulse-front-tilt axis (dashed cyan line in Figure 1). By
making these substitutions, one can see from eqs 12 and 13 that
only the third term in each case contributes to phase front

ψ̃ =

1
̃
exp[κ0̃ (−R̃ + a + iζ )]
R̃

(14)

where R̃ = η 2̃ + y 2 + (icτ ̃ + a)2 , κ̃0 = k0/|T11 − T31|, cτ̃ =
T11ct + T12x + T13z, η̃ = T21ct + T22x + T23z, ζ̃ = T31ct + T32x +
T33z, the subscripted T variables are elements of the matrix
2260

DOI: 10.1021/acsphotonics.7b00464
ACS Photonics 2017, 4, 2257−2264

ACS Photonics
T=
⎡
2
2
⎢ βI + tan α
⎢
βI 2 − 1
⎢
⎢
βI tan α
⎢
⎢ χ
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⎢ βI βI − 1
⎢
βI
⎢
⎢− χ
βI βI 2 − 1
⎣
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tan α
βI
χ

βI 2 + tan 2 α
βI
0

φ̃ =

⎤
βI 2 + tan 2 α ⎥
βI 2 − 1 ⎥
⎥
⎥
⎥
tan α
−χ
⎥
2
βI βI − 1 ⎥
⎥
βI
⎥
χ
⎥
2
βI − 1
⎦

1
−
βI

⎤
⎡
βI
1
⎥
⎢
−
0
⎢
1 − βI 2
1 − βI 2 ⎥
⎥
⎢
⎥
⎢
βI
1
sin α′ cos α′ −
sin α′⎥
U=⎢
1 − βI 2
⎥
⎢ 1 − βI 2
⎥
⎢
⎥
⎢
βI
1
cos α′ sin α′
cos α′ ⎥
⎢−
2
2
1 − βI
1 − βI
⎥⎦
⎢⎣

χ = sgn(cos α) = sgn[(1 − βI sec θP)/(sec θP − βI)], α = αB +
πθ(−χ), and

(20)

(16)

α′ = αB′ + πθ(−χ′), χ′ = sgn(cos α′) = sgn[(βI − sec θP)/(βI
sec θP − 1)], and

where −π/2 ≤ αB ≤ π/2. Substituting eq 14 into eq 1 with ψ
replaced by ψ̃ gives vectorial electromagnetic ﬁelds that are
exact solutions to Maxwell’s equations.
The angle θB in Figure 3 is automatically ﬁxed by the choice

⎡
tan θP 1 − βI 2
⎢
αB′ = arctan
⎢ β sec θ − 1
P
⎣ I

of vI and θP as θB = arctan{tan α /( βI 2 − 1 βI 2 + tan 2 α )}.
It is interesting to note that the tilt of the beam θB and the tilt
of the phase front θP are in general not orthogonal to each
other. Additionally, the phase velocity (directed perpendicular
to the phase front) does not point in the same direction as the
intensity peak velocity in general. The group velocity is deﬁned
only in the case of ﬁnite bandwidth (as in Figures 1 and 2) and
is always parallel to the phase velocity. Finite-energy wavepackets may be obtained by integrating eq 14 over κ̃0,
constructing the ﬁnite-bandwidth wavepacket from a superposition of zero-bandwidth wavepackets. The result is a
diﬀracting pulse whose group velocity points in the same
direction as the phase velocity and whose intensity peak shifts
in time (at an approximate speed of vI, for a small bandwidth of
integration) within the pulse.
In the frequency−wavevector domain, we ﬁnd that eq 14
corresponds to the expression

Φ̃(ω , kx , k y , kz)
⎞
⎛ ω2
= Φ̃0(ω , kx , kz)δ ⎜ 2 − kx 2 − k y 2 − kz 2⎟
⎠
⎝c

(22)

where
Φ̃0(ω , kx , kz) = 2πδ(Ω̃′ − κ0̃ ′c) exp[−a(κ0̃ ′ − K̃ z′)]
[θ(κ0̃ ′ − K̃ z′) − θ( −κ0̃ ′ − K̃ z′)]

(17)

(23)

where we deﬁne K̃ z′ = U31ω/c + U32kx + U33kz and Ω̃′ = U11ω +
U12kxc + U13kzc.
It is interesting to note that setting θP = 0 in eq 19 reduces it
to the subluminal MacKinnon-type pulse (eq 8 of ref 24). In
contrast, setting θP = 0 in eq 14 reduces it to the superluminal
focus wave mode (eqs 10 and 11 of ref 24 for intensity peak
velocity vI < 0 and vI > 0, respectively). Additionally, we note
that our tilted-pulse-front pulses and nondiﬀracting tiltedphase-front wavepacketswhich subsume the focus wave
modes20−24can be obtained from the temporally complex
source wave37 and the spatially complex source wave38−40 via a
Lorentz boost. More generally, given an expression ψ(xμ) that
exactly solves the electromagnetic wave equation, a family of
exact wavepacket solutions is given by ψ(Λμν xν), where Λμν is
an arbitrary Lorentz boost tensor and xμ is the position fourvector (ct, x, y, z) indexed by μ. The four-dimensional Fourier

Ψ0̃ (ω , kx , kz)
⎡ ⎛ Ω̃
⎞
⎞⎤ ⎛ Ω̃
4π
δ(K̃ z − κ0̃ ) exp⎢ −a⎜ − κ0̃ ⎟⎥θ ⎜ − κ0̃ ⎟
c
⎠
⎠⎦ ⎝ c
⎣ ⎝c

(21)

of vI and θP as θB = arctan{tan α / 1 − βI 2 }. As in the
temporally diﬀracting case, θB and the tilt of the phase front θP
are, in general, not orthogonal to each other, and ﬁnite-energy
wavepackets may be obtained by integrating eq 19 over κ̃0′. In
the frequency−wavevector domain, we ﬁnd that eq 19
corresponds to the expression

where

=

⎤
⎥
⎥
⎦

where − π/2 ≤ αB′ ≤ π/2. Substituting eq 19 into eq 1 with ψ
replaced by φ̃ gives vectorial electromagnetic ﬁelds that are
exact solutions to Maxwell’s equations.
The angle θB in Figure 4 is automatically ﬁxed by the choice

Ψ̃(ω , kx , k y , kz)
⎞
⎛ ω2
= Ψ0̃ (ω , kx , kz)δ ⎜ 2 − kx 2 − k y 2 − kz 2⎟
⎠
⎝c

(19)

where D̃ = η ′̃ 2 + y 2 + (icτ ′̃ + a)2 , κ̃0′ = k0/|U11 − U31|, cτ̃′
= U11ct + U12x + U13z, η̃′ = U21ct + U22x + U23z, ζ̃′ = U31ct +
U32x + U33z, the subscripted U variables are elements of the
matrix

(15)

⎤
⎡
−tan θP βI βI 2 − 1 ⎥
⎢
αB = arctan
χ
⎥
⎢
sec θP − βI
⎦
⎣

1
sin(κ0̃ ′D̃ ) exp[−κ0̃ ′(a + cτ ′̃ )]
D̃

(18)

where we deﬁne K̃ z = T31ω/c + T32kx + T33kz and Ω̃ = T11ω +
T12kxc + T13kzc.
Figure 4 presents wavepackets whose intensity proﬁle moves
with subluminal velocity vI = βIc (|vI| < c, |βI| < 1) along the zdirection and whose phase fronts are tilted by angle θP relative
to the transverse (i.e., x−y) plane. Such wavepackets (which
subsume the zero-bandwidth limit of the spatially diﬀracting
pulses in eq 7) are given by
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transform of ψ(Λμν xν) is simply Ψ(Λμν kν), where Ψ(kμ) is the
Fourier transform of ψ(xμ).
The electromagnetic wavepackets presented above are exact
solutions in a dispersion-free medium. However, for
applications such as terahertz generation, second-harmonic
generation, and optical parametric ampliﬁcation, one may be
interested in the propagation of such electromagnetic wavepackets inside a dispersive medium. Their evolution in the
presence of dispersion may also be analytically modeled based
on these equations by substituting the speed of light c with an
expression that changes with frequency:
c→c

⎤
⎡
n′
1 n″
(ω − ω0)2 ⎥
⎢1 + (ω − ω0) +
n0
2 n0
⎦
⎣

φdisp
̃ ≈ φ̃ − i
−

−

(24)

n′
∂
(1 − k 0a) exp(− iω0t ) [ψ exp(iω0t )]
n0
∂t

2a n′
1⎡
n′2
n″ ⎤
⎢k 0a(k 0a − 2) 2 −
+ (1 − k 0a) ⎥
2⎣
c n0
n0 ⎦
n0
2
∂
× exp(− iω0t ) 2 [ψ exp(iω0t )]
∂t
(25)

Through the same procedure, we obtain the dispersive version
of the spatially diﬀracting tilted-pulse-front wavepacket φ in eq
7 as
φdisp ≈ φ − i
−

n′
∂
[s + 1 − k 0b]exp(− iω0t ) [φ exp(iω0t )]
n0
∂t

1⎡
n′2
2 n′
⎢k 0b(k 0b + (s − 2)(s + 1)) 2 − b
2⎣
c n0
n0

+ (s + 1 − k 0b)

n″ ⎤
∂2
⎥exp( −iω0t ) 2 [φ exp(iω0t )]
n0 ⎦
∂t
(26)

where b  s/(κ0|sin θT|) + a. Similarly, we obtain the dispersive
version of the superluminal tilted-phase-front nondiﬀracting
beam ψ̃ in eq 14 as
ψdisp
̃ ≈ ψ̃ − i
−

2f n′
1 ⎡ 2 2 n′2
n″ ⎤
∂2
⎥
⎢k 0 f
k
f
exp(
i
t
)
−
−
−
ω
0
0
2⎣
c n0
n0 ⎦
n0 2
∂t 2
[φ̃ exp(iω0t )]

(28)

where f  a(U11 − U31). Note that the vectorial electromagnetic ﬁelds are readily obtained from the foregoing scalar
expressions using the Hertz potentials eq 6, which reduce to eq
1 in the linearly polarized case.
The nonparaxial tilted-pulse-front pulses we present here are
potentially useful in applications such as electron acceleration6,7
and X-ray generation,9,10 where the use of tightly focused, fewcycle driving laser pulses can achieve larger intensities and
strong-ﬁeld dynamics with a smaller amount of energy. The
nondiﬀracting tilted-phase-front beams we introduce potentially open up new options for phase-matching in terahertz
generation. For instance, the intensity peak velocity of a
subluminal nondiﬀracting optical beam (eqs 19−21) could be
set equal to the speed of terahertz phase propagation in the
generating medium (e.g., lithium niobate) under a collinear
phase-matching scheme. Alternatively, it may be possible to use
the superluminal nondiﬀracting beam (eq 14) by choosing vI
and θB such that the phase-matching condition is satisﬁed.
Tilted-pulse-front pulses can be generated through the use of
diﬀraction gratings or prisms to introduce angular dispersion or
through the imposition of spatial chirp.42,43 These techniques,
which have been applied toward generating pulses in the
paraxial regime, can potentially be extended to the few-cycle,
nonparaxial regime by identifying materials with a suitably
broadband response. Besides this, the use of pre-engineered
phase masks and amplitude masks or spatial light modulators,
in either real space or Fourier space, could be a viable option
for experimentally realizing the wavepackets presented here at
optical frequencies.44 Importantly, one can shape nonparaxial
wavepackets by performing the shaping in the paraxial domain
(e.g., with regular phase masks), before strongly focusing the
result with a high-NA objective. This requires design of the
paraxial shaping stage to compensate for the focusing stage so
the ﬁnal focused beam has the intended proﬁle, a process that
must be guided by an accurate nonparaxial model for the
electromagnetic wavepacket. This approach has been experimentally applied, for example, in the realization of nonparaxial
accelerating beams.32,45 Shaping of the spectrum in the kz and
ω dimensions (tantamount to temporal pulse shaping) may be
achieved by using a prism or grating to convert the kz and ω
parameters to spatial dimensions and shaping them directly
with conventional light-shaping elements. The range of
alternative approaches continues to be broadened by the
discovery of new spatiotemporal pulse-shaping methods.46
Yet another possible realization would be through timedependent current distributions located far from the respective
focal regions, which would generate the wavepackets studied in
Figures 1−4. Speciﬁcally, one can compute a localized current
distribution via the expression Js = ẑ × H, where Re{Js} is the
current distribution in the x−y plane at a given z. The radiation
from such a current distribution will then produce the
electromagnetic wavepacket whose magnetic ﬁeld is described
by H. It may be possible to induce such current density
modulations using an ordinary pulsed laser incident on a

where c on the right-hand side now denotes the speed of light
in the medium at frequency ω0, whereas n0, n′, and n″ are
respectively the zeroth, ﬁrst, and second derivative with respect
to angular frequency of the medium index, evaluated at
frequency ω0. By performing a Taylor expansion of its
frequency domain expression and retaining terms up to the
second power of (ω − ω0), we obtain the dispersive version of
temporally diﬀracting tilted-pulse-front wavepacket ψ in eq 2 in
the space−time domain as
ψdisp ≈ ψ − i

n′
∂
k 0f exp( −iω0t ) [φ̃ exp(iω0t )]
n0
∂t

n′
∂
(1 − k 0d) exp(− iω0t ) [ψ̃ exp(iω0t )]
n0
∂t

1⎡
n′2
2d n′
n″ ⎤
⎢k 0d(k 0d − 2) 2 −
+ (1 − k 0d) ⎥
2⎣
c n0
n0 ⎦
n0
∂2
× exp(− iω0t ) 2 [ψ̃ exp(iω0t )]
∂t
(27)

where d  a(T11 − T31), and the dispersive version of the
subluminal tilted-phase-front nondiﬀracting beam φ̃ in eq 19 as
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We have presented exact, analytical expressions for the
electromagnetic ﬁelds of tilted-pulse-front pulses, which
encompass conditions of extreme nonparaxiality and extremely
short pulse duration. We have shown that their zero-bandwidth
counterparts are fascinating in their own right as new classes of
nonparaxial nondiﬀracting electromagnetic modes. The intensity envelopes of these wavepackets travel at a constant velocity
that can be much greater than or much less than the speed of
light. This constant velocity is generally directed at an angle
(possibly backward) with respect to the direction of phase front
propagation. The electromagnetic modes we present are closedform solutions to Maxwell’s equations, which makes them
attractive candidates for modeling nonparaxial pulses in light−
matter interaction scenarios ranging from particle acceleration
and X-ray generation to optical parametric ampliﬁcation and
materials processing.
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Klingebiel, S.; Wang, T.-J.; Fülöp, J. A.; Henig, A.; Kruber, S.;
Weingartner, R.; Popp, A.; Osterhoff, J.; Hörlein, R.; Hein, J.; Pervak,
V.; Apolonski, A.; Krausz, F.; Karsch, S. Basic concepts and current
status of the Petawatt Field Synthesizer − A new approach to ultrahigh
field generation. Reza Kenkyu 2009, 37, 431−436.
(6) Plettner, T.; Lu, P. P.; Byer, R. L. Proposed few-optical cycle
laser-driven particle accelerator structure. Phys. Rev. Spec. Top.–Accel.
Beams 2006, 9, 111301.
(7) Peralta, E. A.; Soong, K.; England, R. J.; Colby, E. R.; Wu, Z.;
Montazeri, B.; McGuinness, C.; McNeur, J.; Leedle, K. J.; Walz, D.;
2263

DOI: 10.1021/acsphotonics.7b00464
ACS Photonics 2017, 4, 2257−2264

ACS Photonics

Article

paraxial manipulation of particles’ trajectories. Nat. Commun. 2014, 5,
5189.
(33) Jia, S.; Vaughan, J. C.; Zhuang, X. Isotropic three-dimensional
super-resolution imaging with a self-bending point spread function.
Nat. Photonics 2014, 8, 302−306.
(34) Mathis, A.; Courvoisier, F.; Froehly, L.; Furfaro, L.; Jacquot, M.;
Lacourt, P. A.; Dudley, J. M. Micromachining along a curve:
Femtosecond laser micromachining of curved profiles in diamond
and silicon using accelerating beams. Appl. Phys. Lett. 2012, 101,
071110.
(35) In the limit of a weakly focused, many-cycle pulse, a is related to
the beam waist radius (second irradiance moment) at the focal plane
(z = 0) of the wavepacket as a ≈ k0|sin θT|w02/2, and s ≈ sin2 θTk02L2/
(4 ln 2), where L is the intensity full-width at half-maximum (fwhm)
pulse length (measured along the cyan dotted line in Figure 1).
(36) Jackson, J. D. Classical Electrodynamics, 3rd ed.; John Wiley &
Sons: New York, 1999.
(37) Wong, L. J.; Kaminer, I. Abruptly Focusing and Defocusing
Needles of Light and Closed-Form Electromagnetic Wavepackets.
ACS Photonics 2017, 4, 1131−1137.
(38) Deschamps, G. A. Gaussian beam as a bundle of complex rays.
Electron. Lett. 1971, 7, 684−685.
(39) Couture, M.; Bélanger, P.-A. From Gaussian beam to complexsource-point spherical wave. Phys. Rev. A: At., Mol., Opt. Phys. 1981, 24,
355−359.
(40) April, A. Ultrashort, strongly focused laser pulses in free space.
In Coherence and Ultrashort Pulse Laser Emission; Duarte, F. J., Ed.;
InTech: Rijeka, Croatia, 2010; p 355.
(41) Siegman, A. E. Lasers; University Science Books, 1986.
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