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ABSTRACT: The properties of an electron in an atom or
molecule are not ﬁxed; rather they are a function of the optical
environment of the emitter. Not only is the spontaneous
emission a function of the optical environment, but also the
underlying wave functions and energy levels, which are
modiﬁed by the potential induced by quantum ﬂuctuations
of the electromagnetic ﬁeld. In free space, this modiﬁcation of
atomic levels and wave functions is very weak and generally
hard to observe due to the prevalence of other perturbations
like ﬁne structure. Here, we explore the possibility of highly tailorable electronic structure by exploiting large Lamb shifts in
tunable electromagnetic environments such as graphene, whose optical properties are dynamically controlled via doping. The
Fermi energy can be chosen so that the Lamb shift is very weak, but it can also be chosen so that the shifts become more
prominent than the ﬁne structure of the atom and even potentially the Coulomb interaction with the nucleus. Potential
implications of this idea include being able to electronically shift an unfavorable emitter structure into a favorable one, a new
approach to probe near-ﬁeld physics in ﬂuorescence, and a way to access regimes of physics where vacuum ﬂuctuations are not a
weak perturbation but rather the dominant physics.
KEYWORDS: Lamb shift, graphene plasmonics, light−matter interactions, quantum electrodynamics
t has long been known that the quantum ﬂuctuations of the
electromagnetic vacuum have an inﬂuence on the electromagnetic properties of atoms. Not only does the electromagnetic vacuum drive spontaneous emission,1 but it also shifts
electronic energy levels and modiﬁes electronic wave
functions.2,3 The eﬀect can be viewed as resulting from virtual
emission and reabsorption of photons. While atomic
spontaneous emission had been experimentally evident for
centuries, the Lamb shift had to wait until the advent of highprecision RF spectroscopy in the 1940s to claim a clear
experimental footing.3 This is because the Lamb shift is a weak
eﬀect in free space, associated with frequency shifts of about 1
GHz, over an order of magnitude weaker than the much more
easily detectable ﬁne structure.
Although the quantum ﬂuctuations associated with the Lamb
shift are a very weak eﬀect on atoms in free space, they can be
made substantially larger by placing the atom in the vicinity of a
dielectric or metallic surface. This eﬀect goes by names such as
van der Waals and Casimir-Polder but is equivalent to the
Lamb shift associated with quantum ﬂuctuations of electromagnetic ﬁeld modes which diﬀer from free-space on account
of the nearby surface. This eﬀect has been well characterized
both theoretically and experimentally for the case of Rydberg
atoms in the vicinity of nearly perfectly conducting metallic
surfaces.4−7 Beyond these, the eﬀect has been theoretically
explored for atoms near a wide variety of optical environments
such as diﬀerent conﬁgurations of plasmonic materials,8−12
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metamaterials,13 and structured dielectrics such as photonic
crystals,14−20 even with some experimental observations for
photonic crystals.21
A limitation on the technological applications of this eﬀect
however arises from the general lack of tunability of the optical
properties of the medium. One can imagine that the ability to
tune the optical environment could allow for a great degree of
customization over the emission, absorption, and general
electronic properties of an emitter, allowing one to “tune
matter” with a great degree of control. In fact, much interest has
gravitated recently toward nanophotonics/nanoplasmonics in
graphene, whose optical conductivity can be tailored by
changing the doping level in graphene.22−25 A number of
proposals for taking advantage of this tunable plasmonic
material include, but are not limited to tunable metamaterials,26
tunable interactions with emitters,25,27 electrically controlled
perfect absorbers,28 tuning Casimir forces for mechanical
sensing,29 tunable light sources via the plasmonic Cerenkov
eﬀect,30 and electrical control over atomic selection rules by
taking advantage of access to conventionally forbidden
transitions.31
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Figure 1. Schematic showing how the atomic energy levels change as the atom approaches the graphene. The levels not only shift, but also broaden
due to the possibility of very fast spontaneous decay into either graphene plasmons or loss channels in graphene such as particle-hole excitations.

which are discussed in more detail in the Supporting
Information (SI).
The energy levels and wave functions of the atom are shifted

In this work, we explore the degree of control that can be
obtained over electronic structure using the Lamb shift in
graphene, for use of designing tunable emitters and absorbers,
and for use in studying fundamental light-matter interactions
potentially beyond the weak-coupling regime. We ﬁnd a
number of surprising results. For example, the dependence of
the Lamb shift on the doping in graphene can be very sharp
around certain “resonance” energies related to the energies of
electronic transitions. At these resonance points, an emitter a
few nanometers away from graphene can have a Lamb shift not
only much larger than ﬁne-structure corrections but potentially
comparable to the spacing between the principal levels from the
Coulomb interaction with the nucleus in the absence of
graphene, signaling the onset of nonperturbative QED eﬀects.
Additionally, with the degree of freedom oﬀered by the
tunability of the Fermi energy, we can also tune the Lamb shifts
to be small and relatively insigniﬁcant. These two results
suggest the potential for a wide degree of control of atomic
energy levels (and wave functions), suggesting the possibility of
using quantum vacuum ﬂuctuations for creating “designer”
atoms.
A schematic of the proposed concept is shown in Figure 1,
where we show an electronic system such as an atom, molecule,
or artiﬁcial atom in the vicinity of graphene. When the atom is
at a large distance z2 away from the surface of graphene, it will
have an energy spectrum which will mostly look like the
spectrum in free space. As we bring the atom closer and closer
to a distance z1, its energy levels can shift substantially as a
result of the Lamb shift, in addition to broadening substantially
as a result of the Purcell eﬀect associated with the large local
density of states near the graphene sheet. In order to translate
the proposed concept into concrete results, we calculate the
Lamb shifts for both Hydrogenic atoms and two-level atoms in
the vicinity of graphene. This calculation can readily be
extended to other electronic systems if one knows the dipole
matrix elements between the diﬀerent energy states of the
atom. We now brieﬂy overview the details of the calculations,

e2

e

due to a perturbation Hamiltonian: 2m (p·A + A·p) + 2m A2 .
This perturbation Hamiltonian includes the eﬀect of the
electromagnetic modes of the optical surroundings on the
atom. We have assumed that the eﬀect of ﬁne-structure is
already included in the unperturbed Hamiltonian, which is fair
assuming that these relativistic eﬀects are unmodiﬁed by
plasmons. In long-wavelength (dipole) approximation, the
Hamiltonian is equivalent to −d · E + ϵdip up to a unitary
transofrmation,32 where the ﬁrst term is the usual dipole
coupling and the second term is the dipole self-energy term.
The Lamb shift calculated using the two expressions of the
Hamiltonian are the same once the dipole self-energy is
included and all states are taken into account (see SI for proof).
Keeping these diﬀerent contributions in mind and calculating
the energy shift of level a, denoted δEa to second-order in
perturbation theory yields (in repeated index notation):
δEa =

4αℏ
7 dωω 2 Im Gij(r0, r0, ω)
c
⎛ (rr )aa
riabr jba ⎞
⎜ ij
⎟
+
∑
⎜ ω
⎟
b ωab − ω ⎠
⎝

∫

(1)

where α ≈ 1/137 is the ﬁne-structure constant, Gij(r0, r0, ω) is
the dyadic Green function of the optical environment at the
position of the atom r0, rab
i = ⟨a|ri|b⟩ is a position matrix
element between states a and b, (rirj)aa = ⟨a|rirj|a⟩ is the
expectation value of rirj of state a, ωab is the transition
frequency between states a and b, and 7 denotes the principal
part. The Green function is calculated using the known
expression in terms of an integral over in-plane wavevectors,
taking the conductivity of the graphene as its input.33 We note
that the eﬀect of the modes being diﬀerent from free space can
be accounted for separately from the eﬀect of free space modes
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Figure 2. Magnitude of the Lamb shift of hydrogen levels near graphene: (a) Level diagrams of n = 1, n = 2, and n = 3 atomic states of a hydrogen
atom located 5 nm away from a graphene with doping level 0.3 eV. (b) Energy shifts of 1s, 2s, 3s, and 4s states. The red area indicates when the
distance is smaller than k−1
F , where we expect nonlocality to kick in. (c) Energy shifts of n = 3 states of diﬀerent angular quantum numbers and
diﬀerent orbital orientations. The relaxation time of graphene is taken to be 100 fs, independent of Fermi energy.

(RPA; assumed at zero temperature). In the local RPA, the
complex conductivity σ(ω) = σR(ω) + iσI(ω) takes the form:34

by using the scattered Green tensor in the expression above,
which is the Green tensor minus its value in vacuum. We use
the scattered Green tensor in this work. The entire scattered
Green function contains contributions from modes with spolarization and with p-polarization, each polarization can also
be decomposed into far-ﬁeld modes (real z-directed wave
vector) and the evanescent modes (imaginary z-directed wave
vector).33 Even though the total energy shift has contribution
from all the far-ﬁeld and evanescent s- and p-polarized modes,
the energy shift from the two types of far-ﬁeld modes is about
10−6 eV, which is on the same order of magnitude as the free
space Lamb shift, and also becomes much smaller than the shift
from the evanescent modes as the distance decreases. We ﬁnd
that at short distances (≤10 nm), the shift from the far-ﬁeld
modes is much smaller than the shift from the evanescent
modes and can thus be ignored. Furthermore, the shift from the
s-polarized evanescent mode is smaller than the shift from the
p-polarized evanescent mode by a factor of η2, where
qc
η = ω ∼ 100 is a very high conﬁnement factor achievable in
graphene plasmons, q is the plasmon wave vector, and ω is the
plasmon frequency.25 These p-polarized evanescent modes are
associated with graphene plasmons. As a result of these
considerations, in what follows, we only consider the
contribution from p-polarized evanescent modes in the Green
function in our subsequent Lamb shift calculations.
For most parameters that we consider in this work, it is
suﬃcient to consider the surface conductivity of graphene as
being well-described by a local random phase approximation

σR (ω) =

σI(ω) =

1
τ

e 2E F
2

2

πℏ ω +
e 2E F

1
τ2

ω

π ℏ2 ω 2 +

1
τ2

+

−

e2
θ(ℏω − 2E F)
4ℏ

(2a)

2E F + ℏω
e2
ln
4π ℏ
2E F − ℏω

(2b)

where τ is the collision relaxation time (taken to be 100 fs in
this work), σR is the real part of conductivity, and σI is the
imaginary part. In the absence of the second terms of both the
real and imaginary parts, one is left with the Drude model
which captures the eﬀect of far ﬁeld modes, graphene plasmons,
and intraband absorption channels, but does not see the
contribution of particle-hole excitations to the Lamb shift. Later
in the text, we elucidate the contributions of each of plasmons,
local absorption channels, and particle-hole excitations to the
Lamb shift. For our analysis, we neglect the nonlocal
corrections to the conductivity, which should be accurate for
1
the distances z 0 ≥ k . Thus, as a result of our adopting the local
F

RPA, we should only consider the contribution of modes with
wavevectors q < kF where kF is the Fermi wavevector,
E
approximately equal to 300 ℏcF . Above this wavevector, the
response of graphene decreases. For distances z 0 ≫

1
,
kF

the

latter of which is about 1 nm for the values of EF of interest,
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Figure 3. Resonant control over atomic energy levels with graphene: (a−c) Lamb shifts for 3s, 4s, 5s, and 6s states of the hydrogen atom as a
function of the graphene Fermi energy for atom-surface separations of (a) 10 nm, (b) 5 nm, and (c) 1 nm. One can see the presence of resonances in
the Fermi energy where the Lamb shift can jump sharply. The eﬀect is strongest for the 6s states. (d−i) Lamb splitting of the energy gap of a twolevel system with energy gaps of (d−f) 0.1, 0.2, and 0.3 eV, respectively, and (g−i) 0.5, 0.75, and 1 eV for atom-surface separations of 10, 5, and 1
nm, respectively. The relaxation time of graphene is taken to be 100 fs independent of Fermi energy.

third case. Immediately it becomes clear that as the quantum
number increases, the strength of the Lamb shift also increases,
as a result of the increased dipole moments of higher-lying
states. This of course means that the prospects of reshaping
atomic energy level structure are mostly applicable to excited
state manifolds, although they could be applied to ground states
in artiﬁcial atoms with large dipole moments. For the n = 3
states, the graphene Lamb shift now exceeds the ﬁne structure
by nearly an order of magnitude, making it a potentially simpleto-observe spectroscopic eﬀect. Additionally, the degeneracies
of the states retained by the ﬁne structure are completely split,
allowing one to create a complex manifold of states starting
from a highly degenerate state. In this particular example of n =
3, the size of the manifold is nearly on the order of 0.1 meV.
This degeneracy breaking is a consequence of the asymmetry
between in-plane and out of plane directions, allowing for a
distinction between diﬀerent orbital angular momentum
projections in the direction perpendicular to the graphene
normal. This degeneracy breaking would apply for for any
cylindrically symmetric atom or molecule coaxial with the
graphene.

these high wavevector modes are not too important due to the
evanescent character of the modes contributing to the Lamb
shift. Although we consider the T = 0 local RPA conductivity
for simplicity, the frequency-dependent conductivity is similar
provided that ℏω ≫ kBT25 and EF ≫ kBT, which in our
calculations works well for room temperature for most the
frequencies and Fermi energies considered here. That said, the
other condition needed for the scheme proposed in this work
to be useful is that the emitter levels are not too broadened by
the eﬀect of temperature.

■

MAGNITUDE OF THE LAMB SHIFTS IN GRAPHENE
In Figure 2a, we show the eﬀect of graphene (doped to a Fermi
energy of 0.3 eV) on the energy level diagram of the Hydrogen
atom held 5 nm above the surface, looking at the 4-fold
degenerate n = 2 and the 9-fold degenerate n = 3 manifold. We
plot the resulting level diagrams in three cases. The ﬁrst case is
when the atom is in free space with only the Coulomb
interaction. To compare the scales of the ﬁne structure eﬀect
and the plasmonic Lamb shift eﬀect, we then include the ﬁne
structure shift in the second case and the total shift including
both the ﬁne structure shift and the Lamb shift is shown in the
3101
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Figure 4. Plasmon and particle-hole pair contributions to the Lamb shift and origin of Fermi energy resonances. (a, b) 6s state diﬀerential Lamb shift
and Purcell factor as a function of plasmon frequency, plotted at separation (a) 5 nm and (b) 1 nm, respectively. (c, d) The diﬀerential Lamb shift
and Purcell factor for a two level system with energy gap 0.3 eV and dipole moment 7.4 D (1 nm charge separation) (c) 5 nm and (d) 1 nm away.
The graphene doping level is EF = 0.3 eV. The blue and red areas indicate the intraband and interband contribution, respectively. The solid lines are
calculated using local RPA and the dashed lines are calculated using lossless Drude model. For the calculations including losses, a relaxation time of
graphene is taken to be 100 fs independent of Fermi energy.

consider the ability to tune the level structure of an atom that is
held at a ﬁxed position by varying the Fermi energy. In Figure
3a−c, we plot the graphene-induced Lamb shift of the 3s, 4s, 5s,
and 6s levels as a function of graphene Fermi energy at three
diﬀerent distances, 10 nm, 5 and 1 nm, respectively. One of the
most clear features that can be seen is that the shift can attain a
sharp maxima, sharp minima, and even zeroes (Figure 3c) at
certain values of the Fermi energy, the origin of which will be
explained in the next section. As one can see from Figures 3a−
c, the resonances are the sharpest for the higher-lying energy
states, and they occur at smaller Fermi energies. As we will also
explain in the next section, these resonance energies are related
to the energy diﬀerences between adjacent energy levels.
In Figure 3d−i, we switch perspective from considering
Lamb shifts in a Hydrogen atom to considering Lamb shifts in a
two-level system. While there are no two-level atoms in nature,
what this system approximates is a situation where one
particular intermediate state captures most of the contribution
to the Lamb shift due to a large dipole moment between these

In Figure 2b,c, we show how the magnitude of the Lamb shift
depends on the separation between the atom and graphene,
and the shifts from the ﬁne structure eﬀects are not included.
As we show in the SI, the scaling of the Lamb shift with
distance goes as 1/z30, which agrees well with our results shown
in the ﬁgure. Indeed, the energy shift predictions in Figure 2
increase by 2 orders of magnitude when decreasing the distance
to around 1 nm. Importantly, signiﬁcant Lamb shifts are
apparent also much farther away from the surface (e.g., at 10
nm distance, the Lamb shift can still be the dominant
mechanism of energy splitting). As a result of this sharp
scaling with distance, the ability to tune matter is of course
most evident at short distances (<10 nm).

■

CONTROLLING THE LEVEL DIAGRAMS OF ATOMS
WITH THE FERMI ENERGY
Although it may be possible to use z0 as a tuning parameter,
that is often not the case because one has an emitter which is
embedded and thus in a ﬁxed position. To this end, we now
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states. Additionally, it is a rather popular model for considering
Lamb shifts and van der Waals forces in other systems, and it
could potentially better approximate systems that do not have
such a large degree of degeneracy as a Hydrogen atom or an
alkali atom. For the calculation of the Lamb shift in a two-level
system, the main diﬀerence from the Hydrogen case is the
number of intermediate states in eq 1 and lack of the big energy
shift contribution from the degenerate states. It also requires
the speciﬁcation of the dipole moment between the two states,
which is taken to be about 7.4 D, corresponding to a charge
separation of 1 nm. In Figure 3d−i, we consider the splitting of
the energy gap of this two-level atom between the excited and
ground states due to graphene as a function of Fermi energy for
atom-surface separations of (d, g) 10 nm, (e, h) 5 nm, and (f, i)
1 nm. In Figure 3d−f, we consider energy gaps of 0.1, 0.2, and
0.3 eV, while in Figure 3g−i, we consider energy gaps of 0.5,
0.75, and 1 eV. What can easily be seen in all six of these panels
is that the Fermi energy resonances are present, that the
resonance position increases with the energy gap, and that the
contrast in the Lamb shift as a function of Fermi energy is
sharper than in the Hydrogenic case. In fact, we see in all six
panels that tuning the Fermi energy can allow for the splitting
to change sign, and consequently, can be made to vanish
altogether, allowing one to eﬀectively “turn oﬀ” the eﬀect of the
graphene on these two energy levels. Looking at the magnitude
of the peaks in the Lamb shift as a function of energy, we can
see that at 5 nm, the energy gap can be tuned on the scale meV,
corresponding to as much as a 1% degree of tunability in the
case where the energy gap is 100 meV.
Finally, we comment on the magnitude and tunability of the
graphene-induced Lamb shift on an atom 1 nm away from the
surface, considered in Figure 3c,f,i. When the Fermi energy is
about 0.1 eV, the 6s state Lamb shift has a maximum value of
about 0.02 eV. This shift is in fact about 15% of the energy
diﬀerence between the 5s and 6s levels. For the two-level
systems in Figure 3f, the magnitude of the shift can be over
50% percent of the energy gap. Additionally, the Fermi energy
can also be adjusted so that the Lamb shift is turned oﬀ (the
nodes of the curves in Figure 3), meaning that perhaps it could
be possible to have a degree of control over the shift of the
energy levels that spans between 0 and an amount comparable
to the unperturbed energies themselves. We conclude this
section by noting the results at 1 nm should be interpreted as
qualitative for a number of reasons. For one, at these extremely
short distances, nonlocal eﬀects should be rigorously taken into
account. Moreover, as we show in the Supporting Information,
at separations of 1 nm, the wavevectors contributing to the
Lamb shift become so large that multipolar corrections to the
Lamb shift become relevant and in some cases even larger than
the corrections from the dipole terms.31 Finally, and potentially
most interestingly, these level shifts are so large that the
coupling between the atom and electromagnetic ﬁeld is
approaching a nonperturbative regime. A potential means for
studying these eﬀects in the nonperturbative regime could be a
method proposed in ref 4, which was used to study van der
Waals shifts of Rydberg atoms near silver and gold. To
summarize the discussion, although our result at 1 nm is mostly
qualitative, it clearly points to a potentially interesting platform
for studying nonlocal, nondipolar, and nonperturbative light−
matter interactions in graphene plasmonics.

Article

PHYSICS OF THE LAMB SHIFT IN GRAPHENE

We conclude our study of using the graphene Lamb shift to
tune atomic spectra by discussing the diﬀerent contributions to
the Lamb shift and illustrating the origin of the Fermi energy
resonances.
Plasmon, Intraband, and Particle-Hole Contributions
to the Lamb Shift. In order to get an approximate sense of
where diﬀerent contributions to the graphene Lamb shift come
from, we examine in Figure 4 the diﬀerential Lamb shift, dδE/
dω, which is deﬁned to be the integrand of eq 1. Noting that
this integrand is proportional to the imaginary part of the
Green function for the air−graphene−substrate system, the
diﬀerential Lamb shift can also be written in terms of the more
familiar Purcell factor via
⎛ (rr )aa
dδEa
2αℏ 3
⎜ ij
=
ω
D
F
(
r
,
ω
)
ij p 0
2
⎜ ω +
dω
3πc
⎝

∑
b

riabr jba ⎞
⎟
ωab − ω ⎟⎠
(3)

where D = diag(1/2, 1/2, 1) and Fp(r0, ω) is the Purcell factor
for a dipole polarized perpendicular to the graphene sheet at
frequency ω and position r0. In Figure 4, we plot both the
frequency-dependent Purcell factor and the diﬀerential Lamb
shift as a function of frequency for two cases. In the ﬁrst case a
Hydrogen atom 6s state for an atom-surface separation of 5 nm
(a) and 1 nm (b). In the second case, a two-level system with
dipole moment (1 nm × e ≈ 7.4 D) and energy gap 0.3 eV at
distance 5 nm (c) and 1 nm (d) away. In both the hydrogenic
atom and the two-level system, while most of the Purcell factor
comes from frequencies having plasmonic response (ℏω < 2EF,
denoted by the blue-shaded area), the Lamb shift can have
sizable contributions: >20% for 5 nm and up to 60% for 1 nm,
from ﬂuctuations having energies above 2EF. These ﬂuctuations
are associated with particle-hole excitations. From comparing
the ﬁgures on the left-hand side and right-hand side, it is clear
that the relative contribution of the plasmons and the particlehole excitations also depend strongly on the atom-graphene
separation. This is because when graphene plasmons dominate
the Lamb shift, the frequency of the plasmon that has the
1
largest contribution to the Lamb shift is roughly ω* ∼ z .
0

However, as z0 gets smaller, ω* gets closer to 2EF and leads to a
ℏ
larger contribution from particle-hole excitations. We thus
conclude from Figure 4 that at such low distances (1 nm for
example, but generally below 1/kF), accurate modeling of the
graphene plasmons takes an increasing role. In particular, the
Drude model would miss the particle-hole contributions, while
the local random phase approximation is expected to catch
them. At even shorter distances, a nonlocal RPA would be the
most appropriate model.
To conclude this discussion on the diﬀerent contributions to
the graphene Lamb shift, we brieﬂy note that the intraband
contributions arising from the Drude relaxation time of 100 fs
were not too important. In the particular case of Figure 4, most
of the diﬀerence between the full local conductivity model and
a lossless Drude model came from interband terms. Because
these intraband and interband losses were taken into account in
Figure 3, it means that the tunability of the graphene Lamb shift
is not compromised by losses. We note that a relaxation time of
100 fs is not particularly optimiztic, given that higher relaxation
times have been experimentally observed recently.22
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Fermi Energy Resonances. Finally, we show how Figure 4
can be used to determine the position of the resonances in the
Lamb shift that appear as the Fermi energy is varied. We notice
from eq 3 that the diﬀerential Lamb shift consists of two parts:
1
Fp(ω) and
, where Ea − Eb = ℏωab. The Purcell factor

an emitter at increasingly closer distances to the surface (a
couple of nm), one could potentially tune the Lamb shift
between being zero, or being nearly as large as the energy gap
itself, bringing one into a nonlocal, nondipolar, and nonperturbative regime of atom-ﬁeld interactions−a regime of
light-matter interactions which is notoriously diﬃcult to study
theoretically. Thus, the ability to tune the energy level structure
of emitters through the Fermi energy could perhaps not only be
of practical use for reorienting unfavorable energy level
diagrams, but also providing a platform to controllably study
strong light-matter interactions between atoms and 2D
materials. We conclude with one last admittedly speculative
comment, related to the fact that the chemical properties of an
electronic system are intricately tied to the energy levels and
wave functions. Therefore, it could perhaps be possible to
controllably alter the chemical properties of an atom through
the Lamb shift in graphene or other tunable optical
environments.

Ea − Eb − ℏω

part can achieve a maximum at some frequency ωm, which can
depend on the atom-graphene separation and graphene Fermi
energy. When Ea − Eb − ℏωm ≈ 0 for some intermediate state
b, we expect that a resonance appears and the Lamb shifts
becomes large, which then leads to the peak in Figure 3 (to be
E −E
more precise, we want ωm to be slightly smaller than a b ).
ℏ
This peak can be considered to be due to the resonance
between the energy of a graphene plasmon and the discrete
transition energy from state a to state b. We emphasize that this
mechanism for maximizing the Lamb shift (achieving a
resonance between an atomic transition and a Purcell-factormaximizing frequency) is extremely general and can be used as
a design principle for optimizing Lamb shifts in any
nanophotonic system, although here, we apply it to the speciﬁc
case of graphene.
For graphene described by the local RPA, it is not possible to
ﬁnd an exact analytic form for the resonance position. Here, we
provide an approximate result by ﬁnding ωm as a function of EF
approximately, and setting Ea − Eb − ℏωm = 0. First of all, for
each transition from a to b, there is always a sharp dip in the
Lamb shift as a function of Fermi energy, which is at the
E −E
location E Fdip = a 2 b . Below this Fermi energy value, a large
number of particle-hole excitations can be generated, which
leads to a sharp change in the Lamb shift. We make note of this
because to describe the position of the resonance E(ab)
F , it is
better to describe its position using its distance to this dip,
E −E
which is E F(ab) − a 2 b . Assuming this to be small, a ﬁrst order
calculation
gives
Ea − Eb
(ab)
−2 + 4π ϵ0 ϵr z 0 / qe2(Ea − Eb)
E F − 2 ≈ (Ea − Eb)e
. Again, this
approximation correctly describes the distance dependence of
the peak. By matching to the calculated numerical value, a more
accurate expression for the peak position obtained from the
calculated exact numerical values is
E −E
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E F(ab) − a 2 b ≈ (Ea − Eb)Be A 4π ϵ0 ϵrz 0 / qe (Ea − Eb). The correction
numerical factors are A ≈ 0.4 and B ≈ 0.1. The above
approximate form of the peak position can help us determine
the resonance Fermi energy for other states or other atomic
systems. Even though the numerical factors can be diﬀerent we
expect that the dependence on z0 and Ea − Eb should be the
same.
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SUMMARY

In summary, we have examined the potential for using tunable
2D nanophotonics platforms such as graphene to redesign the
level structure of an emitter using the Lamb shift associated
with both plasmonic and particle-hole excitations in graphene.
We note that while the magnitude of the Lamb shift is similar
to that which can be achieved through the physically equivalent
van der Waals eﬀect in metals like silver or gold, the degree of
tunability of the Lamb shift for an emitter at a ﬁxed position can
be quite large. This potentially allows one to reorient the levels
of an emitter by a few meV either in the positive or negative
direction, or even not at all with a suitable choice of Fermi
energy. Additionally, using this degree of freedom, by placing
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